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Artemovych O.D., Lukashenko M.P.
ON RIGID DERIVATIONS IN RINGS

We prove thatin aring R with an identity there exists an elementa € R and anonzero derivation
d € DerR such that ad(a) ¢ 0. A ring R is said to be a d-rigid ring for some derivation d € DerR
ifd{a) = Oorad(a) @ Oforalla € R. We study rings with rigid derivations and establish that a
commutative Artinian ring R either has a non-rigid derivationor R — R\ ® ... ¢ R,, isaring direct
sum of rings Ri,... ,Rnevery of which is a field or a differentially trivial u-ring. The proof of this
result is based on the fact that in a local ring R with the nonzero Jacobson radical J(R), for any
derivation d € Der R such that d(J(R)) = 0, it follows that d = Or if and only if the quotient ring
R/J(R) is differentially trivial field.

Key words and phrases: derivation, semiprime ring, Artinian ring.
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Introduction

Throughout, let R be an associative ring with 1 and Der R the set of all derivations of R.
Recall that amap & : R -» R is called aderivation of R if 8(x + y) —d(x) + d(y) and S(xy) =
5{x)y + Xis(y) for any x,y € R. We prove the following

Proposition 1. LetRbe aring. Then the following conditions hold:
(1) ifd isanonzero derivation of acommutative ring R, then ad(a) ® 0for some a € R,
(2) there exists an elementa € R and anonzero derivation d € Der R such thatad(a) ¢ O.

Different aspects of rigidity of derivations are studied in [4,6,15]. J. Krempa has introduced
the concept of a o-rigid ring [12]. Namely, R is said to be ao-rigid ring for some ring endomor-
phism ¢ € EndR if acr(a) ® O for all nonzero a € R. By analogy with this and in view of
Proposition 1, we say that R is ad-rigid ring (or a derivation d is rigid), where d € Der R, if for
any a € Ritholdsd(a) =0 or ad{a) ¢ 0. Clearly, the zero derivation Oor of R is rigid. Every
derivation of an integral domain is rigid.

M. BreSar [5], T.-K. Lee and J.-S. Lin [13] have investigated when, for a semiprime ring R,
the condition ad(R)n = 0, where n is fixed integer, a € R, d € Der R, implies that ad(R) = O.
By Proposition 1 and results from [13, p.1688] and [8], we obtain the next

Corollary 1. LetR be asemiprime ring with the derivation d and a € R. Ifad(R)n = 0, where
n is afixed integer, then d = Or.

© Artemovych O.D., Lukashenko M.R, 2014
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This corollary is an extension of some results from [11] and [8]. We prove the our next

Proposition 2. Let R be a 2-torsion-free semiprime ring. Then all derivations of R are rigid if
and only if R isreduced (thatis without nonzero nilpotent elements).

Recall [2] that a ring R is called differentially trivial if Der R = (o r}. Commutative Artinian
rings with derivations to be rigid are characterized in the following

Theorem 1. LetR be acommutative Artinian ring. Then one of the following holds:
(1) R has anon-rigid derivation,

(2) R —Ri® - - ORnis aring direct sum ofrings R\,...,Rn every of which is afield or a
differentially trivial v-ring.

Foranyring R, dx : R -* R isits inner derivation generated by x € R that is dx(r) = xr —rx
foreveryr €ER, [R,R] —{d*(7) Ix,r € R}, C(R) is the commutator ideal of R that is the ideal
generated by dx(r) for all x,r € R, J(R) is its Jacobson radical, N(R) is the set of all nilpotent
elements of R, U(R) isthe unit group of R, Z(R) is the center of R, annra = {x € R Jax = 0}
is the right annihilator of a € R, ann/ X = {a € R \aX — 0} is the right annihilator of X C R.
Any unexplained terminology is standard as in [3] and [10].

1 Rings with property ad(@ = O

For the proof of Proposition 1, we need some preliminary lemmas.

Lemma 1. LetR be aring. Then the following properties hold:
(1) ifadx(a) = 0and xda(x) = O for some a, x ofR, then dx(a)2 = 0,
(2) ifadx(a) = Oforanya x €R, then C(R) ¢ N(R),

(3) d(C(R)) c C(R) foreachde DerR.

Proof. (1) From O = adx(a) —a(xa —ax) and 0 = xda(x) = x(ax —xa) it follows that axa = a2x
and xax = x2a. This gives that

dx(a)2 = (xa —ax)(xa —ax) —xaxa —xa2x —ax2a + axax = O.

(2) Inview of (1), we see that dx(a)2 = 0, and therefore C(R) Cc N(R).
(3) Since d(r[a,x]t) = d(r)[a,x]t + r[d(a),x]t + r[a,d(x)]t + r[a,x\d(t) for any a,x,r, t € R,
we have d(C(R)) QC(R). O

Lemma 2. Letd be anonzero derivation ofR such thatad(a) = Ofor anya € R. Then:
(1) R isnon-commutative,
(2) d(U(R)) = O (inparticulard(J(R)) = 0).

(3) iflis anideal ofacommutative ring R, then d(R) C I.

Proof. (1) Indeed, if R is commutative, then O = (a + b)d(a + b) — ad(b) + bd(a) = d(ab) for
any a,b € R, and so d(R2) = 0. But this means that d = Or, a contradiction.
(2) Letu € U(R). Then ud(u) = Oand u € Kerd Since 1+ J(R) Q U(R), we see that
d(J(R)) =0.
(3) Let a,b € R. Inasmuch asad(a) € | foralla € R and
d(ab) — (a + b)d(a + b) —ad(a) —bd(b),
we deduce thatd(R) CL O

Proof of Proposition 1. (1) It follows from Lemma 2 (1).

(2) By contrary, assume that ad(a) = Oforanya € R and d € Der R. By Lemma 1 (2) and

Lemma 2 (2), C(R) C Z(R). Let R denote R/C(R) and, for a € R,a denote the coset a+ C(R).
The rule D(a) = d(a) + C(R) determines a derivation D of the quotient ring R such that

aD(a) = %.

By (1), D — 0, and so d(a) € Z(R). Then O (a + b)yd(a + b) = d(ab) and consequently
d(R2) = 0. This shows thatd = Or. O

Now we establish some properties of rigid derivations.
Lemma 3. LetR be areduced ring;a € R and d € Der R. Then:
(1) ad(a) —Oifandonlyifd(a)a = O,
(2) disarigid derivation.

Proof. (1) Straightforward.

(2) Assume, by contrary, that there is 1 € R such that d(a) ¢ 0 and ad(a) = 0. Then, by

item (1), we have that d(a)a — 0. Moreover, 0 = d(ad(a)) = d(a)d(a) + ad2(a) and from this,
by multiplication from the left by d(a), we obtain that

0= (d(a))3+ d(a)ad2(a) = (d(a))3.
This yields that d(a) = O, a contradiction. O
Let p be a prime and
Fp(R) = {x € R \pkx = Ofor some positive integer k}.
Recall that aring R is called 2-torsion-free if the implication
2Xx=0=» x—0

is true for any x € R. A ring R is 2-torsion-free if and only if F2(R) = O.
Lemma 4. If all derivations in R are rigid and exp F2{R) is finite, then in R/F2(R) also.
Proof. If, by contrary,

0 :R/F2(R) 3r+ F2(R)™ tr+ FZ(R) €R/F2(R) (1)

is a derivation such that

tul Fi(R) and utu € F2(R)
for some u € R, thend : R 3 r b» 2str, with exp F2(R)=2s and tras in (1), is a derivation
which is not rigid. O



Lemma 5. Let R be a 2-torsion-freering and d € Der R. If R is d-rieid and dj/av-rigid for any
aeN(R),thend(N(R)) = 0.

Proof. We prove by induction on the nilpotency index n of nil-elementsin R. Leta € N(R) and
a2 = 0. Left multiplying of 0 = d(a2) = ad(a) + d(a)a by a, we obtain that ad(a)a = 0. Since
dd(g is rigid and
a™d(a)(a) = ad(a)a —a2d(a) — 0,

we deduce that dd*(a) = O thatis ad(a) — d(a)a. Hence 0 = d(a2) — 2ad(a). In view of the
rigidity of d and the condition F2(R) = 0O, we have d(a) = 0.

Now suppose that a € N(R) and a3 = 0. Then (a2)2 = 0 and, by the above, d(a2) = 0.
Since

0= d(a3) = d(a)a2+ ad(a2) = d(a)a2 and 0= d(a3) = d(a2)a-fa2d(a) = a2d(a),

the assertion holds by using the same argument as for n = 2.

Assume that assertion is true for all positive integer k < n thatis if bk = Owith b € N(R),
then d(b) = 0. Letus a € N(R) and an — 0. Then there exist positive integer k\,k2 such
that k\,k2 < nbut 2\ > n and 3k2 > n and (a2 K = 0 and (a3)k = 0 and, by assumption,
d(a2) = d(a3) =0 and the result follows by using the same argument. O

Proof of Proposition 2. (<5 It follows from Lemma 3.
(=®) ByLemmab5, wehaveN(R) C Z(R) and hence N(R) =0.

O
Corollary 2. If aderivation d ofa2-torsion-free commutative ring R isrigid, thend(N(R)) = O
and N(R)d(R) = O.
Proof Indeed, ifa € R and b € N(R), then ab € N(R) and therefore, By Lemma 5,
0 —ad(ab) —d(a)b.
[]

Example 1. The condition F2(R) — O is essential in Corollary 2.

In fact, the quotient ring R = 'E2[X]/ (X2 + 1) of the polynomial ring Z 2[X] by the ideal
(X2+ 1) contains elements 0,1,x,x + 1, where x(x + 1) = x+ 1. Then a mappingd : R —aR
such thatd(0) = d(1) = Oand d(x) —d(x + 1) = 1lis aderivation of R. Butthen R is a d-rigid
ringwith (x + 1)2= 0andd(x + 1) ¢ O.

Corollary 3. Ifd is arigid derivation ofaring R, then d(ann/ d(R)) —O.

Proof. Since ann/ d(R) md(ann; d(R)) — O, we deduce that d(ann/ d(R)) =0. O

2 Constants in left perfect rings

D. F. Anderson and P. S. Livingston [1] (see also S. B. Mulay [14]) have shown that any
automorphism / of a commutative finite ring R that is not a field such that f(x) = x for all
zero divisors X € R, is the identity automorphism. Since any commutative finite ring is a finite
ring direct sum of local rings, it is clear that the statement needs a proof only when a ring is
local. In view of this, P. K. Sharma [16] proved that if a commutative finite local ring R which
is not a field, then for any / € AutR with f(x) = x for all x € J(R), f —id” if and only if the
residue field is differentially trivial. We extended this result in the next

Proposition 3. LetRbe alocal ring with the nonzero Jacobson radical J(R). Then the following
statements are equivalent.

(1) For any derivation d € Der R such thatd(J(R)) = Oit follows thatd = Or.
(2) The quotientring R/J(R) is adifferentially trivial field.

(3) Every automorphism f € AutR such that f(x) = x for any x € J(R) is trivial, i.e.
f = idR.

Lemma 6. LetR be aring with anideal | and d € DerR. Ifd(l) = 0, thend(R) C ann/.
Proof. Indeed, foranyr € R,j € | we observe that 0 = d(jr) = jd(r) and 0= d(rj) = d(r)j. O
Corollary 4. LetRbe aring with anideal I, d € DerR,f € AutR andann i Ci.
(i) 1fd(l) —0, thend2(R) = 0and (d(R))2= 0.
(ii) 1ff(x) —x foranyx €I, thenf —idR € Der R.
Proof, (i) By Lemma 6, d(R) C ann | and therefore
d2(R) C d(annl) C d(l) = 0 and (d(R))2Cc (ann/)l = 0.
(it) Letx €l and a, b,r €R. Then xr, rx € I,
xf(r) = f(x)f(r) = f(xr) = xr' f(r)x = f(r)f(x) = f(rx) = rx
and so x(f(r) —r) = 0= (f(r) —r)x. Hence f(r) —r € ann . Inview of this, we see that
(/- idR)(a + b) = f(a + b)- idR(a + b)
= (f(a) - idR(f)) + (f(b) - idR(b)) = (f - idR)(a) + (f - idR)(b)
and
(f —idR)(a)b + a(f —idR)(b) —f(a)b —ab + af(b) —ab
—f(a)f(b) + (f(a) - a)(b —f(b)) - ab= f(ab) - ab =(/ - idR)(ab).
This means that / —idR € Der R. O
Corollary 5. Let Rbe alocal ring thatis not a skew field, | itsideal and Or ¢ d € DerR. If the

left annihilatorann/1= {a € R \ai —O0} (respectively the right annihilatorannrl = {a € R \
la = 0}) is zero, thend(l) ® O.

Proof. If d(I) —O, then, by Lemma 6, d(R) C annl C ann/1= 0, a contradiction. O
Lemma 7. Let R be aring, | an ideal with annl C |. Then the following statements are
equivalent.

(i) Foreveryf € AutR such thatf(x) = x forany x € | it follows thatf = idR.

(ii) Every derivation d € Der R such thatd(l) —O is zero.



Proof, (i) => (ii) Suppose thatd € Der R and d(I) — 0. Then, for any a,b € R, we see that
(d +~idR)(fl b) —d(a ~{~b) idR(fl 4§-b)
= (d(a)+idR(a)) + (d(b)+iR(b)) = (d + idR)(e) + (d+ idR)(b)
and, in view of Corollary 4,

(d + idg)(a) m(d + ids)(b)

(d(a) + a)(d(b) + b) —d(a)d(b) + d(a)b + ad(b) + ab
d(a)b + ad(b) + ab — (d + idR) (ab) and (d + idR) (1) = 1

Sod+ idRis aring endomorphism of R. Moreover,
(d+ idR)(idR- d) = idR = (idR- d)(d + idR)

and therefore d+ idR € AutR. Since (d + idR)(x) = d(x) + x = x = idR(x) for any x € |, we
conclude thatd = OR.

(i) => (i) Let/ € AutR and /(x) = xfor all x € i. Then, in view of Corollary 4, we have
that / —idR € Der R. Inasmuch as (/ —idR) (/) = O, we conclude /7 = idR. O

Lemma 8. LetR be alocalring, d € Der R. Then the following hold:
(1) ifd(J(R)) = 0, thend = ORorannJ(R) ¢ O,
(2) ifannJ(R) —O0, thend —OR ord(J(R)) ¢ O.

Lemma 9. Let R be aring and let | be a nonzero ideal such that, ford € DerR, d(I) —O0
impliesd = OR. Then

annl C Cr (7) C Z(R),
where the centralizer Cr(l) = {z € R \zj —jz forallj € I}.

Proof. Clearly, anni C CR(i). If a € CR(l), then da(l) = 0 and therefore da(R) — 0. Hence
a€zZ(R). O

Corollary 6. LetRbe aring and let | be anonzero ideal withannl| C I. Ifl C Z(R), then R/1
is commutative.

Proof. For any element x € R we have that dx(lI) = 0, and so, by Lemma 6, we deduce that
dx(R) C ann| C I. Thisyields that R/I is commutative. O

Proof of Proposition 3. (1) => (2) Since R is local, annJ(R) C J(R). Suppose that O :
R/Z7J(R) — R/J(R) is a nonzero derivation and, for every element t € R, there exists such
wt € R that

e(t+ J(R))=wt+ J(R)
with W0 J(R) for some to € R. The left T-nilpotent ideal J(R) has a nonzero annihilator. If
0 @ u € annJ(R), then the rule pu(t) = uwt (t € R) determines a nonzero derivation pynof R
for some u. Indeed, if uwt — O (i € R) for all u € ann J(R), then wto € J(R), a contradiction.

Thus pn is nonzero. Inasmuch }iu(J(R)) = 0O, we conclude that }iu{R) = 0, which gives a
contradiction. Hence the quotient ring R/J(R) is differentially trivial.
(2) => (1) Suppose that R/J(R) is a differentially trivial ring. Then every inner derivation

of R is zero and so R is commutative. As a consequence,

R/J(R) —F

is a differentially trivial field. Assume that d isanonzero derivation of R suchthatd(J(R)) = O.
Then the rule

D:R3m d(r) €AC J(R) (r € R)
determines a nonzero map D. Since A N J(R) is a left F-linear space, there exists such field
F = Fi0O (1 < Zo< n) thatamap

O'F 3 aivd(a) €A INJI(R)

is nonzero. If charF = p is a prime, then, by Proposition 1.3 of [2], we have a = bp for some
b € F and therefore

8(a) = 0(bp) = pbv~Id(b) = 0.
Assume that char F = 0. By Proposition 1.2 of [2], F is algebraic over the rational number field
Q and so for every a € F there exists its minimal polynomial

Ma = XMN"CIX” A+ ...+ C, iX + Cn € Q[X].

Then
0 = 6(nia(a)) — (Han~t + (n —1)ciam-2H-—- bcn-\i)d(a)
and, consequently, d(a) =0. Hence @is zero, a contradiction.
(1) and (3) are equivalent in view of Lemma 7. O

3 A rtinian d-RiGID rings
Recall that in a commutative local ring R can be introduced a topology by taking ideals
m ,m 2... Jj(R)N,...
to be neighborhoods of zero. This generate the /(R)-adic topology. If, for any natural m,
ak—at € J(R)m,

with k; | sufficiently large, then the sequence {an} is called regular. A commutative local ring
R is called complete if every regular sequence of R has a limit in R. Each commutative Ar-
tinian ring is complete. A v-ring is unramified complete regular local Noetherian domain of
dimension one whose characteristic is different from that of its residue field [7, p.88].

Remark 1. If the residue field W /pW ofav-ring W has anonzero derivation d, then, by Propo-
sition 2 of[9], there exists anonzero derivation D : W —mW such that

D(a + pW) = d(a) + pW
foreverya € W and D(W) ™ pW. Consequently,
D(pk- XN) £ pkw
for any positive integer k
Below we study the structure of a commutative Artinian ring with rigid derivations.

Lemma 10. Let R be a local left Artinian ring. If in R all derivations are rigid, then in
R/ ann J(R) also.



Proof. If, by contrary,
p:R/ZannJ(R) 3 r+ annJ(R) t4-vr+ annJ(R) € R/ann J(R) (2)
is a derivation such that vu £ ann J(R) and uvu € ann J(R) for some O ¢ u € R, then the rule
0:R 3 r MjoVr (r €R),

with JgVu @ Oand vr asin (2), determines a derivation  of R which is not rigid. O

If Risaring of prime power characteristic pn (n > 2), then

Cik= 0,k(R) = {x e RIpkx= 0} (1 < k< n).

Obviously, Mkis an ideal of R.
Remark 2. LetRbe alocalringandd € Der R. IfJ(R) —Oord(J(R)) =0, then aderivation d
is rigid.

In fact, R = J(R) UU(R). If u € U(R) (respectively; € J(R)), then d(u) = Oor ud(u) ® 0
(respectively d(j) = 0). Hence R is d-rigid.

Lemma 11. Let R be alocal left Artinian ring. If in R all derivations are rigid and J(R)2 = O,
then one of the following holds:

(1) R isacommutativering,
(2) d(J(R)) = 0andd(R)J(R) —Oforanyd € DerR,
(3) C(R) = Rand J(R) MZ(R) = 0.

If R is a2-torsion-free, then R is askew Reid orC(R) ¢ R.

Proof. Suppose that R is non-commutative (thatis C(R) ¢ 0) and d € Der R.Then d(C(R)) C
C(R). IfOp c€J(R) N Z(R), thencd € DerR and

J(R)-cd(J(R))= O,

and so cd(J(R)) = O. This gives thatd(J(R)) C J(R). Since J(R)d(J(R)) = 0, we conclude that
d(J(R)) = 0. Then

0= d(RJ(R))=d(R)J(R).
Assume that J(R) MZ(R) = 0. If C(R) C J(R), then

C(R)d(C(R)) =0

and consequently C(R) C Z(R) M J(R), a contradiction with the assumption. Hence C(R) ~
J(R) and and therefore C(R) = R. O

Proof of Theorem 1. By Lemma 10we can assume that /(R)2 = 0. We have two cases.

1) Let char(R) = char(R//(R)). By Theorem 9 of [7], the ring
R=JR)+T
is a group direct sum, where T is a subfield of R. Then, for every elementr € R,there exist

unique elementsj € /(R) and t E T such that

r=j+t (3)

The rule
o(t) —j (r €R),
with j asin (3), determines a derivation & of R which is not rigid. Hence J(R) = O.
2) Let char(R) = p2. By Theorem 11 of [7], the ring

R=JR)+C

is a group sum, where C is a coefficient ring such that C = W/p2W for some y-ring W and
J(R) MC = pC. Clearly, Qa< J(R). If

L R/Oj 9 r-f Qx ivdf Qi € R/Q" (4)

is a non-rigid derivation, then there exists an element v € R such that dO£ Qx and vaO € Q.
Then the rule

S(r) = par (r €ER),
with ar as in (4), determines a nonzero derivation 6 of R, where d(v) ¢ 0and vd(v) = vpav =
0, a contradiction. Hence in the quotient ring R = R/Qyx all derivations are rigid. From the
part 1) it follows that R is a field and J(R) = Qx. Since Q\&(Qi1) — O for all d € Der R, we
see that d(J(R)) = d(CI\) = 0. Obviously that J(R) — N\ ¢ pC is a group direct sum, where
/1 < J(R) is some subgroup. Then

Jic= h®(pCf)hC)

is agroup direct sum. If

0@ pco€ JiCf]pC
for some @ € C, then @ € U(R) and Cco = C. Then pco € N\Coy and pcQ = \C\Cq for some
/1 € /i and Q\ € C. From this it holds that

(p-Aci)co = 0,

and, hence, )\ = pcj € /i N pC = 0, a contradiction. This yields that J = JiC O pC and
R — JiC © C is a group direct sum. Then, for very element r € R, there are unique elements
j € JiC and c € C such that

r=j+c. (5)
The rule 7(r) = ; (r € R), with j as in (5), determines a nonzero derivation of R, where
7(7(R)) @ 0, acontradiction. Thus R = C. If the residue field C/pC has a nonzero derivation
d, then, in view of Remark 1, the ring C has a nonzero derivation D such that

D(C) g pC,

a contradiction. Hence, C/pC (and, by Proposition 3, the ring R) is differentially trivial.
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ApTtemoBuny O.4., JlykaweHKo M.T1. Mpo xopcTKi gudepeHyitoBaHHA Kineus // KapnatcbKi marem.
ny6n. — 2014. — T.6, Ne2. — C. 181-190.

JloBeaeHo, Wo B Kinbui R 3 oguHMLEI iCHYE eneMeHT a € R Ta HeHynboBe AndiepeHLitoBaHHA
d € DerR Taki, woad(a) ¢ 0. KaxxyTb, 10 R — ii->)KOPCTKe KinbLe 418 AesKoro gndepeHLuitoBaHHSA
d € DerR, sakwo d(a) — 0a6o ad(a) / 0pgna ycix a € R. [ocnigkKeHo KifbLs i3 )XOPCTKNMM
AVdepeHLiloBaHHSAMM Ta BCTaHOBNEHO, L0 KOMyTaTUBHe apTiHOBe KifbLie R a6o Mae HeXXOopCcTKe
oundepeHuitoBaHHA, abo R = Rj 0 -0 R,, — npsaAmMa cyma Kineub Rj,..., Rn, KOXXHe 3 SKUX €
nonem a6o gudgepeHuianbHO TpUBiabHUM UN-KinbLeM. [loBefeHHS LbOro pesynbTaTy 6a3yeTbcs Ha
TOMY haKTi, L0 BNiBOMY AOCKOHANOMY KifbLi R 3 HEHYNb0BMM pagukanom yxeko6coHa ](R) gnsa
6yab-sikoro aundepeHuitoBaHHa d € DerR Takoro, wo d(J(R)) = 0, Bunnmeae, wo d = Or Togai i
TinbKW ToAi, Konn cakTop-Kinbye R /J(R) — andepeHuiansHO TpuBianbHe none.

KntouoBi cnoa i hpasn: andepeHuitoBaHHSA, HaniBnepBUHHE KinbLe, apTiHOBE KinbLe, AOCKOHane
Kinbue.

ApTtemoBuny O.4., flykaweHko M.T. O xecTKux guddepeHumnposaHusax koney, // Kapnatckue marem.
nyé6n. — 2014. — T.6, Ne2. — C. 181-190.

JokasaHo, 4To B KofbLe R ¢ eAnHMLeN cylllecTBYeT 3n1eMeHT a € R 1 HeHyneBoe anddepeH-
unpoBaHue d € DerR Takue, 4Tto ad(a) ¢ O. Konbuo R HasbiBaeTcsA d-)KECTKMM KONbLOM Ansi
anddepeHunposaHma d € DerR, ecnn d(a) — O wnm ad(a) ¢ O ana Bcex a € R. UccneaytoT-
€S KOMbLAa C YXXECTKUMU AN EPEHLMPOBAHNSMU U YCTAHOBMEHO, YTO KOMMYTaTMBHOE apTUHOBO
KOMbLOo R nnbo mmeeT HexkecTKoe gnddepeHunpoBaHue, nm6o R — Ri 0 -0 Rn— npsamas
cymma Koney, R\, ...,R n KaXxz0e 13 KOTOpPbiX ABAsSieTCA nonem niav auddepeHumnansHo TpUBuaib-
HbiM M-KOMbLOM. [loKa3aTenbCTBO 3TOr0 pe3ynbTaTe OCHOBAHO Ha TOM, YTO B IOKaNbHOM KonbLe R
C HEHYNeBbiM pagukanom [>kekobcoHa /(R) ana nto6oro gaudpdepeHumpoaHusa d € Der R Takoro,
uyto d(J(R)) = O, cnegyet, uto d = Qg TOrga v TOoNbKO TOorga, Korga dpaktop-konbuo R/J(R) —
AnddepeHymansHoO TpUBMANbLHOE Mone.

KntoueBbie cnoBa 1 hpasun: amddepeHUnpoBaHne, NoaynepBMUYHOE KoJbL,0, apTUHOBO KO/bLLO.
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HABNMNXEHHA MOAYNAPHWX IHBAPIAHTIB, MEPIOAIB TA SHAYEHbL ABOX
ENINTUYHUNX dYHKLIN AKOBI

Hexati sn,(z), i = 1,2, — anrebpaidyHo He3ane>kHi eninTu4Hi PyHKLiT AKobi. OTpUMaHO OLiHKY
CYMICHOr0 Habnm>XeHHA MOAYyNAPHUX iHBapiaHTiB LUuX MYHKLUiN, X Nepioais, A0BINbLHOr0 yncna a
Ta 3HayYeHb KOXKHOT 3 LIMX PYHKLiM B Nepiogax iHLWOT Ta B ToYL,i .

KntouoBi cnosa i hpasn: CymiCHi HabNM>KeHHs, eninTuyHa pyHKia AKo6i.

lvan Franko National University, 1 Universytetska str., 79000, Lviv, Ukraine
E-mail: galynabarabash71@gmail.com (Bapa6aw '.M.), ya_khol@franko.lviv.ua (XonsBka A4.M.)

BcTyn

B po6oTax [1,3,4] HaBefeHo 6araTto pe3ynbTaTiB, W0 AaloTb OLIHKW CyMiCHOro Habnuxxe-
HHS 3Ha4yeHb B anrebpaivuHMx TouKax eninTUYHUX PYHKLIM BellepwiTpacca 3 anrebpaiyHumm
iHBapiaHTaMu, 3HauYeHb UUX PYHKLi B Nnepiogax iHWKWX (PyHKLUiN Towo. Y Wi npaui oTpu-
MaHO OLIHKY CYMICHOIO HabnM>XeHHSA 3Ha4YeHb ABOX anrebpaiyHo He3aneX>XHUX PyHKLUi AKo6i
3i CAiNbHUM MepioaoM y AO0BiNbHINM Toyll @Ta KOXXHOT 3 UMX (OyHKLIA y ToMy nepiogi iHwoT
DYHKLUIT, AKNA He € CNINbHUM AN8 HUX, Ta IX MOAYNAPHUX iHBapiaHTIB. XKXogHUX NpunyLeHb
npo anre6paiyHy npupoay umcna @ MOAYNSAPHUX iHBapiaHTIB Ta nepiogiB Hemae. Po3rnsaHy-
TO AOBINbHI (pikcoBaHi Mapy OCHOBHUX MepPioAiB Lx ABOX PYHKLUiM Ta HaKNageHo npupogHy
BMMOTY Ha HMX Ta Ha YMCNO @ AKa Ja€ 3MOry YHUKHYTU TOUOK, W0 € NonrcamMmm pyHKLINA.

Po3rngHemo anrebpaivyHo He3aneXkHi eninTuyHi pyHKUiT Akobi sni(z), sn2(z) 3 mogynap-
HUMU iHBapiaHTamMu LW, , X 2 BignosigHo, 0 < < 1, aki maloTb cninbHMA Nepioa. MNMo3sHa-
unmo uyepes (4K, 2iKi) goBinbHY hikcoBaHy napy OCHOBHUX nepiojis PyHKLiT sni (z), a yepes
(4K, 2iK2) — dpyHKUiT sn2(z) [5].

Hapani gk i B [4] 6ygemo no3Havatu 4depes ci(P), L(P) cTeniHb Ta [OBXUHY MHOrou4ieHa
P; &1,..., (10 — Habnwmkatoyi anrebpaivHi yncna, d- = a({;) Ta Li = L(E,) — Tx cTeneHi
Ta AoB>XXUHU BignoeigHo, d = degQ(£i,...,810). Hexah @ Take fOBi/IbHE YNCMO, WO TOYKU
4nK + liniKi + 2in2K2+ a@He € nonwcamu sni(z), sn2(z) npuycix n, w, n2 € Z.

Teopema. Ans posinbHux anred6paiuHnx uncen &i, ..., £10 cnpaBmKyeTbCA
max {\oc - EIN\K - E2\\KI - E3\\KI - 4\ \K2- &5\, \$n2(2ik1) - &P\,
Isni(A) - &7\ Isn2(a) - &8\ IK2- &9\ Isni(22'K2) - £10]} > exp (- AD 3,

/lriLi In Lio A .
geb —d I\—df——— 3 H- dio f-1n FIJ , A > 0 — KOHCTaHTa, 3a/1eXKHa /INLLE Bif uncen Ly, >2
i io
Tam
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HoeenernHs Teopemu

JoBoanTtun Teopemy byaemo metoaom NenbpoHaa-4YyaHOBCbKOr0, BUKNageHm y [1,3].

Hexalh A — gocTaTHbO BeiMKe HaTypanbHe 4ucno, C\, Cr, mm — foAaTHi KOHCTaHTU, AKi He
3anexkatb Big d, dj, Li Ta A

MokaXkemo, L0 HePIBHICTb

wax { J«- a\, IK - Z2\IKr - I3\\1 - &], N2-Z 5\\sn2(2B [, - 16\

2
|sni(a) -~ 7],Isn2(a) -& |} < exp (- A 8M3), ©
ae
n= degQ(£i....... ft), M2=n + ...+ 1M* +inny (3)
Hemo>knmBa. JosoanTn 6ygemo MeToAoM Bif cynpoTuBHoro. MNoknagemo
L=S= [N2M], N = [1M]. 4)
Mo3Haummo yvepes (\,...,{nniHiNHO He3anexHi cepeg umncen &*1,...,($8 w—0,1,...,dj —1,
L n
BA = 2 cUi, sni(z)sn2(z) CKhh= 2 ClI 2T0CW 2T6Z. (5)
klxh=I =1
Hexanm Yi({) = sn2(z + K), @2(tv) —sn2(z + 3K) [1]. Togai
sn + Aifegl (6)
1- >%e\{)e\(xv) A2(z,zv)
IcHyIOTb (auB. [1]) Taki MHOTrouneHn GSPA, wo
C3'pl= TUu?(Ai(2,UJN2(" Ujito=0 (7)

Ta crnpaBayKylTbcs OUIHKU INL(GH) < sIn(s(p + /) + ci(s + p+ Z2)), degGsP/< 4(p + 2.
3 (5)-(7) nogibHo, AK y npausax [1,6], oTpuMaemo

f(S)A = ~ i'(A2L@EZ/W)F(z + W)A~(z,ii;)))U=0= = (fj L(Z Wy U=o0
X 2 ckhh 2 (1) (Z+ w)* sni (Z+ w)) U=0GHRA /2(z). (8)
khi2=1 <0
Mo3Haunmo

fs.f(z) - £ ckMI 2 (D (y ~i( WK+ u=ocuaL/20). )
J

y 12=1 =0V/ \aw
BunsHaummo Habnukatodi anre6paidHi uncna {n,{\2,£i3 Tak: £ = (1 —£2)(1 —£47)’
(N= i1l- WX1~#ih) h3 = i1- NX1- ® i)-~ aKopoTkoro3sanucyél,..., (81n, (n, U3

6ynemo BukopuctoByBaTtu & UYepes Fsnni({) Ta Fsi,nni({) no3Hauynmo Bupasun, oTpumaHi 3

F(s)(4nK + 2imM\K\ + o) Ta FA(4nK + 2in\K\ + oc) 3amiHoto uuncen c 4K, 2iK\, w, x 2, sn2(2zKi),
sni(a), sn2(a), sn'~a), sni,(a), sn”~zKi) uncnamn & BignosigHo.

PosrngHemo FANMAI({), 1 < n,TN < N, 0 < t < $< S, Ak N 2S fniHilHNX hopm™m Big nKL2
3MiHHUX CY/I2/T. 3rigHo [7, nema 4.1] Ta (4), (9), Bubepemo He BCi piBHI Hy 0 yncna Cb 2/TTak,
wopanal<n,ni<N,0<t<s<S

FsW ?) =0, 0< \XKh/hiT\< exp(c213n™M 3). (20)

3(2),13), @), (10)npn 1< n,nx < AN, 0 < s< SoTpumaemo

\FA(ANK + 2in\K\ + a) —Fsnni(2)\< exp(-~18M 3). (11)

3(8)—11), akwo 1< n,n\ < N, 0< s < S, gictaHemo
| FA(4nX + 2imM\K\ + a)] < exp(-~J18M 3). (12)

Moka)kemo, W0 ouiHKa (12) BUKOHYETbCA TaKoXK i anad 1 < n,M\ < AN, O < s < S [Ansa
LLbOro CKOpUCTAaEMOCHA METOA0M MaTeMaTUYHOT iHAYKUIT. Hexali npn O < s < S HepiBHICcTb (12)
cnpasmpkyeTbesa ansa 1 < n, M\ < 2dN, 2d < A. loBegemo, W0 ToAi BoHa CripaBpKyeTbCA i Ans
1< n,ni < 2d+1IN.

MosHaummo (20>i I, 2wW3J) Napy OCHOBHMX nepiofiB PyHKLUiIT BelepwiTpacca pi(z), sKii Big-
noeigae sn,(z), E\i —p(w1?), e3i —p(w3d), i —1,2. Moknagemo

G(z) = FtTf ((z + iK[)/~eln —e3\) 02 {(z + iK2)/y/ell-e 32 . (13)

Bnbepemo Take HaliMeHLUe MOXKAuBe Line r, wo r > 16(2dN + 1)(JK] + KA -f K] + ]a])
MosHaummo R = 4r. Togi 3 (3), (4), (5), (10), (13) BunnvBae

IG@)]Izl<r < exp(—c32dAdM 3). (14)
3[7, nema 4.5 Ta (14) npn 0 < s < S oTpUMaEMO
IGs)@]12]< <exp (-2 dASM 3). (15)

Tak AK 4nK + 2iwK\ + a He € nonwcamu sni(z) Ta sn2(z), To gna € = R-1 B e-oKonax
V (g,4nK + 2in\K\ + a) Touok 4nK + 2in\K\ + anpu 1 < n, M\ < AN 3 (4) oTpumaemo

\o{ ((C + IK[)/y/€i'i -€ 3N) XPv(eAnK+2n,K,+a) > €Xp(-C4AdM 2). (16)
3(15), (16) npu 1 < n, M\ < AN BuUnvBae
N (2)I2€Y (e AvK+2udKI+a) < exP (“ 22d 1IA5M 3). (17)
3(14)-(16) pna 1 < n,N\ < 2d+1N, 0 < s < S, OTPUMAEMO

od 15
\FA(4nK + 2in\Ki + ol < exp(-—-r-M 3). (18)

Bpaxosytoun (11), ana 1 < n, M\ < 2d+IN 1a 0 < s < S 3 (18) BunmBae

\o3nmA @\ < exp(-

|l HaykoB”™"Bi6bnioreka
| AB te gg Qn ~



Posrnapgatoum PAANIE), O < t < s < S, 1< n,w < 2d+IN, AK 3Ha4YeHHS BiAMOBIAHOrO
MHOroufneHa B anrebpaidyHmx Toukax, 3 [7, nema 4.1], (3) Ta (4) otpumaemo gna Fst,n,ni(C) ¢ 0
ouiHky R0, M(£)] > exp(—/135M 3), Tomy

IPAN] >exp (-714M 3). (20)

OuiHkmM (19) Ta (20) cynepeunusi, Tomy gnd 1 < n,uy < 2d+IN, O < t < s < S, oTpMMaeEemMo
Fssnm({) = O, wo pa3om 3 (11) gpoBoanTb (12) ana 1 < n,uy < AN,0< s< S
OuiHnmo \XkMbT\3Bepxy. NMoknagemo

A i \ 4K+ 2IKi + a
Jr=Vi- ALJ - 4——-' 1=1...L 1)
3 (4), (21) BunnuBae
Isn(at) —sn(ay)] > exp(—1InM), td ;. (22)

3 [2, nema 4] oTpnmaemMo Take: Hexal F(z) Bm3sHauveHa B (5),
A = det(snl(af))/bf=i L/ A(i) = det(s™(rin”™ + af))/2,1=i L>
A(nb t) = det((4nK + 2in\K\ + at)Knk=i...i >

A;1f — anrebpaiyHe OOMNOBHEHHSA efnemeHTa siM(at) Bu3HauyHuka A, A/2ni(i) — enemeHTa
snj2(2in\K\ + at) BusHa4dHuKa A (i), A™,(N1, t) — enemeHTa (4nK + 2iniK\ + oct)k BUSHa4YHU-
Ka A(Nx, t). Akwo A, A(i) Ta A(w, t) d O, TO

n Vil fA;2Ai(T) Arn(ai, i) s u

nm2= Ly l-. A(l) A(HLO TM(4"K+ 2LLIiKi + (23)

3(21), (22) BunamBae, wo A, A(i) Ta A («1, i), AKi € BU3Ha4YHMKaMn BaHgepmoHaa, BigMiHHI
Big HynA. BukopucroBytouu [3, nema 5.7], cniBBigHOWEHHSA (4), (22), oTpUMaemMo

AM / (0 ,”™nk(n10
A A(Q) A(ni,t)

Ana 1< n,uw < L, z—4nK + 2iniK\ + «f cnpaBgkyeTbca win JaL(z)] > exp(—C6A6M 3),
Tomy 3 (17) npu (1/72)1 < 2d < A oTpumaemo |/Z(4uK + 2in\Ki +itf)l < exp(—1/4)A7M 3).
3Biacn i 3 (23), (24) Bunnueae

< exp(c5A3NInN). (24)

\CKMr\< exp(—A6M 3). (25)

Posrnapgatoun Cklbi2 9K 3Ha4yeHHA BignosigHoro mHoroyneHa (5) PkPi € Z[vi,... ,vg] B
Touui (1/...,(8 i Bukopucrtosyrouu (4) ta [7, nema 4.1], ana Ckni2 ¢ O oTppiMaEMO OLLiHKY
ICKbi21> exp(—A4M 3), w o CynepeumnTb ouiHLi (25). Tomy BCi Oyb20PiBHIOOTL HYNEBI. Ane
Toai 3 (5) i BCi CKibi2T fOpiBHIOKTL HYyNeBi, Wo cynepeuynTb (10). OcTaHHE NPOTUPIYYA MNo-
Kasye, w0 (2) He cnpaBaXXyeTbCcA, TOOTO OUiHKaA, NogioHa (1), cnpaBAXKYeETbCA NPU CYMICHOMY
HabnmkeHHi uncen a K, K\, yc\, >¢i, sn2(2z'Ki),sni(a),sn.2(a). Akw,o B (2) 3amiHnTK K\ Ha K2
sn2(2/Ki) Ha sni(2/K2) Ta po3rnagaty Toukum 4nK + 2IM2K2+ o, To oTpnmMaemo, Wo npunytie-
HHA (2) He cnpaBAXXYeETbCA TaKoX i Ana yucen K, K2, xi,X 2/Sni(2/K2),sni(a), sn2(a), To6To
018 060X LMX MHOXXWH YMcen crnpaBidKyeTbCA OUiHKa, nogi6Ha (1). OT>Xe, Npu A0CTAaTHLO Be-
TMKoMy A cnpaBKyeTbCs OuiHKa (1), wo i moTpibHo 6yno goBecTw.

(1]

(2]

[4]

(5]
(el
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HABNUXXEHHA EMHOCTEWN HA METPUYHWNX MPOCTOPAX NIMWWLEBUMN
EMHOCTAMM

Ana noBinbHOT EMHOCTI Ha MPOCTOPI 3 06MEXXEHOK METPUKOK A0BEeAEHO iCHYBaHHS | OTPUMAaHO
ABHUW BUMNAL HANGAMKUNX A0 HET EMHOCTEN, NiNWNLEBNX 3 AaHUM KoediLliEHTOM.

Kntouyosi cnosa i cpasun: BigcTaHb Maycgopdha, perynsipHa Won0 MeTPMKU EMHICTb, Ainwvyesa
EMHICTb.

Vasyl Stefanyk Precarpathian National University, 57 Shevchenka str., 76018, Ivano-Frankivsk, Ukraine
E-mail: inna_gl@rambler.ru

BCTYN

3anpoBag>keHi Loke [1] eMHOCTi (HEagUTUBHI MipW) 3HAWMLWIN YNCNEHHI 3aCTOCYBaHHS y
pi3HUX rany3sx. MpocTopu perynapHNX HeaaurMBHUX Mip Ha KOMMNaKTax AeTalbHO BUBYEHO
3apiyHumM Ta HukndopumnHmum [2]. PesynbTaTn, OTPUMaHi AN1A KOMNaKTiB, y3aralbHWUAu ta no-
LNPUIN HA HEAOUTUBHI MipN HA TUXOHOBCBKUX nMpocTtopax HukudgopumH ta Penosw [3]. Bna-
CTMBOCTI TUNY PErynsapHOCTi (PerynsapHicTb WoA0 MeTPUKK, Wo[o Tononorii, a;-rnagKocTi,
T-rnagKocTi) ANS EMHOCTEN, BU3HAYEHUX HA METPUUYHNX (HE 060B'AI3KOBO KOMMAaKTHUX) Ta Me-
TPU30BHUX NPOCTOpax AocnigXeHo YepKoBCcbKUM [4]. 30KpemMa, onncaHo MeTPUKN Ha MPOCTO-
pi eMHocTel y cTuni NMpoxopoBa Ta 3apiyHoro (KaHTopoBuya-Pyb6iHLWTeiHA) Ta goBedeHa ix
EeKBIBa/IEHTHICTb (a 3 NeBHOK MogndikaLieo — i piBHICTb) And BMnagKy, Konu BUXigHMIA Npo-
CTip € MOBHUM.

3noTpeb NpakTUKN BUHUKAE HEOOXIAHICTb BUpaXkaTn abo Habim>kaTu nNeBHi EMHOCTI 3a A0-
MOMOrot0 eMHOCTEN, SIKi MaloTb AesKi cneyndivyHi BnacTMBOCTI abo npocTiwy 6yaoBy. B gaHii
npawi AoCNiAXKYETbCA Knac NiNWnNLEBNX EMHOCTe Ha MeTPUYHMX npocTopax. BoHn xapakTe-
PU3YHOTbCA HACTYMHOK "rapHOoK" BNacTUBICTIO: MPU HE3HAYHIN 3MiHI MHOXKWUHW 3HAYEHHS EM-
HOCTI Ha Uil MHOXXMHI CYyTTEBO He 3MIHIOETbLCS, TOMY 3a4a4a anpoKcumMmalii 40BiIbHOT EMHOCTI
Ha METPUYHOMY NPOCTOPI NiMWULEBUMU EMHOCTAMM € AOCUTb aKTyanbHoO. Came ug npobne-
Ma € K/It0H0BOI y AaHii cTarTi.

1 MeTpuka Ha MHO>X UHI EMHOCTE

Hagani BBakaemo, o (X, d) — MeTpUYHMI NPOCTIp CKIHYEHHOrO giaMmeTpa. AK 3BU4YaiiHo,
onax € X taA C X BenmumHy d(x, A) —inf{d(x,a) |a € A} Ha3nBaemo BigCTaHHIO Bifi TOUKN
X A0 MHOXKUHU A. MHOXXNHU

OeA = {x € X Id(x,A) < g}, ne ACX,e>0,

© Tnywak 1.4., 2014

Ta
OeA = {x € X Id(x, A) ™ g}, ne Ac X, en(,

Ha3VBaEMO BigMNOBIAHO BiAKPUTUM €-0KOJIOM Ta 3aMKHEHUM €-0KOJIOM MHOXXUHU A. O4yeBNAHoO,
L0 BOHW [iiCHO € BiAMOBIAHO BiAKPUTOK Ta 3aMKHEHOK MHOXXWHOK, OCKiNbKM d(x, A) Hene-
pepBHO 3aneXXnTb Big X Nnpu pikcoBaHoMy A. 3okpeMa, depe3 Oeg({a}) = BHa) ta Oe({a}) =
Be(a) no3Havyaemo BiAKPUTY Ta 3aMKHEHY KYJ/H0 pajiyca € 3 LeHTpoM y Touui g € X.

Ha MHOXXWMHI exp X HEMOPOXKHIX 3aMKHEHUX NiAMHOXUH BXXVUBAEMO CTaHAAPTHY MeTPUKY
Faycpopda

an(A,B) —maxjsup{d(a,B) Jae A},sup{d(b,A) \b € B}}.

HacTtynHi dopmynu gna ax € piBHOCUIbHUMMW:

dH(A, B) = min{e ~ 0 |]A C OeB, B C O¢A}l,

dn(A, B) = Tini{e ~O | A C(J Beg(b),BC U B,(a)},
beB acA

dn(A, B) — inf{e ~O | A C[J Be(b),B C U Bt(a)}.
beB a€A

3ayBa>kMMmo, WOy APYriii (ane He TpeTil) dpopmyni inf MOXKHA 3aMiHUTU HA Min AN KOmMNa-
KTHOro npocTopy X, OCKiNbkM y Takomy npoctopi OcA = \JaeA Be(a) Ana KOXXHOT 3aMKHEHOT
A C X

Hapgani po3rnsapgaemMo knac emHocTel [2] Ha npocTopi (X, d), perynsspHuMx w040 METPUKU
d, TO6TO TaKMX MOHOTOHHO HecnagHUX AiIMCHO3HAaYHUX PYHKLIM ¢ HAa cyKynHOCTI Exp X Bcix
3aMKHEHUX NigMHOXMWH npocTopy X, wo c(0) = 0,ic(OeA) -» c(A) npu e —+0 AN KOXKHOI
3amMKHeHOi A C X. Beaxkatouun d hikcoBaHoO, Yy 3BUYAMHOMY MO3HA4YeHHI Lboro knacy M~ X
onyckaemo di nuwemo MX.

Ko>XHa Taka EMHICTb C LLiNTKOM BM3HAYaETLCA CBOIM Nigrpadikom

subc = {(F,«) €EexpX x /Zla”™ c(F)},

SAKNIA € 3aMKHEHUM Y exXp X X | 3 MEeTPUKOIO MPsIMOro Ao6yTKY

p((F,q, (G,B)) = Tax(dH(F,G), la- B).

BignosigHo BigcTtaHb d(ci,c2) Mi>K emMHOCcTAMM C\\C2 € M X NpUpoaHO 03HAYAETLCA AK Bif-
cTaHb Maycpopda pn(sub c\, sub c2) mixx Tx nigrpacgikamu. OckinbKu giametTp X CKiIHYEHHWIA,
TO 3HayeHHsA d Te>XX CKiHYeHHi.

HeBa>kko nomituTuy, wo d(c\, c2) € TOUHOI HUMXKHBLOIO FTPAHHIO MHOXXWHW BCiX TakuX € ™ O,
W0 ANs KOXXHOTA ¢ X BUKOHAHO HEpPIiBHOCTI

ci(OeA) + ¢ ~ cr(A),c2(0£1) +& ™ c\(A)
(y Takomy BUNaZKy KaXkemo, Lo eMHoCTi G Ta c2 € -6nm3bkmummn). Togi d(c\, c2) ™ g, aKWo i
TiNbKN AKWO ana Beix €' >£, A C X BUKOHaHO
Cl

ci(Oe>A) + g, ™ c2(A),c2(0e/A) +€; ™ c\(A).

OcCTaHHSA TOYHa HUXKHSA rpaHb A0CAraeTbCA AN KOMMAaKTHOro nmpocTopy, i, wmplie, 418 Ko-
XHoro (X, d), y akomy dj-i{pdA, OcA) —0npune \ eana Bcix A C X, € > 0 (3ayBa>kumo, L0
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npu € = 0 36DKHICTb € aBTOMATMUYHO). Y TaKoMy npocTopi d(c\, ci) ™ &, AKWoO i TiNbKU AKLW,0
Q\Ta Q¢&-6nn3bKi.

IHWO AoCTaTHBLOK YMOBOIO TOrO, L0 EMHOCTI Ci Ta cr € e-6nm3bkumun ana € = d(ci, cr), €ix
a>-rnafKicTb, To6TO piBHICTL C,-(M~=i N1,,) = 1liT,~.00cC,(/1,), i = 1,2, 4nA KOXXHOTHe3pocTar4ol
nocnigosHocTi J1i D Ar D A3 D ... 3aMKHEHUX MHOXXWH y X. Ll BNacTuBICTb € CU/IbHILLOO
Bif perynsipHocCTi Woa0 MeTPUKN.

2 Ha6nu>keHHa NiNWMWULEeBUMUN EMHOCTAMM

Harapgaemo, wo (X, d) — MeTpUYHMIA NPOCTip CKiIHYEHHOIO AgiameTpa.
Knac ninwunueBnx 3 KoediyieHToM q > 0 EMHOCTEN — Lie MHOXKMHA

MnX = {c € MX IVF, G CI X Jc(F)-c(G)] < qmdH(F, G)},
C

ae q > 0— pesike dpikcoBaHe fiicHe 3Ha4YeHHSA. 3p03yMino, W0 PiBHOCWU/IbHO YMOBY Ainwuue-
BOCTi MOXXHa 3anucatu siK

VF,G CI X Ve>0 dH(F,G) < eg=» Jc(F) -c(G)] < ce
Cl

abo

VF Ci X VE> 0 c(Oe(F)) ™ c(F) + e
Cl
OueBMAHO, O NINWWLEBICTb CU/bHILWA Bif iIHWNX BAACTUBOCTEN TUMY perynsapHocTi [4]

— PEerynsapHoOCTI W040 METPUKMN, PETYAAPHOCTI LLLOA0 TOMONOrIT, W -rNagKocTi Ta T-rnagKocTi.
MpocTuii Npuknag eMHOCTI, NiNWKMLeBoT 3 KoedilieHTOM 2 — Ue (PyHKL A, AKa 3icTaBnsge Ko-
YKHIili 3aMKHEHI NigMHOXMHI i1 giameTp.

Teopema 1. MgX — 3aMKHeHM NignpocTip npocTopy M X 3 meTpukoto d.

AoBefieHHs1. [loCTaTHbO MoOKasaTu, W0 AO0BiNbHA EMHICTb CO, IKa € TOUKOK AOTUKY MHOXXWUHU

M UX, HanexxuTb Ao Hei. Hexan F ¢ X, € > 0. 3a npynyuweHHAM AN KOXXHOro 8 > 0 icHye
Cl

c € MgX, ana sikoro d(co, ¢) < d. 3Biacu
Co(OeF) ™ c(Os(OfF)) + O ™ c(O<5+F) + O~ c(F) + q(0O+ €) + 0 ™ Co(0O$F) + 26+ (o + ¢).
Ockinbkn npu 6—>0 ocTaHHI BUpa3 npsamye no co(F) + ge, maemo @ € MgX. O

Po3rnaHemo 3ajayvy npo anpokKcumaLiio AO0BiNbHOT EMHOCTI ¢ € M X eMHOCTAMM 3 Knacy
MgX.
Nlema 2.1. AnAa (PiKCOBAHOTHENMOPOXKHLOTMHOXUHNU G C X thyHKUiTHa Exp X, piBHiHY 10 ANA

Cl
aprymeHTa O i BU3Ha4veHi gnsa HenopoXXHboiF C X chopmynamm
Cl
<p(F) = as\ipd(x, G) Ta  xp(F) = Tax{a —qsupd(x, F), 0},
xeF xeG

fea” 0, e ninWwuuesnMmn 3 KoeduilieHTOM g EMHOCTSMMN.
AoBefileHHs. [locTaTHbO 3ayBavKMUTWU, W,0 BUpa3m inf d(x, G) Ta sup d(x, G), aTomy i sup d(x, F),

xeF xeF xeG
€ ninwuueBuMu Wwopno F 3 koediyieHToMm 1. BUKOHaHHSA iHLWNX BNacTUBOCTEN OYEeBUAHE. O

3ayBa>kKMMo, W,0 NoapryMeHTHUM iIHQiIMyM A0BiNbHOT CiM'i eMHOCTel 3 M gX Ta moaprymeH-
THWUA CYMPEMYM AOBIIbHOT 06MEXXEHOT 3ropm ciM'i EMHOCTEN 3 MQX TeXX € EMHOCTAMU 3 LbOr0
XX Knacy. 3Bigcu Bunnmeae, Wo npu pikcosaHnx e,q >0 Tac € M X pyHKLIT

c£(F) = sup{tax{c(N1) —e—" sup d(x,F),0}}
XEOe(A)

ce(F) = Bl(r:w)f( (c(Oe(B)) + e+ qsupd(x, B)},

d xeF

neF @ O,ic£(0) = ce(0) = 0, eninWnueBNMIN 3 KoeiLIEHTOM  EMHOCTAMMN.
.. -L-I +1 . . - -

Teopema 2. PyHKLUIi ce Ta ce — Ue Taki eneMeHTN MgX, WO A0Bi/iIbHA EMHICTL @ € MnX €
- . . . . -y +

£-6113bKOI A0 faHOT EMHOCTI C, AKWO 1TIIbKU AKWO Ce < Co < C%.

Y 49
AoBefeHHA1. Hane>kHicTb c£ ce € MgX 06r'pyHTOBaHO BULLE.

Mpunyctmo, wo ¢ € MX Ta @ € MgX € e-6nm3bknumun. Togi, 3acikcyBaBwm F C X Ta
_ Cl
ob6paswin aosinbHi A C X ta d > O Taki, wo Oe(A) C Os(F), oTpumaemo
Cl

c(A) - e< cO(Oe(A)) < co(Os(F)) < cq(F) + gs,

T06TO co(F) > c(A) —e& —i/& 3oKpeMa, AKLL0 Noknactn & = sup d(x, F), To MoO>XHa cTBep-
xeOe(A)
[KyBaTty, Wo npu BCix A C X 6yAyTb BUKOHYBaTUCb HEPIBHOCTI
Cl

co(F) > c(A) —e—q sup d(x,F).

xelll a)
3Bigcu
co(F) > sup{c(A) —e—q sup d(x,F)}
Nncx xelll A)
T06TO OO > Eg

Maii>xe aHanoriyHo, sagikcyemo MHOXXUHY F C X Ta obepemo foBinbHi B C X ta d > 0
Cl Cl
Taki, wo F C 09J(B). Ockinbkn M € MgX, 10 Co(F) < co(0#(B)) < co(B) + 0. AKwo & =
sup d(x, B), To ocTaHHA HepiBHIiCTb Habyae surnagy Co(F) < co(B) + gsup d(x, B). Kpim Toro,
xeF xeF

d(c,co) < g T06TO CO(B) < C(EE(B)) + & OT>Ke MOXXHa cTBepaykyBaTu, o ana scix B C X
n ci

BUKOHYETbCA co(F) < c(6£(B)) + £+ qsupd(x, B), Tomy
xeF

cO(F) < inf (c(Og(B)) e gqgsupd(x, B)},
BCX xeF
d
TO6TO Co < C£.

. _ -4 +4 . .

OT>Ke, BUKOHaHHS HepiBHocTel c£< (G < c£HeobxigHe ans €-6nm3bKocTi c Ta G-
-4
[oeegemo foctatHicTe. Hexalh @ > ce. Todi AnsA dikcosaHoi F C X Ta gosinbHOT A C X
cl

ci
npaBunbHI HEPIBHOCTI

cO(Oe(F)) > c£(Oe(F)) > c(A) - e-q sup d(x,0eF)).
xeO £(A)



3sigcu npn A = F otpumaemo cq(0 £F)) > c(F) —e.
4
Akwo @ < I:E TO npun 6yab-aknx B C X 6yae BUKOHyBaTUCH
o]

cO(F) < c(Oe(B)) + €+ gsupd(x, B).
xeF

3okpema, npn B —F oTpumaemo Co(F) < c(Oe(F)) + &

-y +4
OT>Ke, 3ayMOBU CE<C g < CEMaAEMO e-6IM3bKIiCTb C Ta Co. O

3ayBa>keHHSA 2.1. 3po3ymino, wo gnsa AOBiNIbHOT eMHOCTI ¢ € M XicHYE €-6NMM3bKNIA eNeMEHT

@ € MLK Togi i TiflbkM TOgj, KON BUKOHAHO CE < ce. Y ubOMYy BUMNagKy MOXXHa NoKiacTw,
<2 +<?
Hanpuknag, @ = cEunco — cE

Teopema 3. na foBiNbHOTEMHOCTI ¢ € M X icHye €-6113bKunii enemeHT G nignpocTopy M gX
(oe € ™ 0), AKUWLO | TiNbKU AKLL,0 HEPIBHICTb

c(A) < c(OeB)) + q sup d(x,B) + 2¢
XEOe(A)

BUKOHaHO A4 BCiX HEMOPOXKHiIX A,B CX.

~] +y -y +y4
AoBefieHHs. Hexaih € > 0 Take, W0 c% < ce, 10670 cE(F) <ce(F) Ana aosineuoi F C X
Cl
OcTaHHSA HepiBHICTb PiBHOCU/IbHA BUKOHAHHIO HEPIBHOCTI
c(A)—e—qg sup d(x,F) < c(OgB)) + €+ gsupd(x, B)
xeOe(A)

ONA KOXKHUX HEMOPOXKHIX 3aMKHEHUX MiIAMHOXXNH A, B npocTtopy X. 3po3ymino, wo npn F — B
BOHa MaTume BUTNAL

c(A) —8—q sup d(x,B) < c(0£B)) + =
xelll a)
y +4

OT>ke Heo6XifHOI YMOBOI A4/ ce < CEe BUKOHaHHA npu aosinbHux A,B C X HepiBHOCTI
Cl

c(A) < c(O£B)) + q sup d(x,B)+ 2¢
xeOE(A)

Mokaxkemo, L0 BOHa TaKoXX € foCTaTHbLOI0 yMOoBO. [lificHo, akwo F C X, To ana foBinb-
Cl

HUX X € Og(A) Tay € F icTUHHOI € HepiBHicTb d(X, B) < d(x, F) + d(y, B). Toai BUKOHaHO

c(OeB)) + €>c(A)- € -q sup d(x,B) >c(A) - €- gq( sup d(x,F) + supd(y,B)).
xepne(A) XEOe(A) yeF

3Biacu
inf |c(Of(B)) + ¢+ qsupd(y, B)} > c(A) —e—q sup d(x,F)
\ yef xell A)
+4 -4
ansa Becix A,B C X. Omxke, ce(F) > ce(F), wo, 3rigHo 3ayBakeHHs 2.1, o3Ha4ae iCHyBaHHS
Cl
€-6nmn3bKoro enemeHTa Gg € M™X. O

3 0CTaHHbLOI TEOPEMU HEFaMHO BUMMBAE, L0 BiACTaHb Bif EMHOCTI ¢ € M X go nignpocTopy
MnX piBHa TOUHIN HVXKHIY TPaHi £ MHOXXNHN

Eg= {€e > OIYA,BC X :c(A) < c(Oe(B)) + g sup d(x, B) + 2¢}.
cl xelll a)
Akwo £q = min Eqg, To Habnmxui go ¢ € M X emHocTi @ 3 nignpoctopy MgX BM3Ha4arTbCs

. - -<> +LI
HepiBHicTiIO CE < (b < cE.

OfHaK HacTynHWI NpuKnag CBigunTh, W0 MiHIMYM MHOXXWHU EQ MOXKe 1 He iCHyBaTW.

Mpunknag 1. PosrnaHemo nignpocTip X = {(0, —1), (0,1)} U ((0; 1] x {0}) nnowuHn R23
€BK/iJOBOI0 METPUKOI i MOKNagemMo

(3, (0,1) € Fa60(1,0) € F, 0 (=X
o, ©0,1)if i (1,0)if, a

OueBNAHO, W0 C — peryndapHa eMHICTb, ika He € MlinwuLeBo 3 KoeduigyieHToM g = 1. Mpwu
KO>XXHOMY € > 1 HepiBHICTb

c(A) < ¢(Og(B)) + sup d(x,B)+ 2t
xeOe(A)
iICTVHHA AN A BCiX 3aMKHEHUX HEMOPOXKHIX NiAMHOXWUH A, B npocTopy X, ogHaK 41 € = 1BoHa
€ XxubHoto ana A = {(1,0)}, B = {(0, —1)}.
Lle o3Hauae, ui0 BigcTaHb Bif ¢ A0 nignpocTopy MgX pieHa 1, ane 1-61M3bKOTA0 C EMHOCTI
3 MgX He IcHye.

Po3rnsiHemo, 3a 9KMX YMOB MOXXHa rapaHTyBaTu iCHyBaHHSA HaiMeHLLOro eneMeHTa y Eq.
AKLL0 cragHa NocnigoBHICTb eNeMeHTIB {€,, }~=1 MHOXXnHWN Eq 36iraetbca go €0, To AN 36i>KHO-

cten c(Ocn(F)) c(OE(F)) Ta sup d(x, B) — sup d(x,B) goctaTHbO € HaniBHernepeps-
xeCe,,F xeOeOF

Ha 3ropu w,o[0 MmeTpunkun MNaycgopda 3aneXKHIicTb MHOXKUHU O€A Bif € 4NA KOXHOT 3aMKHEHOT
Henopo>XHbol A C X, To6To 36i>kHicTb dn{pEA,0EA) — 0 npun ¢ \ & Haragaemo, o0 ue
BMKOHAHO NPWY KOMNaKTHOCTI (X,d), afne KOMMakKTHICTb He € HEOOXIAHOK — ANA BHYTPILLHO-
CTi OAVMHMYHOT KyNni B R" aaHa BnacTuBicTb TeXX iCTUHHa. ToAi MHOXXMHa Eq 3aMKHeHa Lwo/a0
rpaHuLb He3poCcTarumMx NOCNiAOBHOCTEN i HEMOPOXKHSA, 60 MicTuTb diam X. Tomy B Eq icHye
MiHIManbHUIN eneMeHT £0, AKUIA 3rigHO 3ayBadkeHHA 2.1 i € wyKaHow BigcTtaHHo d(c,MgX).

Ons uboro By, 3acTocyBaBLUM TeopeMy 2, Nerko no6yayBaTu HaNGIMXKUy A0 ¢ (ONTUMasbHY)

-y + 0y
EMHICTb cO € MgX, To6TO TaKky, wo d(c, co) = £q (Hanpuknag, Takmmmn € cETa cEnpu € = £q).

Po3rnssHemo Toi BUNagoK, Koam MHOXKMHa Eq He 060B'SI3KOBO MICTUTb HAMMEHLLUNIA efleMeH-
Ta. 3po3ymino, wo akwo = infEq, To d(c, MgX) = 8q. Togi Bcl €' > £7 6yayTb Hanexxatu Ao
MHOXXMHU EQ, a ue o3Hauvae (3rigHo Teopemu 2), W0 ANA AOBINLHOIO €' > €nicHye £'—6Nn3bKa
0O c EMHICTb C' € MgX, ane e*—06/n3bKOT EMHOCTI 13 NignpocTopy MgX MoXke i He icHyBaTu.
MpoTe emHicTb @ € MgX, ana akoid(c, Cq) —8q, iCHYE, NPO LW,0 CTBEPAXKYE HACTYNHa TeopeMa.
3ayBa>kmmo, Lo npn ' > £ > g MaemMo
-q -y +q +4

Cfi ~ CE~ CE ~ CH,
TOMY ICHYIOTb TOYHI rpaHi
-4 -4 +y .+
C= sup co, c¢ = infco,

e>l,, S



) _ 0 <? +<?+<? )
AKi Hanexkatb o MgX, npudomy cE< ¢ ~ ¢ ™ c£pana KoxkHoro £ > £q. 3Biagcy BUNINBAE,

Wo Cq Ta Cq €&-6nM3bKUMU A0 CANA BCIX £ > £q, OTXKE, BiICTAHb Mi>X KOXXHOK 3 HUX Ta € piBHa

S
HeBa)kKOo 3anucatu siBHUIA BUTNSA ONTUMaNbHUX EMHOCTEN, OTPMMAaBLUW HacTyrnHe TBep-
I>KEHHS.

_<?+<?
Teopema 4. ®yHKUiiCc Tac , BU3HaYeHi hopmynamu

Eq (F) = max{sup{c(A) —fn—qm lim sup d(x,F)},0}

ﬂax eN ed4+0xepe(A)
Ta +4 . .
c (F) = inf{ lim c(O¢(B)) + en+ qsupd(x, B)}
B aX e—>E((+0 XEp
. . oA *q . . N - o
ana 3aMmkHeHoiF ¢ 0,ic (O) = ¢ (0) = 0O, e BignoBigHO HaMbINbLLOW i HAMEHLLO 3

emMHocTen 3MgX, HaNBMMXKYMUX J,0 EMHOCTI C.
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ON N-SYMMETRIC 1T-CURVATURE TENSOR IN N(k)-CONTACT METRIC
MANIFOLD

In this paper we study t-curvature tensor in N (k)-contact metric manifold. We study t-¢-
recurrent, r-@-symmetric and globally t-@¢-symmetric N (k)-contact metric manifold.
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Introduction

The notion of local symmetry of a Riemannian manifold has been weakened by many au-
thors in several ways to a different extent. In the context of contact geometry the notion of
(~-symmetry is introduced and studied by Boeckx E., Buecken P. and Vanhecke L. [3] with
several examples. As a weaker version of local symmetry, Takahashi T. [13] introduced the
notion of locally @-symmetry on a Sasakian manifold. Generalizing the notion of (*-symmetry,
the authors De U.C., Shaikh A.A. and Sudipta Biswas [4] introduced the notion of @-recurrent
Sasakian manifolds. This notion has been studied by many authors for different types of con-
tact manifolds like Venkatesha and Bagewadi C.S. [14,15], De U.C. and Abdul Kalam Gazi [5],
Nagaraja H.G. [9] etc.

In [12] Tanno S. introduced the notion of fc-nullitiy distribution of a contact metric mani-
fold as a distribution such that the characteristic vector field { of the contact metric manifold
belongs to the distribution. The contact metric manifold with { belonging to the £nullity dis-
tribution is called N (k)-contact metric manifold such a manifold is also studied by various
authors. Generalizing this notion in 1995, Blair D.E., Koufogiorgos T. and Papantoniou B.J. [2]
introduced the notion of a contact metric manifold with & belonging to the (k, p) -nullity distri-
bution, where kand p are real constants. In particular, if y = 0then the notion of (k, p)-nullity
distribution reduces to the notion of £nullity distribution.

In [6] Mukut Mani Tripathi and et.al. introduced the t-curvature tensor which is a par-
ticular cases of known curvatures like conformal, concircular, projective, M-projective, W,-
curvature tensor(i = 0,..., 9) and W*-curvature tensor(/ = 0,1). Further, in [7,8] Mukut Mani
Tripathi and et.al. studied T-curvature tensor in K-contact, Sasakian and Semi-Riemannian
manifolds. Later in [10] the authors studied some properties of tT-curvature tensor and they
obtained some interesting results.

Motivated by all these work in this paper we studied the ¢-symmetric T-curvature tensor
in N(A:)-contact metric manifold.

(C) Gurupadavva Ingalahalli, Bagewadi C.S., 2014
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1 Preliminaries

A (2n + 1)-dimensional differential manifold M is said to have an almost contact structure
(¢, & n) if it carries a tensor field ¢ of type (1,1), a vector field £ and 1-form n satisfying

@2= -1 +n®L, n({)=1 noe=0, e =0 (1)
Let g be a compatible Riemannian metric with almost contact structure (@, ¢, n) such that,
§(eX,0Y)=8(X,Y)-n(X)n(Y),

g(<pX,Y) = -g(X,cpY), 8{X,{)=n(X). 2
where X, Y are vector fields defined on M. Then the structure (¢,{, n) on M is said to have
an almost contact metric structure and the manifold M equipped with this structure is called
an almost contact metric manifold [1]. An almost contact metric structure (@, ¢, i],g) becomes
a contact metric structure if for all vector fields X, ¥ on M we have an(X, ¥)= g(X, @Y).

Given a contact metric manifold (M, @, , n,g), we define a (1,1) tensorfieldhbyh —\ig,
where L denotes the Lie differentiation. Then h is symmetric and satisfies hep — —(ph. Also we
have Tr.h — Tr.cph = 0 and HE — O. Moreover, if V denotes the Riemannian connection on M,
then the following relation holds

VX{=-0oX-@hX. 3
For a contact metric manifold M(¢,Z, n”) the (fg p)-nullity distribution is
\%
={Z €TpM :R(X,y)Z = K[g(Y, Z)X - g(X, Z2)Y] + F[g(Y,Z)hX - g(X,Z)hY}},
for all vector fields X,Y € TpM, where k p are real numbers and R is the curvature tensor.
Hence if the characteristic vector field { belongs to the (k, p)-nullity distribution, then we have
R(X,y)£ = fcfo(y)X - n(X)Y] + p[n(Y)HX - v{X)hY}. 4
Thus a contact metric manifold satisfying (4) is called a (fc, y)-contact metric manifold. In
particular, if y = 0, then the notion of (fc, p)-nullity distribution reduces to the notion of fc
nullity distribution introduced by Tanno S. [12]. In a (fc, y)-contact metric manifold [11] the
following relations hold:
h2 = (fc —1I)<p2, fc< 1,
(Vx<ply = g(X + hX, Y)& - n(Y)[X + hX],
K(>X)Y - k[g(X, YK - n(Y)X]+u~X,Y)( - i/Y)X],

n(K{X,Y)Z) =k\g{Y,Z)ri{X)-g(X,Z)V(Y)\ + n[g(hY, Z)n(X) - g(hX,Z)V(Y)},
S(X,£)=2nfc//(X),
S(X,y) = [2(n - 1) - nHg(X,Y) + [2(n - 1) + n]g{hX,Y)
+ [2(1 - n) +nNe + p)In(X)n(Y), n>1
r = 2n[2n —2 + fc—ny],
S((pX, @Y) = S(X,Y) - 2nfcj/(X)i/(y) - 2(2n - 2+ p™MIiX, Y),

where S is the Ricci tensor of type (0,2), Q is the Ricci operator, that is, S(X,y) = g(QX,Y)
and r is the scalar curvature of the manifold. From (2), it follows that

(VxV)Y = g(X + hX,cpY).

The fc-nullity distribution N (fc) of a Riemannian manifold M is defined by
p  Np(k) = {ZE TpM :R(X,y)Z =k[g(Y,Z)X- g(X,Z)Y}},
k being a constant.If the characteristic vector field { € N(k),then we call a contact metric
manifold an N(fc)-contact metric manifold. In N(k)-contact metric manifold the following
relations hold [5]:
h2 = (fc— <p2, fc< 1,
(Vx<ply = g(X+ hX,Y)l - n(Y)[X + hX],

RE,X)Y = k\g(X,Y~ -n(Y)X],
S(X,C) =2nkr]{X), (5)
S(X,Y) - 2(n- Hg(X,Y) +2(n- DghX,Y) + [22 - n) + 2n™*n(X)n(Y), n> 1, (6)
QX = 2{n —1)X + 2(n —I)hX + [2(1 —n) + 2n™"n(X), n> 1, (7
r —2n[2n —2 + fd,
S(cpX, <pY) = S(X,Y) - 2nkV(X~™(Y) - 4(n- DHg(hX,Y), (8)
(Vxi/Z)y = g(X + hX, @Y).

Definition 1. An N (fc)-contact metric manifold M is said to be locally @-symmetric if
AV wft)(x.y)z) =0

for all vector fields X, Y, Z, W, which are orthogonal to ¢.

This notion was introduced by Takahashi T. [13] for Sasakian manifolds.

Definition 2. An N (fc)-contact metric manifold M is said to be @-symmetric if
2((VWR)(X,y)Z) -0

for all arbitrary vector fields X, Y, Z, W.

Definition 3. An N (fc)-contact metric manifold M is said to be locally 1-@ -symmetric if

RA((VWT)(X,y)Z) =0
for all vector fields X, ¥, Z, W, which are orthogonal to ¢.

Definition 4. An N (fc)-contact metric manifold M is said to be @-recurrentif and only if there
exists anon zero 1- form A such that

R((VWR)(X,y)Z) = A(W)R(X,Y)Z

for all vector fields X, Y, Z, W. Here X, Y, Z, W are arbitrary vector fields which are not neces-
sarily orthogonal to (.

If the 1-form A vanishes identically, then the manifold is said to be a locally ¢-symmetric
manifold.

Definition 5. An N(k)-contact metric manifold M is said to be 1-@-recurrent if and only if
there exists anon zero 1-form A such that

R((VWT)(X,y)Z) = A(W)r(X,y)z,

for all vector fields X, Y, Z, W. Here X, Y, Z, W are arbitrary vector fields which are not neces-
sarily orthogonal to €.



The 1-curvature tensor [7] is given by
(X, Y)Z = a0R(X, Y)Z + axS(Y, Z)X + a2S(X, Z)Y + a3S(X, Y)Z + a4g(Y, Z)QX
+ a5g(X,Z)QY + aeg(X, Y)QZ + a7\g(Y,Z)X - g(X,2)Y], &

where ao,..., ar are some smooth functions on M. For different values of ug, ..., a7the 1- curva-
ture tensor reduces to the curvature tensor R, quasi-conformal curvature tensor, conformal cur-
vature tensor, conharmonic curvature tensor, concircular curvature tensor, pseudo-projective
curvature tensor, projective curvature tensor, M-projective curvature tensor, W;-curvature ten-
sors (z= 0,..., 9), W*-curvature tensors (j = 0,1).

2 1-¢-RECURRENT N(k)-CONTACT METRIC MANIFOLD

In this section, we define 1-@-recurrent 1V(fc)-contact metric manifold by
FR((VWT)(X,Y)Z) = A(W)r(X,Y)z
for all vector fields X, Y, Z, W. By virtue of (1), we have
— (Vwt)(X,Y)Z + t/((Vwt)(X,Y)Z)E = A(JN)T{X,Y)Z. (10)
By taking an innerproduct with U, then we get
-g ((VWT)(XtY)Z,U) + V((VWT)(X,Y)Z)gtf,U) = A(W)g(T(X,Y)Z,U). (11)

Let {ej :i = 1,2,...,2n + 1} be an orthonormal basis of the tangent space at any point of the
manifold. Putting X = Li = g in (11) and taking summation over i, 1 < i < 2n+ 1, by virtue
of (11), we obtain

- A0+ (2n + Dfli + i2+ «3(VwS)(Y,Z) - [84+ 2na7](\Awvr)g(Y,Z)
- asg((WwQ)Y, Z) - aeg((WwQ)Z, Y) + *»/(VWR)(Z,Y)Z) + ar(VWS)(Y, Z2)
+ «2(VWS)(?,Z)7N(Y) +fI3(VwS)(Y,0v(Z) +«4™(V,2)i/(VwQ)e) (12)
+ asV(Z)ti((VwQ)Y) + asV(Y)V((VwQ)Z) + ar(Vwr)[g(Y,Z) - n(Y)n(Z)\
= A(W) [[o 4- 2a + 1)ini + 2+ 3+ s+ OIS(Y, Z) + [+ 2ni7r™ (Y, Z)].
Putting Z = £in (12) and simplifying, we get
- [flo+ 2nflL+fI2+ I (V wS)(Y,”) - [84+ 2nfI7](V wr)?7(Y)
-e g ((VWQ)E,Y) + *3(V»vS)(Y/E) (13
= AW(Y)[[ao + (2a + D)qi + qar + 3 ~bsb+ s6)2nK + [s4+ 2na7]r\
We know that
(VWS)(Y,£) = VWS(Y,C) - S(VWY,£) - S(Y, VWE). (14)
By using (3), (5) in (14), we have
(VWS)(Y,E) = S(Y,<pW) + S(Y,<phW)-2nkg(Y,<pW)-2nkg(Y,<phW). (15)
Substituting (15) in (13), we obtain
—[f0 + 2nai + Ar+ ael{S(Y, <pW) + S(Y, cphW) —2nkg(Y, @IN) —2nkg(Y, @/zW)}
- [#4+ 2na?\(\V/1t 1)n(Y) (16)
= [+ (2n+ 1ai + ar+ a3+ b+ cib}2nkA(YIN(Y) + [84+ 2na7]vA(IN)n(Y).

Replacing Y by cpY in (16), we have
- [0+ 2nsi + 22+ fIG{S(<pY, @Yi) + S(cpY, (phW)
—2nk[g(cpY, @IN) +g(a>Y,(ph\V)]} =0. n
If [0+ 2n5i + ar + a6 ¢ O, then by virtue of (1) and (8) in (17), we obtain
SIX,W) = [2nk-2 (n -1)(k - D]g(V, W) + 2(n-1 )(k- DIZ(Y)4(W)
+ [2nk+ 2(n - 1)(k-Djg(Y,hW) - [2nk+ 2(n - 1)(k - D]tZ(Y)4(hW).
Replacing in place W as hW in (18), we get
g{Y,hw) =n(k-1)g (Y, W) -n(Li-N\)n(Y)n(IN). (19)
By substituting (19) in (18), we get
S(Y,W) = 2nk + 2(n - If{k - 1) + 2n2k(k - D]g(Y, W)
+ [2(n —1)2(k —1) —2n2k(k —1)In(Y)n{IN).
Hence we state the following
Theorem 1 A t-@-recurrent N(k)-contact metric manifold is an n-Einstein manifold with
—[s0+ 2na\ + 5 + a6 ¢ O.
Now from (10), we have
(Vwt)(X, Y)Z = 7((Vwr)(X, Y)Z)E - A(W)t(X,Y)Z, (20)
from (20) and the second Bianchi identity, we get
(Vwr)(X,Y)Z + (Vxt)(Y,W)Z + (VyT)(W,X)Z
= jy(VwWT)(X,Y)Z)™ + 7((VXT)(Y,W)Z)™ + i/((VYT)(W,X)Z)e (22
- (AWHE(X, Y)Z + AX)E(Y,W)Z + A(Y)t (W, X)Z}.
From (21), we get
AW)J/Z(t(X,Y)Z) + A(X)n(t(Y, W)Z) + A(Y)i/(r(W, X)Z) = Q. (22
By using (9) in (22), we obtain
A(W){a0k[g(Y,.Z)V(X)-g(X,Z)V(Y)] +alV(X)[2(n - D{g(Y.Z) +g(hY,Z2)}
+ [20-n)+ 2n$n(Y)n(2)} + an(Y)[2n - Ng(X, Z) + 2(n - Dy(ftX, 2)
+ [21 - n) + 2vd7(X)"(2)] + a3n(Z2)[2(n - % (X, Y) + 2(n - Dg(fcX, Y)
+ [21 —n) + 2n™*n(X)n(Y)] +2nkadg(Y,Z)n(X) +2nka5g{X,Z"(Y)
+ 2nkabg (X,Y)V(Z)+a7[g(Y,Z)V(X) - g(X,Z)V(Y)}} + A(X){aOk[g(W,Z~(Y)
- 9(Y, 2n{IN)} + oxn(Y) [2{n - Dg(W, Z) + 2(n - 1)g(hW, 2)
+ [2(1 - n) + 2nfcp/W)j/(2)] + fi2NW) [2(n - Dg(Y, Z) + 2(n - 1)g(hY, 2)
+ [2(1 - n) + 2n*fo(Y)j7(Z2)] + a3n(Z)[2(a - )g(Y, W) + 2(n - Dg(/iY, W) (23)
+ [2(1 -n) +2wIt)j/(Y)»/(W)] +2nkadg(W,Z"~(Y) +2nka5g(Y,Z)y(W)
+ 2nka6g (Y ,W)V(Z) +a7[g(W,Z)V(Y) - g(Y,Z)V(W)}} + A(Y){a0k[g(X, Z)V(W)
- g(W, Z)n(X)] + alV(W) [2(n - Dg(X, Z2) + 2(n - 1)g(hX, Z)
+ [2(1 - n) + 2nk]In(X)Nn(D\ + a2n{X) [2\ - Dg(W, Z) + 2(n - 1)g(hW, 2)
+ [21- a)+2n% (W)™ (Z)] +a3n{Z2)[2{n - Dg(W,X)+2{n - 1g(hW,X)
+ [2(I-n)+2nk™(W)V(X)} +2nkadg(X,Z™(W) +2nka5g(W,Z)tj(X)
+ 2nkabg(W,X)t}(Z2) +a7[9(X,2)?j(W) - g(W,Z)n(X)}} = 0.



PuttingY = Z —6& in (23), we get

AMW)jiZ(X)[(2n - 1)(a@k+ ra7) + 2nax[2{n - 1) + fd + [2nk + 2{n - 1N\a2

+ 2afc[a3+ (2a + 1)ad+ 2a$+ an] + A(X)j/(W)[—(2n —I)(flofc + ra7)

+ d\[2(a —1) + fd + 2n«2[fc+ 2(n —1)] + 2nfc3 + 2ad+ (29 + 1)a5+ 4q]]

+ [Bt+ 82+ a3][2(1 - a) + 2nfc]AMN)i/(X)iy(W) + 2(a - 1)aiA(hX)j/ (W)

4-2(n - 1a2A (W )74X) + [2(a - 1)a3+ 2a/c6]A(£)g(W, X)

+2(a-1)a3N(£)£ (W /7X) =0.

Putting X = C in (24) and simplifying, we obtain
AMW)[(2n - 1) (flofc4* PA7) +2npi[2(n —1) +fc] +a2[2nfc+ 2(n - 1)]

+ 2nfc[fi3+ (2n+ 1)ad4+ 295+ «a6]] + A(f)j/ (IV)[-(2n - 1)(flOfc+ ra?)
+ ar[2(a - 1)(2n - 1) + 4nfc] + 4nfclai + a3+ a4 4- ab\+ 2nk(2n + I)fls]
+ 2(n-l)a2A(hwW) = 0.

Replacing W by hW in (25), we obtain
AhW) = 2(n~ D"2(fc—1) [A(W) _ a(E)MNW)], (26)
L

where

L = (2a —I)(flofc + I'd7) + 2n4ai[2(n —1) + fd + ar[2a/c + 2(n —1)]
-} 2nfcfl3 -)- (2a (- 1)a4 4 255 (- flg).

Substituting (26) in (25), we get

AW) = ~ ~ BEIA@7(W), 27)

where
M = —2n - 1)(flokc"bifl7) +a2[2(n - 1)(2u - 1) +4nfc]
2nk[2ai -)-2a3 - 204 - (2a 4 fls -b2a7,
E = 4(n —1)2R®Fc~ 1)

Here A(Z) = g(C,p), p being the vector field associated to the 1-form A, that is, g(X,p) —
A(X). Hence we state the following

Theorem 2. In at1-@-recurrent N (k)-contact metric manifold the characteristic vector field ¢
and the vector field p associated to the 1-form A are codirectional and the 1-form A is given in
(27).

3 T-<p-SYMMETRIC N(K)-CONTACT METRIC MANIFOLD

In this section we define t-@-symmetric N(fc)-contact metric manifold by
R((Vwr)(X,Y)Z)=0

for all vector fields X, Y, Z, W, which are orthogonal to {. By using (6), (7) in (9), we get

(X, Y)Z = a0R(X, Y)Z + ax[2(a - Dg(Y, Z2)X + [2(1 - n) + 2nfc]i/(Y)j/(Z2)X

+ 2(n - Dg(hY, Z2)X] + a2[2(a - Dg(X, 2)Y + 2(h - Dg(hX, 2)Y
+ [2(1 - n) +2nkK\V(X)V(Z2)Y] + a3[2(a - 1)g(X,Y)Z + 2(a - 1)g{hX,Y)Z
+ [2@ - a) + 2n™n{X)n(Y)Z] + atg(Y, 2)[2(n - 1)X + 2(n - 1)hX (28)
+ [2(1 - n) + 2nK\N(X)Q\ + s5#(X, Z2)[2(n - 1)Y + 2(n - DhY
+ [2(1 - n) + 2nK\N(Y)é\ + a6g(X, Y)[2(n - )Z + 2(n - I)/zZ
+ [2 - n) +2nfc]>;(2)£] + e7r[g(Y,Z)X -g(X,Z)Y].

Differentiating (28) with respect to W, we obtain

(Vwr)(X,Y)Z - eO(VwR)(X,Y)Z+ai[[2(] - a) + 2nfc{™ (Y, V wi)»7(Z)X
+9(Z, VWEMY)X} + 2(n - NHo((Vtv/Zi)Y, Z)X] + a2[2(n - 1)g ((V wft)X, Z)Y
[21 - n)+2nk]{g{X,'S7TMV(Z)Y +g(Z,VwftV(X)Y}]
as2(n - Dg((Vw*X,Y) + [21 - a) + 2nfcl{g(X, VWE)7 (V) +~(Y, VWE)7(X)}]Z
flag(Y,Z)[2(rc - 1) (V wfc)X+ [2(1 - a) +2Wc][{g(X/V we)C + »7(X)VwC]}]
BE(X, Z)[2(8 - 1)(Vwf)Y + [2(1 - n) + 2nfc{g(Y, v "OT + ?/(Y)VWE]}]
AN (X, Y)[2(a - ) (Vw/ZD)Z+ [2(1 - 5a) + 2nk]{g(Z, VWE)E + ?/(Z)VWE]]
fl7(V wr)[g(Y/Z)X -g(X,Z)Y].

+

+

+

+

+

+

We assume that all vector fields X, Y, Z, W are orthogonal to {, then we have
(Vwr)(X,Y)Z = a0o(VWR)(X,Y)Z + a4g(Y,Z)[2(n - 1){(1 - K)g(W, ©X)

+ &(V/,HOX)I + [2(1 - 5) +2nk]{-g(X*"W) - g(X, @KM)}{]
+ a9 (X,Z)[2(a —1){(1 —Kk)g(W, @Y) + g(W,HoY)}{ + [2(1 - 7a) + 2afc]{-g(Y, <pW)
-g(Y,g>hW)}$ +ae6eg(X,Y)[2(n-D){(l-k)g(W ,tpZ) + 8(vv,HQZ)}E
+ [2(1 —3a) + 2nkK]{—g(Z, <pW) - (Z ,# W )K ] + I7(VwIr)N(Y/Z)X -g (X /2)Y].

Applying @2 on both sides of the above equation, we have

RV wr)(X,Y)Z) = flog2((V WR)(X/ZY )Z )+ fI7(V wr)[*(Y,Z)<p2X -~ (X ,Z) p2Y].

Hence we state the following

Theorem 3. LetM be an N (fc)--contact metric manifold. If any two of the following statements
holds, then the remaining statement holds

1) M islocally 1-@-symmetric,
2) M islocally @-symmetric,

3) either a7 — O orr is constant.

4 Globally t-~-symmetric N(fc)-CONTACT metric manifold

In this section, we define globally 1-¢@-symmetric N(fc)-contact metric manifold by

((VWT)(X,Y)Z) =0 (30)



for all vector fields X, Y, Z, W, which are arbitrary vector fields. By (1) and (30), we obtain
-((Vwt)(X, Y)Z) +j/((Vwt)(X,Y)Z)¢ = 0. (31)

By taking an innerproduct with U in (31), we have

-9 (((Vwr)(X,Y)Z),U) +q((VWT)(X,Y)Z)g(C,U) = 0. (32)
Let{&G :i= 1,2,...,2n+ 1} be an orthonormal basis of the tangent space at any point of the
manifold. Putting X = U —euin (32) and taking summation overi, 1 < i < 2n+ 1, we get

-g m vIT)(ei,Y)Z),ei) + V((V,,T)(el,'i)Z)gtt,ei) = 0. (33)

By using (29) in (33) and simplifying, we get
-flIO(VwS)(Y,Z) - (2nax+ a2+ a5)[2(n - 1){(1 - k)g(W, oY)n(Z) + g(W,HoY)n(2)

+ N(YNK@IN + <phW), Z)} + [2(1 - n) + 2nk]{-g((pW, Y)n(Z) - g(Y, @IM)n(Z)
- v(Y)g(<pW,Z) - v{Y)g{<phW,Z)}} - (a3+ ag)[2(n - 1){-(1 - k)g(cpW,Z)V(Y)
- glephW, Z)n(Y) + V(Z)g(h((pW + <phW), Y)} + [2(1 - n) + 2nk\{-g(<pW, Z)n(Y)
-9{Z,yhW " (Y)-V(Z)g(q>W,Y)-V(Z)g(ph]NrY)}} -2 na7(Wwr)g(Y,Z)
+ aov((VWR)tf,Y)Z)+a2[[2(l-n) + 2nk}{-g(cpW,Z)V(Y )-g (PhW,Z)V(Y)} (34)
+ 2(n - Dg(h((pW + cphW), Z)n(Y)] + a3[2(n - 1)g(h(cpW + cphW), Y)n(Z)

[2(1 —n) + 2nfcl{—g(<pW, Y)n(Z) - g((phW,Y"(Z)}]

aen(Z)[2(n —1){(1 -K)g(W,(pY) +g(W,h(pY)} + [2(1 —n) + 2nk\{—g(cpW,Y)

o{Y,(phW)}] +aPn(Y)[[2(1 - n) + 2nk]{-g((pPW,Z) -g(Z,(phW)}

2(n - 1){(1 -k)g(W,cpZ) +g(W,hcpZ)}] + (Vwr)a7[E(Y,Z) - jy(Y)7(Z)] = O.

Putting Z = & and using the condition

(VWS)(Y,E) = S(Y,cpW)+S(Y,g>hW) -2nkg(Y,(pW) - 2nkg(Y,<phW),

+

+

+

in (34) we obtain
-a0S(Y,W) + [[2nk - 2(n - 1)(k- 1)]a0+ [2nax+a2+ ab\2(1 - n) + 2nfc]

+2(n- 1)1 - fg[2nai + a2]lg(Y, W) + [2(n - 1)(fc- 1)[80+ 2m?i + a2\

- [2nai + a2+ a6][2(1 - n) + 2nfc]]?/(Y)?/(W) + [[2nfc+ 2(n - 1)]a0 (35)

+ [2nsi + «2 + F0[2(1 - n) + 2nfc] + 2(n - 1)[2nar + a2]]g{Y, hW)

- 2(n - D)fie[(fc - L)[M(Y, W) - J7(V)i/(W)] -g(Z/iW,Y)] - O
Replacing W by hW in (35), we obtain

g(Y,hW) - Jte(Y,W) - J/Z(Y)7(W)], (36)
where, E — [[2nk —2(n —1)]d0 + [2HSi + ar + F0O][2(1 —n) + 2\ + 2(n —1)(s0 + 2na\ + a2 +
A6)](fc —1) and F = [[2nk —2(n —1)]a0 —2{n —I)(fc —1)(s0 + 2nai + L+ a™) + \2ra\ + L+
A6][2(1 —n) + 2nK]]. By substituting (36) in (35), we obtain
S(Y,W) = ccg(Y, W) +Bn{Y)n(vv),

wherea= [g + L] andB =[] - g],
N = [[2nfc- 2(n - 1) (fC- 1)]a0+ [2nar + 82+ a6][2(1 - n) + 2mKk\+ 2(n - 1) (1 - fo[2nar + a2]],
L= [[2nk + 2(n —1)]s0 + [2na" -- 2+ (i8] [2(1 —n) + 22fd] -I-2{n —1)[2na\ + 2+ |/
P=[2(n- D(fc - 1)(80+ 2nai +4a2)- [2nsai +a2+ A6][2(1 - n) +2nfc]].
Theorem 4. A globally 1 -@-symmetric N (fc)-contact metric manifold is an n-Einstein manifold
with ug @ 0.
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ON OPERATORS OF STOCHASTIC DIFFERENTIATION ON SPACES OF REGULAR
TEST AND GENERALIZED FUNCTIONS OF LEVY WHITE NOISE ANALYSIS

The operators of stochastic differentiation, which are closely related with the extended Skorohod
stochastic integral and with the Hida stochastic derivative, play an important role in the classical
(Gaussian) white noise analysis. In particular, these operators can be used in order to study pro-
perties of the extended stochastic integral and of solutions of stochastic equations with Wick-type
nonlinearities.

In this paper we introduce and study bounded and unbounded operators of stochastic differen-
tiation in the Levy white noise analysis. More exactly, we consider these operators on spaces from
parametrized regular rigging of the space of square integrable with respect to the measure of a Levy
white noise functions, using the Lytvynov's generalization of the chaotic representation property.
This gives a possibility to extend to the L6vy white noise analysis and to deepen the corresponding
results of the classical white noise analysis.
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Introduction

Let L = (Lt)te[0+00) be a L6vy process, i.e., a random process on [0, + 00) with stationary
independent increments and such that Lq = O (see, e.g., [4, 25, 26] for detailed information
about Levy processes). In particular cases, when L is a Wiener or Poisson process, any square
integrable random variable can be decomposed in a series of repeated stochastic integrals from
nonrandom functions with respect to L. This property of L is called the chaotic representation
property (CRP), see, e.g., [23] for detailed information. The CRP plays a very important role in
the stochastic analysis (in particular, it can be used in order to construct extended stochastic
integrals [14, 29,13], stochastic derivatives and operators of stochastic differentiation, e.g., [32,
1]), but, unfortunately, for a general Levy process this property does not hold (e.g., [31]).

There are different generalizations of the CRP for L6vy processes: one can use the Ito's
approach [12], the Nualart-Schoutens' approach [24, 27], the Lytvynov's approach [22], the
Oksendal's approach [6, 5] etc. The interconnection between these generalizations of the CRP
is described in, e.g., [22, 2, 6, 30, 5, 21].

Let from now L be a LEvy process without Gaussian part and drift (it is comparatively sim-
ply to consider such processes from technical point of view). In the paper [21] the extended
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Skorohod stochastic integral with respect to L and the corresponding Hida stochastic deriva-
tive, in terms of the Lytvynov's generalization of the CRP, on the space of square integrable
random variables (L2) were constructed; some properties of these operators were established;
and it was shown that the extended stochastic integrals constructed with use of the above-
mentioned generalizations of the CRP coincide. In the papers [19, 8] the stochastic integral and
derivative were extended to spaces of test and generalized functions from riggings of (L 2), this
gives a possibility to extend an area of their possible applications (in particular, now it is possi-
ble to define the stochastic integral and derivative as linear continuous operators). But together
with the mentioned operators, it is natural to introduce and to study operators of stochastic dif-
ferentiation in the L6vy white noise analysis, by analogy with the Gaussian analysis [32,1], the
Gamma-analysis [15, 16], and the Meixner analysis [17, 18]. These operators are closely re-
lated with the extended Skorohod stochastic integral with respect to a L6vy process and with
the corresponding Hida stochastic derivative and, by analogy with the "classical case", can be
used, in particular, in order to study properties of the extended stochastic integral and proper-
ties of solutions of normally ordered stochastic equations (stochastic equations with Wick-type
nonlinearities in another terminology). So, the aims of the present paper are to introduce the
operators of stochastic differentiation on spaces of the so-called regular parametrized rigging
of (L2) (e.g., [19,8,7]) and to study some properties of these operators. In the next papers we'll
consider elements of the so-called Wick calculus in the L6vy white noise analysis, this will give
us the possibility to continue the study of properties and applications of the mentioned oper-
ators. Note that some results of the present paper were announced without detailed proofs in
the short paper [7].

The paper is organized in the following manner. In the first section we introduce a L6vy
process L and construct a convenient for our considerations probability triplet connected with
L; then, following [21,19], we describe in details the Lytvynov's generalization of the CRP, the
extended stochastic integral with respect to L, and the corresponding Hida stochastic deriva-
tive, on the spaces of the regular parametrized rigging of (L2). In the second section we deal
with the operators of stochastic differentiation.

1 PRELIMINARIES

11 L6vy processes

Denote R+ := [0, + 00). In this paper we deal with a real-valued locally square integrable
L6vy process L = (Lt)teR+ (a random process on R + with stationary independent increments
and such that Lo = 0) without Gaussian part and drift. As is well known (e.g., [6]), the charac-
teristic function of L is

E[eiell] = exp \t} (eiBx - 1- i9x)v(dx)}, (1)
L JrR 1
where v is the Levy measure of L, which is a measure on (R, £>(IR)), here and below B denotes

the Borel o-algebra, E denotes the expectation. We assume that v is a Radon measure whose
support contains an infinite number of points, v ({0}) = O, there exists € > 0 such that

L x2eEx\v(dx) < 00,
and

x2v(dx) = 1 (2
Jr
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Let us define a measure of the white noise of L. Let V denote the set of all real-valued
infinite-differentiable functions on R+ with compact supports. As is well known, V can be
endowed by the projective limit topology generated by a family of Sobolev spaces (e.g., [3])-
Let V' be the set of linear continuous functionalson V. Forw € V' and @ € V denote io(¢) by
(w, @); note that one can understand (-, -) as the dual pairing generated by the scalar product
in the space L2(R+) of (classes of) square integrable with respect to the Lebesgue measure
real-valued functions on IR+. The notation (-, -) will be preserved for dual pairings in tensor
powers of spaces.

Definition 1. A probability measure p on (V ,C(V')), where C denotes the cylindrical
0 -algebra, with the Fourier transform

i eXoPu(dw) = exp f (elPu)x —1 —z'<p(u)x)dm/(dx) , ¢ €V, (3)
Jv' 13 ]r+ x]r J

is called the measure of a Levy white noise.

The existence of p from the Bochner-Minlos theorem (e.g., [11]) follows. Below we will
reckon that the ¢-algebra C (V) is complete with respect to , i.e., C(V"') contains all subsets of all
measurable sets O such that u{0) = O.

Denote (L2) := L2(V ,C(V), u) the space of (classes of) real-valued square integrable with
respect to py functions on T)% let also 'H := L2(R+). Substitutingin (3) ¢ = tip, t EIR ip € V,
and using the Taylor decomposition by t and (2), one can show that

f (w,)2u(dw) = [ (xp(u))2du (4)
Jo1 Jr+

(this statement follows also from results of [22] and [6]). Let/ € 'Hand V 3 — / in'H as
k —* oo. It follows from (4) that {(o, g>k)}k>i is a Cauchy sequence in (L2), therefore one can
define (0,7) = (12) —lim”~o0(°/ <PK) It is easy to show (by the method of "mixed sequences”)
that (o,f) does not depend on a choice of an approximating sequence for / and therefore is
well defined in (L2).

Let us consider (o, I[0&)) € (L2), t € R+ (here and below 1™ denotes the indicator of a set
A). It follows from (1) and (3) that ((°, I[o,f)))feR + can be identified with a L6vy process on the
probability space (V ,C(V),p), i.e., one can write Lt — (°,1[og)) € (L2).

Remark 1. Note that one can understand the LOvy white noise as ageneralized random process
(in the sense of [9]) with trajectories from V :formally L't(oj) = (w, l[o,f))/= = co(t),
where St is the Dirac delta-function concentrated att. Therefore p is the measure of L' in the
classical sense of this notion [10].

1.2 Lytvynov's generalization of the CRP

Denote by g¢a symmetric tensor product and setZ+ := N U{0}. LetV = V (V) be the
set of continuous polynomialson V , i.e., V consists of zero and elements of the form

Nf
f(cv) = £ {w®n,/("), w €V', NfE€Z+, /NN €EV®N /W O,
n=0
here Nf is called the power ofapolynomial f; (o;®0,/7 ") = /(°) € V®° := R. Since the measure
p of a Levy white noise has a holomorphic at zero Laplace transform (this follows from (3)

and properties of the measure v, see also [22]), V is adense setin (L2) [28]. Denote by V nthe
set of continuous polynomials of power < n, by V nthe closure of Vnin (L2). Letfor n € N
P, := VnO V n-\ (the orthogonal difference in (L2)), Po := V q. It is clear that

r, a
(L2 = @ P,.
n=0

Let /(") € V®n, n € Z+. Denote by :(o®n, f(n)); the orthogonal projection of a monomial
(o®n,f(n)) onto pn Let us define scalar products (-,-)ext on V®n, n € Z +/ by setting for
/(n),g(") e V®n

,gnu ==~ > Y(Gw),

and let |- ‘ext be the corresponding norms, i.e.,, F(”)¥ext = \j(f(n\f*)ext- Denote by H"x1,
n € Z+, the completions of V®n with respect to the norms |- extm For F~ € Hg”} define
a Wick monomial: (o®n, F ™) (L2) —lim~oo:(o®,f*)w here V®Nn 3 f» —F”" as

k — o0 in T~I§9& (well-posedness of this definition can be proved by the method of "mixed
sequences"). Since, as is easy to see, for each n € Z + the set {: (o®nrf(n)) ;lf(n) e P®”} is a

dense one in Pn,F € (L2) if and only if there exists a unique sequence of kernels pwW €
n € Z+, such that

@
F= £:<0®",pW): (5)
n=0
and
n @
I 1(12) = If (")12m (~) = e|fl2= E ni\FA\&t < oo.
Jr> n=0

So, for F,G € (L2) the scalar product has the form

M @
(F,G){12 = /7 F((v)G(cv)F(dw) = E[FG] = £ n\(F",G")ex,
JD' n=0

where f(”), G~ € W-ixl afe the kernels from decompositions (5) for F and G respectively. In
particular, for f(") € 4] and G ™ € ,h,me Z+,
G (o®n,f(7)):: (0®MG("):) (E2 = J f:(wW®", F M) (0;0mGN)) (p(dw)
= E[(0®",FW):(0®-,G(M):] = 5nmn\(F~,G ™) ext.

Also we note that in the space (L2) : (o®0,f(°)): = (0®0,F” ) = F® and :(0,F"™): = (0, F™)
[22].

In order to work with spaces 'H”}, it is necessary to know the explicit formulas for the
scalar products (-,-)ext. Let us write out these formulas. Denote by |- |V the norm in the space
L2(R, v) of (classes of) square integrable with respect to v real-valued functions on R. Let

Pn(*) := xn+ 1+ - -+ aflRX, an €R,/€{1,...,n—1}, N EN, (6)

be orthogonal in L2(R, v) polynomials, i.e., for natural numbers n, m such thatn ® m,
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/R Pn(x)Pm(x)v(dx) — o. Then for PP\n\ G™> € 'Hext' n € N, we have [22]

k,1j,Sjebi: j=\,...k, Zi>/2>—>/*
hsl+ " + ksk=n

X /rSi+___"sk ANALL - — SN IWSL e, Usy, o WS- FSY S e hsjt) (7)
v 3 s w
A A 1k
X G~ (Mj, ..., Wi, ..., USI, ..., US|, ..., USIl i/ --/wSH hs™)~wl - "dllsjH fsjf
4 N--=-v N---- ---V
h h

In particular, for n = 1 (F~, G M)~ = \\pi\\I(F*,G?); if n = 2 then (FN,GN)ext =
HPilt(F(2A G<>) + ~ fR+ /(2 (u, u)gW (w, u)du, etc.

It follows from (7) that' H™ = 'H = b2(R+): by (6) pi(x) = x and therefore by (2) \\a |k =
1; and for n € N\ {1} one can identify ' H®n with the proper subspace of that consists of
"vanishing on diagonals" elements (i.e., F ™ (u\,..., un) = Oif there existk,j € {1,..., n} such
that k @ j but uk= uj). In this sense the space 7i”] is an extension 0/'H®n (this explains why we

use the subscript ext in the designations (+,-)et and |- ‘ext).
1.3 A regular rigging of (L2)

Denote Vw m={/ = LnLO-(°mJ {n))-J{n) € V®NNf € Z+j C (L2). Accept on default
BE€[01],g€Z inthecase B € (0,1] and q € Z + if B = 0. Define scalar products (-,-)g® on
Vw by setting for

/ = E :(»"N ,i=Z (»* A N »
n=0
min (Nf,Ng)
= > T'¥Nir-n .
n=0
Let Y- be the corresponding norms, i.e., WA\qf3 =

Definition 2. We define parametrized Kondratiev-type spaces of test functions (L2)q as com-

pletions ofVw with respect to the norms |- Y*; and set (L2)P := pr lim@>00(L2* (the pro-
jective limit of spaces).

As is easy to see, F € (L2 if and only if F can be presented in form (5) with F~ € and
@
«Fill, = = E ("B |fC)IL < ~ ®
n=0
00
For F,G € (L2 the scalar product has aform (F,G)™NM2” = X (n\)1+"2"n(F*n\ G " ) ext, where

b n=o
F("),GWe ’(@) are the kernels from decompositions (5) for F and G correspondingly. Further,
F € (L2 if and only if F can be presented in form (5) and norm (8) is finite for eachq € Z+.

Proposition 1 ([19]). Forany A € (0,1] and q € Z (in the same way as for [3 = 0 and any
JE Z +) the space (L2)q is densely and continuously embedded into (L2).

In view of this proposition, one can consider a chain
(L2)-f D (L2):J 3 (L2 D (L2? d (LyVy, (9)

where (L2) Zq, (L2)~p = ind lim,; _ @
of (L2)q, [L2)P correspondingly with respect to (L2).

Definition 3. The spaces (L2)!™, (L2)- " are called parametrized Kondratiev-type spaces of
regular generalized functions.

The next statement from the definition of the spaces (L2)Zq and the general duality theory
follows.

Proposition 2. 1) Any regular generalized function F € (L2)_~ can be presented as formal

series (5) (with coefficients F~ € 'H"}) thatconvergesin a 2):p-e.,
@

== |HI2 = (10)
(L1 n=0

and, vice versa, any formal series (5) with finite norm (10) is a regular generalized function
from (L2)ij;
2) forF, G € (L2)Jq the scalarproduct has aform

a
(F,.G)(12)*= E(n)H2~(FW ,GW U

where F(N\ G(”) € are the kernels from decompositions (5) for F and G respectively;
3) the dual pairing between F € (L2)Zqg and f € (L2 that is generated by the scalar
productin (L2), has aform
@®
«F-/))(e> = £ nl(FW,/W)~i, n)
n=0
where FW ,/(«) € n €} are the kernels from decompositions (5) for F andf respectively;
4)F € (L2)”~ifand only ifF can be presented in form (5) and norm (10) is finite for some
g€ z-f.

Remark 2. We use the term "regidar generalized functions" for elements of (L2)!™ and of

(L2)~£ because the kernels from decompositions (5) of these elements and the kernels from
decompositions (5) of test functions belong to the same spaces.

In what follows, it will be convenient to denote the spaces (L2), (L2) = (L2)[j, (L2!™ from

chain (9) by (L2, B € [—1,1], q € Z (we accept this on default). The norms in these spaces
are given, obviously, by formula (8).

1.4 Stochastic integrals and derivatives

Let F € (L2)q &'H. It follows from representation (5) for elements of (L2)g that F can be
presented in the form
@

H-) = zo:(°®;m:<n}) F{n) € 7*2 @H. (12)

n=

(L2)_g (the inductive limit c



Let us describe the construction of an extended stochastic integral that is based on this de-

composition and correlated with the structure of the spaces H g)'(l (a detailed presentation is
given in [21,19]; in the case when L is a process of Meixner type (e.g., [22]), such an integral is
constructed and studied in [20]).

LetF™ € ® H, n € N. We select a representative (a function) € fI'1such that
/W (ui, ...,un) —O0ifforsomek € {1,..., n} u —ui. (13)
Accept on default t\,t2 € [0,+00], ix < t2. Let be the symmetrization of a function

/ NM[UB(:) by n+ 1variables. Define P~ € 'H~™+1Mas the equivalence class in 'H ™ il)

generated by jffij EFNy).

Lemma 1 ([19, 21]). For each EM e 79 @ T n"€ MM the SIOMORT EC)r € %D i€ well de-

fined (in particular, Fﬂ[iﬁ) , doesnotdepend on achoiceofarepresentative € F:”*satisfying
z
(13)) and

Definition 4. We define the extended stochastic integral

h
fr 2°(u)dLM: (L2? ® U -> (L2)J_x (15)
“'h
by the formula
F(«)il,:= fWy):, (16)
S n=0
where F j~ = FOI[t/A2)(:) € H = and € I~[r™ 1), n € N, are constructed by the

kernels Fm1€ "Hy’) 83H from decomposition (12) for F.

As it is shown in [19, 8], this integral is a linear continuous operator. Moreover, if F is
integrable by It6 (i.e., F € (L2) O 'H and is adapted with respect to the flow of ¢-algebras
generated by the Levy process L) then F is integrable in the extended sense and f"2F(u)dLu=

f}*F(u)dLu € (L2), where F(u)dLuis the Ito stochastic integral [21] (this explains why the

integral Jjl2o(u)dLuis called the extended one).
Sometimes it can be convenient to define the extended stochastic integral by formula (16)
as a linear operator

I_rt20(u)dLu:(L2)!j®H-+(L2fr a7
h
If B = —1 then this operator is continuous [19], for B € (—1,1] this is not the case. But if we
accept the set
o 00 y - |
Fe(L2i® 4 .. / F(u)dLu = N((n + HH+~ "+Y]F™ L <00}
Jti ap n=0 J

as the domain of integral (17) then the last will be a closed operator [19, 8. Also we note
that the extended stochastic integral can be defined by formula (16) as a linear continuous

operator acting from (L2)P ««'H := prlim ~+0QL2q «'H to (L2", or from (L2)-~" =
ind lim<?>+00L2)_g ® H to (L2)~", here A€ [0,1].

At last, we recall briefly the notion of a Hida stochastic derivative in the L6vy white noise
analysis in terms of the Lytvynov's CRP ([21,19, 8]).

Definition 5. We define a Hida stochastic derivative 1[M2(:)3- : (L2)i?q (L2)Jg®Hasa
linear continuous operator adjoint to extended stochastic integral (15), i.e., forallF € (L2 ®
'Hand G € (L2)1f ¥

here ((-, -))(i.20% denotes the dual pairing generated by the scalarproductin (L2) < H.

If instead of integral (15) one uses integral (17), the corresponding Hida stochastic deriva-
tive will be a linear unbounded (except the case B = —1), but closed operator acting from
(L2)_Jd to (L2_~ 9'H [8]. Itis clear also that the Hida stochastic derivative can be defined as
a linear continuous operator acting from (L2)P to (L2 ® 'H (B € [—1,1]) that is adjoint to the
corresponding extended stochastic integral.

In order to write out an explicit formula for the Hida stochastic derivative in terms of de-
compositions by the Wick monomials, we need some preparation. Let G € H™,, n € N,

€ G(n) be arepresentative of G*n\ We considerg ™ (-), i.e., separate one argument of g(n\

and define () € HM ™ ® 'H as the equivalence class in HgX* <pTi generated by g (-)
(i.e., E(«)(m) € GH(.)).

Lemma 2 ([21]). For each G € H™, n € N, the elementG™(-) € N O'H is well
defined (in particular, G ~ (:) does not depend on a choice of arepresentativeg ~ € ) and
A (€ ())]V) d»)

Note that, in spite of estimate (18), the space ’Hg)l({, n € N\{1}, can not be considered

as a subspace of n because different elements of HgX can coincide as elements of

The next statement easily follows from results of [21,19, 8].

Proposition 3. For a test or square integrable or generalized function G of form (5)
a a

n=1 n=0
Finally, we note that the extended stochastic integral and the Hida stochastic derivative are
mutually adjoint operators [21,19, 8].

2 Operators of stochastic differentiation

21 The case of bounded operators

In order to define operators of stochastic differentiation on spaces (L2)q, we need some
preparation. Let n,m € Z+. Consider a function H : R”+m —R. Denote

H(u\,..., Un", Un+\,. ®WUn+m)

(H(u\,..., untm)i ifforalii€e{ 1 E{n+1,...,n+ m}uw e uj,

[6, in other cases.



Let € TLgq, G(m € We™ mWe select representatives (functions) /(") € p(n), gam1 € G(M
from the equivalence classes "\ G™"m\ and set f(n)g(m := /(") mg™m\ Let f(n)g(m be the
symmetrization of /(ng(m by all variables, o G™ € be the equivalence class in

7 that is generated by /(n)g(m (i.e., Z7(")g(mM € pM o0 G ~). The next statement in a sense
is a generalization of Lemma 1

Lemma 3. The element o} € is well defined (in particular, p(") oG ™ does not
depend on achoice of representatives from p(") and G ) and

\FoG M\ ext<\FM\ext\G™\ext. (29)

Remark 3. Not strictly speaking, pM o G © is the symmetrization of afunction

( (Ui,..., unN)G ™ (un+i,Un+m), ifVie {l

10, in other cases

e{n+1,....,n + m}uj & ujr

by all arguments.

Proof. For n = 0 or m — O the statement of the lemma is, obviously, true. Let nm € N,
/(") € F(nN\ g(nm € G™M\ It is clear that

f(Ng(M(u\r..., Mn+tm) — éw’ m)\! E (20)
where Sntm is a family of all permutations of numbers 1,...,n + m. Without lossof generality
we can think that /7(”), g ~ are symmetric functions and m > n.For each collection of argu-
ments M~m,..., Mt(,) we consider all summands from sum (20) with such a collection (it is
clear that there are m\ such summands). Taking into consideration the symmetric property of
g(m\ one can conclude that all these summands are equal inter se, therefore one can replace the
mentioned summands by a representative multiplied by m\. After it one can use by analogy
the symmetric property of /(") and rewrite equality (20) in the form

/W NM)(ULL..,u,+m)

yil E /("V mK
\% * /* 1<pi,-—, jpm<m mH kN, . . AremHm@<r<ti
P\<-'<Pr, pr+i<"‘<Pti,gi<”<gn—+#dn—++<""<I'h
UPr+1'-*-"UPn' Uqg,-r+\'’ - ->U4m)
(here for r = n the argument in the right hand side of (21) is (w,,... ,un; un+\,..., un+my, for
r = 0 this argument is (uqi, ..., ugn; Mi,..., un,ug,+|, mm, ugm)- To put it in another way, the
arguments of /M g(m) in sum (21) are uj, j € {1,..., n+ m}, where the indexes of n first and

m last arguments (before and after ;') are (independently) ordered in ascending. (Note that
we selected arrangement in ascending when we used the symmetric property of /M and g ©
because this is convenient for a consequent calculation.)

...uPr>ug ugn-r> (21)

Let us estimate |/(")g(m\ext. Substituting (21) in the expression for |- ‘et (see (7)) we obtain
X /. I \2%

/< "» L = 2 "o Neo)
W.BEN: =, WML>/2> ->A, 1" \ *1. 7/ VvV oTk-
ASH  HitSetm
X [ S+.4S /N gmM)y(MI/ - - /ML, ..., MBI+ .etsj., - - - /MeIH— HK\2d ui... dus™— \&k
JIR,1 S Y a— - v )
h Ik
- v (n+ MmN\ ( N\AWNZR ANPIK\WAZK (- N\ \ 2 (n + m)\
sk Sit..sfa Vo R T \ K- J \{n+m)lj MM\
/i9H--\ksk=n+m
(22)
X [ SH+.4S. \fW gW (M1, ..., MI, ..., MSl+.etS|t/ - - - /Mgj-F—-I-Sj) | dII\ ... dug™\— -
K e V- 4 Y )
h h
y n\ml / Hp/JvXZABL 1P /JIv4 2k
WASYEN/H, WI>/2> >/ S1' " *  \ L/ v A
Pﬂ Mi+ -t/ - «MEM—sA|2Mi .. .dud+ .45t +
h Ik
(here we used the inequality I"T=1%;]2 & pEf=i ¥af an” the fact that the sum in the right
hand side of (21) contains summands). We say that a collection of equal inter se ar-
guments (e.g., (mi, ..., Mi)) is called a procession. It follows from the ordering in ascending of
h

indexes in (21) and in the statement for |- ‘ext (see (22)) that in summands in interior sums [- - -]
from (22) processions can "tear" only so that different parts of a "torn" procession will be for
different parties from processions being for one side from  do not switch places; and ele-

ments in processions do not switch places. Further, it follows from a construction of /Z(ng(m
that summands in interior sums [m- -] from (22), in which a procession is divided by are
equal to zero. Another summands (if there exist for a collection k, lj, sj) disintegrate on groups
of equal inter se integrals. These groups arise by means of transpositions of processions with
equal quantity of members, which are placed before and after It is clear that if there are
s' processions of length | before and s" processions of length | after  then by means of

mutual transpositions of these processions one can obtain ™ ;7' equal inter se summands.
So, nonzero summands in the last sum from (22) are "connected” with the expressions
Zsi+ - -+ Agt—n+ m (23)
that can be presented in the form
4. ..+ KK =f*Z2 ‘b’ w4’ =
KLy kS, ..oy, sy, 41, .., 1pL Sy, ..., shi € N, (24)

/. >-m> ik, /?>...>

(the first sum in (24) corresponds to first n arguments of f~ g~ m\ the second one corresponds
to last m arguments). Now for each S/from (23) either there existss- = § (/'=1j) or there exists



sl = g (I" = 1j) or there exist s and s" such thats'+ s" = § (Il — /" = A). Inequalities for
I[, I in (24) follow from inequalities h > -.m> h and ordering of indexes in (21) (more long
processions have smaller indexes of arguments).
We will replace each group of equal inter se summands in the last expression from (22) by
a representative multiplied by a quantity of summands in the group. Now, taking into account
that ws+s" = wsws', one can rewrite the last expression from (22) in the form
n\Im\
LLL) qt | nf 1¢/'( /7 f
JH W Li'YI..S1--*-8v bi - bK"
AommS (>,
A+ +A'=fNe .- +»=*

Mnin+1 NU/ANUNS  /1IPIAIIVNS
N AN A A LV R A A

X [ . WASA.AS [/ (], ..., MV ..., M. +s/, ..., W8 +..+S',;

JR + r, 4

X

(25)

|i_
u+d/ - - /uymtl/ - - - /wS'H---hs", mm-" wsfH  hs') |
v /

II 6:

X dwi... digi|}- fs™du,,+i ... dM,+s" }—

Since the Lebesgue measure is a non-atomic one, we can replace /(”)g(m in this expression by
/(")g(m), therefore (25) is equal to |/(n) Bxf Jg(m Bt, whence

(26)
It follows from this inequality that f (n)g(m) generates an element F~ o G of and
estimate (19) is fulfilled.

Let /1”* € F(") and € G ™ be another representatives of F(") and GNY™ F”~ o G »
be the corresponding element of 'H Using obvious properties of the operation o and
estimate (26) we obtain

If*)oGTY)- f[">09g -"1,, = I/W ?) - /["ii"" 1,
< i
= -N oy L+ (/> -N )N )u<
< /(") T« 1«(”) + 1/"1 = O-

therefore Ft”) o G™mMdoes not depend on a choice of representatives from F~ and G™"m\ O
LetF(m € Ti~r/(") € m > n. We define a "product” (F*"m\ f*)ext € 4™t ™ by
setting for each €
(frH /W (M_NW = (F(m,g(m")o/W),f. (27)
Since (see (19))

[(E<"),g< - ">/ ()0 1< TEW U 1555275 /%) 18 < [FC) Jedg(n_", 1.il/(?)

this definition is correct and

1< >,/7<">),,, I«< < K" >UIf (K)U (28)
Definition 6. Letn € N, € 'H - We define an operator of stochastic differentiation
(D"0)(/(">):(L2) ™ (L 27, (29)
by setting
@ ml
(D"F)(/M) = £ 7-N -r- :<0®«-,(F<">,
m=n \ /
“ fm+ nVv (30)
m=0 m!
where € are the kernels from decomposition (5) for F. Also we denote D := D1
Since (see (8), (28))
a / I N\l o
HOREW12_1/0= £ (mhbWs2(~ (H + 1i) [(F<"),/<>), L
m=0

=217 £ (m+ )i+ 2i(m+") [2-m(™ £ _ N )L/ABL(F(«+")/7()) ., tat (31)

m=0 L
@®
<2-""[/C> [ LecE((m+ o))+~ K™ o) F(" +7) | L<2-47 |/(>|Lcl IFI,
m=0
I\
where ¢ = maxmez+ 2 m D) >this definition is correct and operator (29) is a lin-

ear continuous one. Moreover, for each F € (L2)g one can understand (D"F)(o) asa linear

continuous operator acting from to (L2~ _1

Remark 4. As is easily seen, for each /(") € n € N, (Dno)(/(")) can be defined by
formula (30) as a Zinear continuous operator on (L2, B € [—L1,1]. In the case B — 1 formula
(30) defines a linear continuous operator (Dno) (/(”)) on (L2)1, q € Z, ihis can be proved by
analogy with calculation (31).

Let us consider main properties of the operators D".

Theorem 1. Fork\,...,.kmeE€N ,/™ €47}, jeE€{l,...,m}

2) For each F € (L2)q the kernels firtl € W™1 n € N, from decomposition (5)can be
presented in the form

F(") = ~rE(D"F),

i.e.,, foreach /(") € (F™\ fr)edx = "E((DnF)(f™)), hereEo := ((0,1))"2 is ageneral-
ized expectation.
3) The adjoint to D” operator has the form
()]
MDOnG)(/")* = £ (omt",GWo/W):e (L2I1J, (32
M=o

where G € (L2117 /(") € G(m € 'H .M are the kernels from decomposition (5) for G.



Proof. 1) The proof consists in the application of the mathematical induction method.
2) Using (30) and (11), for each /(") € we obtain

E((D”F)(/<*>)) = <((D»F)(/M),,tl) = nlFo>, /<7>),.,.

3) Let F € (L2)q, €E«2 , G€ (12r-,. Using (30), (5), (11) and (27), we obtain

«(D "F)(/<">>),G»(t!) = « £

m=0 fc=0
a 00
= £ (m+ n)I((F(rat"),/W)rafl/G(fl))wi = £ (Mm+ n)\(Fm+n\ G » ofW )ext
m—0 m=0
00 00
= «E >® ‘<F(t>}:, E (0®"+",G("'0/W):))(12) = «F, (D »G ) (/ «)*»(t]),
fc=0 m=0
whence the result follows. O
Now we consider in more detail the case n = 1 Denote 3. := l[oA00)( )™ (see Subsec-
tion 1.4).
Theorem 2. 1) ForallG € (12):4 andf™ € ='H
(DG)Y(/™M)* = | G-fW(u)dLu€ (L2)IJ. (33)
< IRj-

2)ForallF € (L2J and/W €
(DF)(/ «) =~ auF-/"™(n)*/ € (L2J_]j, (34)

here the integral in the right hand side is a Pettis one (the weak integral).
3) LefF € (L21g® H. Then for all t\,t2 € [0, +00], t\ < tZandfW € Hyl = "H

(D frRFU)ALY (W) = 3XOFF(W)) (TW)dLu+ I* Fu)fw(u)du € (L2 V- (39)

here the lastintegral is a Pettis one.

Proof 1) The result follows from representation (32) with n = 1: it is necessary to compare
the construction of kernels of the extended stochastic integral (see Subsection 1.4) with the
construction of a product o.

2) Taking into account (33) and the definition of 3. (see Subsection 1.4), forall G € (L2) ~
we obtain

«(DF)(/<«),G»(2) (F,j G-fW(u)dLu))m

J IR+

«3J,G0/(2>(-))(2e,,= «/R iuF of m (u)iu,G))m ,

whence the result follows.
3) Using (16) and (30), we obtain

where € are the kernels from decomposition (16) (which is decomposition (5) for

the extended stochastic integral J*2F[u)dLu), these kernels are constructed by F.~ € 8>
'H from decomposition (12) for F. On the other hand, by (30), (16) and (12)

ftj 00 /T
/ (DFUK/ «)& , = E m:<*®" (F '/(QW Ji,«>"
Jtl m=1

[AF(u)™(u)du=t ShFE~Af»(u)du)-.,
Jt\ m—0 Jtl

where the integrals 2F~f~*\u)du € are Pettis ones. Therefore, in order to prove
equality (35) it is sufficient to show that foreach m € Z +

tn+ D(FI"lyfmuU = 17(I(W),/<«,,[,,4 + JItD\ Fimdf m (u)du

in'H .~ . In turn, in order to prove this equality, it is sufficient to show that foreachg ~ € 'H.»
(T+ W PIIT2y/{Ymn * {T)n

= m((FAm\ fW )ext[tbtzy g ™ ) ext+ ( /ff_ Vim/(Q)(H)NS (m)ext

Using (27), the equality = JtR(F{m),h(m+V (u))extdu, € 'H " +1),

/iw+l) (1) € H.~ 0 'H (see Lemma 2), which is proved in [21], the symmetry of g(m\ and the
non-atomicity of the Lebesgue measure, we obtain

(m+ IXtAW ,, /<), £<">),, = (n+ IXF~AgW o0/ *D)»,

(m+ 1) /7 2(Finrp,(ge°/T)(N))ex™n = j 1(Fu",,g,m>(-1,-- m,-T)/ (1)(*)
+ Am)(.27... /M) _FI)(.D) + ...+ g(m)M/... Zau D/ (1)(.T))~ W (38)

(I Fimfm (u)du,g”)al

+ J/t_Z(IFim\g(m4-2/'-' M/ () + o+ gW (1,0, -m-1)/ (1) (-m))escfdu.

On the other hand, by analogy with (38) we obtain

Mm({(FCT/m),,M2),E(-»>),, = wt /' (F<" >/ (")n,, X )(U)),,rfu
Jn

—m 1 (Fm). (g (m)(u))o/ (1))exidM = (Fim\g(m(-2, - - - /M/(D (-i) N

f 2
JN\
+gME3, -,/ -D/QE2)+ -+ gM («,-m-, -m-1)/(@)(-m))extdu.

Substituting (39) into (38), we obtain (37).
Now it remains to prove that (D F(u)dLu)(fW) € (L2™_1if F € (L2~ ® 'H (it follows

directly from the definitions of the extended stochastic integral and of the operators of stochas-
tic differentiation that (D Flu)dLu)(fW) € (L2*_2, but this statement can be amplified).



In fact, by (36), (8), (28) and (14)
irin ~ 2 (04] /7 \

(@I FUAL)(/W)IT - = £ + D2](f"j2,7{).. 1L
q-W m

m=0

< /(I,ILc £ v )+~ 1~ > I~ Ne - I/(DILc] [F]I3tY);ew < «,

where ¢ = maxmez;+[2 m(ra + 1) 2]. O

Remark 5. Taking into account equality (34), one can writeformally d.o = (Do) (3.), whered. is
the Dirac delta-function concentrated at .. in order to give a nonformal sense to this equality
one can consider a stochastic differentiation on so-called spaces of nonregular generalized
functions, it will be done in another paper.

As is easily seen, the results of Theorems 1, 2 hold true (up to obvious modifications) if we
consider the operators of stochastic differentiation on the spaces (L2, 3 € [—1,1].

Remark 6. As is known ([17,18]), in the Meixner white noise analysis the operator of stochastic
differentiation D is a differentiation with respect to a Wick product. In the L4vy white noise
analysis this result holds true, the detailed presentation will be given in another paper.

2.2 The case of unbounded operators

Sometimes it can be useful to consider (D"0)(/W), /(") € Hg”}, n € N, as an operator

acting in (L2)q (we remind that, for example, (L2)g = (L2)). If B = 1 then this operator can be
defined by formula (30) as a linear continuous one (see Remark 4), but for B € [—1/1) this is
not the case. Let us accept a corresponding definition.

Definition 7. Letn €N,/ (") € - We define an operator
(D”0)(/<">) : (L2)J -4 (L2)J (40)
with the domain

dom((D"0)(/ «)) = {F € (L25 : |1(D"F){(/<"I]I2,

(41)
= £ (mHhwsnz2r (~ £ ~ ) 21(F(C +"),/<’>),,|L < * }
m=0
(hereF(m) € are the kernels from decomposition (5) for F) by formula (30).

Proposition 4. Operator (40) with domain (41) is a closed one.

Proof. Let us show that there exists a second adjoint to (D "0)(/ (")) operator (D”0)(f(n))** =
(D "o0)(/ (n)) (it is well known that an adjoint operator is a closed one). Since, obviously, the
domain of operator (40) is a dense set in (L2)®, the adjoint operator (D"o)(f(n)* : (L2)_gq —

(L2)1J3 is well defined. By definition, G € dom((D"o) (/ ("))*) if and only if

(L25 Ddom ((D”0)(/M)) 3FH «(D”F)(/M),Cx(ll)

is a linear continuous functional. By properties of Hilbert equipments the last is possible if

and only if there exists iC € (L2)!™ such that (((DnF) (/(")), G)(L2 = ((F, K))(L2y But by the
calculation in the proof of statement 3) in Theorem 1 K has form (32), therefore

dom((D"0)(/<">)*)

{G € (L2:J : [I(DG<>)112
a

E((m + n)H1-02-*(m+">]G(mM ofW\ &t < oo},
m=0

this set is adense one in (L2)Zq, hence (D "o)(f("))** : (L2 -> (L2 is well defined. Now it
remains to show that

dom ((Dno)(/W)**) =dom ((D"0)(/W)). (42)

By analogy with the consideration above, F € dom ((D”0)(/("))**) if and only if
(L2):J Ddom ((D"o)(/W )*) «F,(D"G)(/M)*», t2)

is a linear continuous functional. The last is possible if and only if there exists H € (L2)q such

that (F, (D"G)(Z(")*)(12 = ((H, G))(L?. It is clear that H has form (30), therefore equality
(42) follows from (41). O

Remark 7. Let

A, ={FELDI: £ (THL+N"(iN" ™A )V ("+n)IL < <L » €N,
m=0
here F(m) € 775 are the kernels from decomposition (5) for F. Foreach /(") € we define
an operator (D”0)(/(")) : (L2q — (L2”™ with the domain A,, by formula (30). It follows
from Proposition 4 that this operatoris closable (its closure is equal to(Dno) (/(”))j. Moreover,

for each F € An the operator (DnF)(0) — (L2" is a linear bounded (and, therefore,
continuous) one: by (30), (8) and (28)

I(D"F)(/<">)I2f = X 2" (iiLxii))2j(F(r+->,/W), 1|
m=0

< /(">IL E (12 (A £ A ) 2IH+Y)IL.
m=0

It is clear that the results of Theorems 1, 2 hold true (up to obvious modifications) for
operators (40).
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Aunpis M.M., KadaHoBcbknii M.O. Mpo onepaTopy CTOXaCTMUYHOr0 AU epeHLiloBaHHSA Ha MPOCTopax
PerynspHMx 0CHOBHMX Ta y3aranbHeHUX QYHKLi aHanisy 6inoro wymy fesi // KapnaTtcbki matem. ny6.1.
— 2014. — T.6, Ne2. — C. 212-229.

OnepaTopu CTOXacTUYHOro AndepeHL,itoBaHHS, SKi € TICHO MOB'A3aHMMU i3 PO3LLNPEHUM CTOXa-
CTUYHUM iHTerpanoMm CKopoxoga Ta 3i CTOXaCTUYHOIo NoxigHow Xian, rpatoTb BaXKIMBY PONb Y Kna-
CUYHOMY (raycciBcbKoOMy) aHanisi 6inoro wymy. 30Kpema, Lii onepaTtopu Mo>XXHa BUKOPMUCTOBYBaTU
ONS BUBYEHHSI BNACTUBOCTEN PO3LLUMPEHOr0 CTOXaCTUYHOIO iHTerpana Ta po3B'aA3KiB CTOXaCTUYHNX
PiBHAHb 3 HENIHIMHOCTAMM BiKiBCbKOro TUMy.

Y Uil cTaTTi MM BBOAMMO Ta BMBYAEMO 0OMEXKeEHI i HEOGMeXKeHi ornepaTopu CTOXacTUYHOIo Aun-
hepeHyitoBaHHA Yy aHanisi 6inoro wymy Jlesi. TouHilwe, MU PO3rnsgaemo Ui onepaTtopm Ha NpPocTo-
pax napameTpu30BaHOro PerynsipHoOro OCHalleHHS NPOCTOpY KBaapaTUYHO iIHTEFPOBHUX 3a Mipoo
6inoro wymy JleBi yHKLLii, BAKOPUCTOBYOUMN IUTBUHIBCbKE y3arasibHeHHS BNacTUBOCTI XaoTUYHO-
ro posknagy. Lle gae Mo>KAMBIiCTb PO3LLMPUTU Ha aHani3 6inoro wymy JleBi Ta nornnbuTn BigNoBia-
Hi pe3ynbTaTun KNacU4HOro aHanizy 6inoro wymy.

KniouoBi cnosa i hpasu: onepaTtop CTOXacTUYHOro AudiepeHLitoBaHHSA, CToXacTU4Ha MnoxigHa,
pPO3LLUMPEHUN CTOXaCTUYHUI iHTerpan, npouec flesi.

NbipnB M.H., KauaHoBckuin H.A. O6onepaTopax cTOoXacTMn4eckoro andepeHLMpoBaHNS Ha NPOCT paH-
CTBax peryNsipHMX 0CHOBHUX M 0606LeHHbIX hyHKLMIA aHann3a 6enoro inyma Jlesn // KapnaTtckue ma-
Tem. ny6n. — 2014. — T.6, Ne2. — C. 212-229.

OnepaTopu CTOXacTUYECKOro AN depeHLMpoBaHmns, TECHO CBsI3aHHbie C pPacLUMPEHHbIM CTO-
XaCTUUYECKUM MHTerpanom CKopoxofa 1 co CTOXacTUYECKOW NPOM3BOAHOM Xuabi, UrpatoT BadKHYHO
po/ib B KAaccUUecKoM (rayCCOBCKOM) aHanv3e 6efioro Lwyma. B yacTHOCTW, 3TW onepaTopu MOoXK-
HO MCMOMb30BaTh AN NU3YUYEHUs1 CBOMCTB PaCLUMPEHHOr0 CTOXaCTMYECKOro MHTerpana u peLleHuia
CTOXacCTUUYECKNX YPaBHEHWI C HENVHEHOCTSIMU BUKOBCKOIO TUMNA.

B 3Toli cTaTbe MM BBOAMM M M3yUYaeM OrpaHuyeHHbie 1 HeorpaHuUyeHHbie ornepaTopu cToXacTu-
yeckoro anddepeHLpoBaHUs BaHannse 6enoro wyma jleBn. TouHee, MU paccMaTpuUBaeM 3TU orie-
paTopu Ha NPOCTPaHCTBax NapameTPM30BaHHOIO PErynsipHOro ocHalleHHs NMpocTpaHcTBa KBagpa-
TUYHO MHTErpPUpPYeEMUX Mo Mepe 6enoro wyma JIeBu yHKUMUIA, NCMONb3ys TUTBUHOBCKOE 0606LLe-
HME CBOICTBA XaoTMUYECKOro pasnoXkeHusl. 3To AaeT BO3MOXKHOCTb pPaclLMpUTbL Ha aHanmM3 6enoro
wyma JleBu 1 yrny6uTb COOTBETCTBYIOLLIME Pe3yNbTaTu KIacCUUYecKoro aHanmsa 6enoro wyma.

Knioyesbie cnosa v cpasbi: orneparop CTOXacTUUECKOro AMgdepeHLMpoBaHns, cTtoxacTuieckas
Npon3BoAHast, PACLUMPEHHbI CTOXacTUUYeCKUiA MHTerpan, npouece JieBu.
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ON INVERSE TOPOLOGY PROBLEM FOR LAPLACE OPERATORS ON GRAPHS

Laplacian operators on finite compact metric graphs are considered under the assumption that
matching conditions at graph vertices are of d type. Under one additional assumption, the inverse
topology problem is treated. Using the apparatus of boundary triples, we generalize and extend
existing results on necessary conditions of isospectrality of two Laplacians defined on different
graphs. A result is also given covering the case of Schrodinger operators.
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Introduction

In the present paper we focus our attention on the so-called quantum graph, i.e., a metric
graph I' with an associated second-order differential operator acting in Hilbert space L2(T)
of square summable functions with an additional assumption that functions belonging to the
domain of the operator are coupled by certain matching conditions at graph vertices. Recently
these operators have attracted a considerable interest of both physicists and mathematicians
due to a number of important physical applications. Extensive literature on the subject is
surveyed in, e.g., [4,19].

The present paper is devoted to the study of the following inverse spectral problem for
Laplace and Schrodinger operators on finite compact metric graphs: given spectral data (i.e.,
the spectrum of the operator), edge potentials and matching conditions, to reconstruct the
underlying metric graph.

There exists an extensive literature devoted to the named problem. To name just a few, we
would like to mention pioneering works [13,16,24] and later contributions [14,20,21]. Different
approaches to the same problem were developed, e.g., in [2,3,23].

In our papers [6-9] we suggested an approach to inverse spectral problems on graphs based
on the theory of boundary triples, leading to the asymptotic analysis of Weyl-Titchmarsh M-
function of the graph. In the cited papers this argument was successfully applied to the study
of a different (although related) inverse spectral problem on graphs. This approach will be
also used throughout the present paper.

Here we consider the case of a general connected compact finite metric graph under the
only additional assumption that (cf. [1]) it does not contain: (i) loops; (ii) cycles with all edges hav-
ing pairwise rationally dependent edge lengths. This restriction is equivalent to the fact that the
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minimal operator naturally associated with the graph is simple, i.e., has no reducing self-adjoint
"parts". We also assume that each graph vertex is allowed to have matching of d type only (see
Section 1 for definitions). The named class proves to be physically viable [10,11].

The general case of arbitrary graphs with vertices of both 4 and S' types will be treated in a
separate publication.

1 Preliminaries

11 Definition of the Laplace operator on a quantum graph

We call T = I'(Er, cr) afinite compact metric graph, if it is a collection of a finite non-empty
set Er of compact intervals e = [xy-i,*3],j = 1,2,...,n, called edges, and of a partition o
of the set of endpoints {x/t}2'i into N classes, Vr = Um=i “m The equivalence classes Vm,
m= 1,2,..., N will be called vertices and the number of elements belonging to the set Vmwill
be called the valence (or, alternatively, degree) of the vertex Vm (denoted deg Vm= 7m).

Whenever we need to consider a different graph I of the same class alongside the graph T,
we will use the same notation for all objects pertaining to it, having decorated each symbol (n,
N, 7m etc.) with a tilde.

With a finite compact metric graph I' we associate Hilbert spaces Ir(I"') = 0™=1L2(ej) and
wf(r) = ©jLiWf(ej). These spaces obviously do not feel the graph connectivity, being the
same for each graph with the same number of edges of same lengths.

For a smooth enough function /7 € Ir(I"'), we will use throughout the following definition
of the normal derivative on a finite compact metric graph

9 s, f f(xj)> if Xj is the left endpoint of the edge,
7 \ —f(xj), ifX isthe right endpoint of the edge.

If / € =1 w 2(e;) and amis a complex number (referred to below as a coupling constant),
the condition of continuity of the function / through the vertex Vm (i.e., f(xj) = f(xk) if
Xj, € Vm) together with the condition

Y1 dnf(xj) = anf(V m)
Xjevm
is called i -type matching at the vertex Vm.

Note that the <5-type matching condition in a particular case when am = 0 reduces to the
so-called standard, or Kirchhoff, matching condition at the vertex Vm.

The graph Laplacian on a graph I with <S-type matching conditions is the operator of
negative second derivative in the Hilbert space Ir(I") on the domain of functions belonging
to the Sobolev space 0"=1 W2(ej) and satisfying <5-type matching conditions at every vertex
Vm m = 1,2,..., N. The corresponding Schrodinger operator on the same graph is defined
likewise on the same domain in the case of summable edge potentials.

Provided that all coupling constants am, m = 1... N, are real, it is easy to ascertain that the
operator A% is a proper self-adjoint extension of a closed symmetric operator Amjn in Hilbert
space br(I') [10,15].

Clearly, the self-adjoint operator thus defined on a finite compact metric graph has purely
discrete spectrum that accumulates to + 00.

Note that w.l.o.g. each edge ej of the graph I' can be considered to be an interval [0, 7],
where lj = *J —Xij—, j — L - -/nis the length of the corresponding edge. Throughout the
present paper we will therefore only consider this situation.
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1.2 Boundary triples and the Weyl-Titchmarsh matrix M-function

The analysis presented in the present paper is essentially based on the theory of bound-
ary triples [5,12,17,18] applied to the class of operators introduced above. Two fundamental
concepts of this theory are those of aboundary triple and of the Titchmarsh-Weyl generalized
matrix-function. Assume that Aminis a symmetric densely defined operator in Hilbert space
H, and that its deficiency indices are equal. Put Anmex := A”in.

The property of the Weyl-Titchmarsh M-function that makes it the tool of choice for the
analysis of isospectral Laplacians on graphs can be formulated in the following way: provided
that A b is an almost solvable extension of a simplelsymmetric operator A min parameterized by
a (self-adjoint) matrix B, /10 € p(AB) if and only if (B - M(A))-1 admits analytic continuation
into the point Ao

In [8], we have obtained the following

Proposition 1 ([8]). LetT be afinite compactmetric graph having no loops and with coupling
of & type at all vertices. There exists a closed densely defined symmetric operator Amin and a
boundary triple such that the operator Aj is an almost solvable extension of Amin, for which
the parameterizing matrix B is nothing but diag{ai, ... ,0i"}, whereas the generalized Weyl-
Titchmarsh M-functionisaN x N matrix with matrix elements givenby the following formula

“HLeteEk ot}ilt, j =k

mjkW = LLeteckilllL}’ I T K Viis adiacent to VK,
0, j @k Vj isavertex not adjacent to Vk.

Here y — VX (the branch such thatim p > 0), It is the length ofet, Ekis the set of graph edges
incident to the vertex Vk/ Ck is the setofgraph edges connecting vertices vk and Vj.

The result of [1] further implies that under the additional assumption formulated in Intro-
duction the minimal operator Ami,, is simple. This means that each eigenvalue of Aj is a pole
of the meromorphic matrix-function (B—M (A))-1 for B —diag{«i,..., ajv} with multiplicity
equal to the multiplicity of the eigenvalue.

In essence, we will build our analysis upon the foundation provided by Proposition 1 and
the latter remark.

2 ISOSPECTRALITY OF GRAPH LAPLACIANS

In the present Section, we formulate the main results of the paper. We start with the fol-
lowing

Theorem 1. Let ' and I' be two finite compact metric graphs subject to the assumption of
Introduction with all vertices of 6 type. Let A2, A* be two graph Laplacians on I' and f,
parameterized by coupling constants {cck} and {iik}, respectively. If (point) spectra of the
operators A% and A= coincide counting multiplicities, then (i) total lengths of ' and I' are
equal, Zi U= Eih; 00 Euler characteristics1 ofT and I' are equal, %r = Xt' (L) the set equality
> = ¥ holds, where% = {o\,..., am} is the set of non-zero elements of the list {a,-/7;} ml1and
> is defined analogously for the graph I'.

1l.e., there exists no reducing subspace Ho such that the restriction Amn|]Ho is a selfadjoint operator in HO.

2 Recall that the Euler characteristic of a graph is the difference between the number of vertices and the number
of edges.

Remark 1. The implication (i) also follows from the Weyl-type asymptotics of (discrete) spectra
which evidently holds for both Laplacians.

The implication (ii) is ageneralization of[21,23] where this result wasproved in the case of
Kirchhoffmatching conditions at all vertices to the general case of arbitrary & coupling.

Note finally that the set equality of (iii) is only meaningful if at least some coupling con-
stants of A® are non-zero (and hence the same number of coupling constants pertaining to Ag
is non-zero). Therefore, the case of Kirchhoff matching turns out to be the most complicated
as (iii) then yields no information.

Proof. Letl(N1) = Meew ~and let N (M) be defined analogously for the graph I'. Then the

functions N (A) det(B —M (A)) and I (A) det(B —M (A)), where M and M are Weyl-Titchmarsh
matrices of Proposition 1pertaining toI' and I, respectively, are entire functions of exponential
type of order not greater than 1/2 (see [22, Chapter I]). Moreover, zeroes of these two func-
tions are located precisely at the eigenvalues of the operators Ad, A=, respectively (counting
multiplicities). This follows from [5,12] using: (i) the fact that an M-matrix of Proposition 1is
a matrix-valued R-function with almost everywhere Hermitian boundary values on IR; (ii) the
fact that the poles of an M-matrix of Proposition 1 are located at the eigenvalues of the Dirich-
let decoupling of the graph I', counting multiplicities; (iii) the fact that within conditions of the
Theorem, both Amwuand Aminare simple.

Then the condition of isospectrality implies that the fraction *s 172] again

an entire function of exponential type of order not greater than 1/2. Applying the Hadamard
theorem, one easily obtains

M) det(B —M (A))
rt(A)det(S-if(A)) eXpW @
for some finite constant a.
Consider asymptotic expansions of the functions det(B —M (A)) and det(B —M (A)) as

A —a—o00 along the real line. Using the asymptotic expansion for M (A) following easily from
Proposition 1one has

N N
det(B - M(A)) = M(a; + 7it) + o(1~M); det(B - M(A)) = ]~[(ar+ y, 1) + o(T~M)
1=1 i=1

for any natural M > 0, where r = —iy/\A — +00. Using asymptotic expansions for N (A) and
M(A) and (1), one immediately ascertains (i) and then (ii), which leads to

2an 1i(?+7/7)+o(1"m) exp a, 2)

T

wherefrom expsa = (2" 7,)/ (2n 7;). One then divides both sides of (2) by exp a
Taking the logarithm of the result, one arrives at

£> (1 +iji) - £>( + LLI
v A H d AT

The Taylor expansion of logarithms yields that for any natural M

+ 0o(t-M) = 0.
}



Comparing coefficients at equal powers of T now yields

fo(-«,r f Hig
Lj ~m i—t
i'=1 i i=1 "i

for any natural m. Using the argument of [8, Lemma 5.1] now completes the proof. O

Remark 2. Theorem 1admits an extension to the case ofgraph Schrodinger operators. Indeed,
assertions (i) and (ii) will be valid for apair of Schrodinger operators on I' and I', respectively,
if one requires that (a) all edge potentials have zero means, fgge(x)dx — O for any edge e, and
(b) both minimal operators Amin, Amin are simple. The proof follows the same argument as
above, see [7] for necessary details.

Our next result shows that even in the seemingly more complicated case of Kirchhoff
matching one can in fact go one step further. The corresponding argument pertaining to the
general situation of & type matching as well as a detailed analysis of Schrodinger case to which
the argument is also applicable will be scrutinized elsewhere. We have

Theorem 2. Let ' and I' be two finite compact metric graphs subject to the assumption of
Introduction with all vertices of 6 type. Let Aq, Ag be two graph Laplacians on I' and I' both
with Kirchhoff matching conditions at all vertices. If (point) spectra of the operators and
Np coincide counting multiplicities, then

LLI E »m =~ M E M N

lii=l 2 TeT Mi=i f TeT
where T and T are the sets of spanning trees for I' and I', respectively; the weight of the tree
w(T) is the product of inverse lengths over all edges forming the subgraph T, ro(T) = Mrer jk

Proof. Proceeding exactly as in the proof of Theorem 1 one gets the following identity

n(A)det(-M (A)) = 2"MILiT,
n(A)det(—M (A)) 2nn j~ 1

The asymptotic expansion of the latter as A -4 0 proves to suffice our needs. Indeed, both M (A)
and M (A) tend to negative weighted discrete Laplacians of I' and I, respectively (see [6] and
Proposition 1), where the weight associated with any edge e is nothing but its inverse length.
Therefore, both M-matrices have exactly one eigenvalue, say, \i\(A) (fii (A), resp.) zeroing out
at A = 0 (due to connectedness of both graphs, see [25]). Moreover, both p\ and p\ are analytic
R-functions owing to the analytic properties of M and M and thus have simple zeroes at the
named point. In fact, one can ascertain that py[ (0) = 1j/N and the same holds true for [ (0).

Indeed, the kernel of M(0) is generated by the vector 1 ¢ (1,1,..., 1)t. An analytic expan-
sion of the equality M (A) (1 + A/t + 0(A2)) = A(NMLO) + O(A))(X + A/1 + O(A2) then yields,
considering linear in A terms only

Mil + Mo/i = p i(0)T,
where M(A) = Mo + AMi + 0(A2). The solvability condition of the latter is nothing but
(M[(01 —Miil, 1) = 0,

from where the claim follows by the property (Mil, 1) = Zi k, which in turn follows trivially
from Proposition 1by Taylor series expansion.

Using Theorem 1yet again, one reduces (3) to

rm” 1 N m /7 »
M Hk(0) = 2 *-~% [ MO),
N MI=17if=2 N Mi=1 7i k2
where ~r(0),..., jUMO) and /5r(0), ... ,p”(0) are non-zero (positive) eigenvalues of weighted

discrete Laplacians, associated with I' and I, respectively. Using the generalized Matrix-Tree
Theorem [25], one finally has

TJUMO) = £ w(T); I ™ (°) = Xz W)
K=2 TeT K=2 Tet
Using the assertion (ii) of Theorem 1, one now easily completes the proof. O

Example 1. Assume that T is a tree with Kirchhoff matching at all vertices. The assumption
of Introduction is surely met. Then Theorem 1 (ii) yields that T has to be a tree as well pro-
vided that the condition ofisospectrality is satisfied, in line with results of[21,23]. Theorem 2,
however, leads to the following new strong additional condition, necessary for iospectrality

Nry 4dAn.

I, = U_T
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€pwosa HO.HO., KapneHko 11, Kucenbos O.B. MNpo 06epHeHy 3agady BiAHOBNEHHSA TONOAOrii 4na onepa-
Topie /lannaca Ha rpacghax // KapnatcbKi matem. ny6n. — 2014. — T.6, Ne2. — C. 230-236.

PosrnapatoTbca onepaTtopu flannaca Ha CKiIHYEHHUX KOMMAKTHUX MeTPUYHUX rpadax y npu-
nyLeHHi, o yMOBM 3B'A3KY B BeplUMHax rpadga maioTb <5-mwn. Mpwu we ogHOMY A04aTKOBOMY
NpunyLeHHi BUBYAETbCA 3a4aya BiJHOBNEHHS Tononorii rpada. 3 BUKOPUCTaHHAM anapara Teopii
rpaHNYHMX TPINOK y3arasnbHeHi Ta AOMNOBHEHI pe3ynbTaTu, WO BXXe iCHYHTb, NPOo HeobXigHi ymo-
BW i30CNeKTpasbHOCTI ABOX onepaTopiB Jlannaca, KOTpi 3afaHi Ha pi3HOMaHITHUX rpadax. Takoxk
HaBefeHW OANH OKpeMuii pesynbTaT Ans onepartopa LUpegiHrepa.

Kniouosi cnosa i thpasn: ksBaHTOBI rpadu, onepatop LLpeaiHrepa, onepaTtop flannaca, o6epHeHa
cnekTpanbHa 3agaya, rpaHNYHI TPIVKKY, i3ocneKTpanbHi rpagu.

Eposa FO.1O., KapneHko V.., Knucenes A.B. O6 o6paTHOI 3ajaHe BOCCT aHOBMEHNA TOMONOTUW ANs
onepaTopos /lannaca Ha rpagax // Kapnatckue matem. ny6a. — 2014. — T.6, Ne2. — C. 230-236.

PaccmaTpuBaloTca ornepaTopu Jlaniaca Ha KOHEYHUX KOMMAKTHUX METPUYECKUX rpadax B
NpeaAnonoXKeHUN, YTO YCNOBUS CBSA3M B BeplUMHax rpada umMetoT 3-Twi. Mpu ogHOM AOMONHUTESb-
HOM MpPeArnonoXXeHNN nsyyaeTcs 3agada BOCCTAHOBAEHUSA Tononoruu rpaga. C 1Ucnonb3oBaHUEM
annaparta Teopum rpaHNUYHUX TPOeK 0606LEHbT 1 AOMNONHEHbT CYLLLECTBYIOLLME pe3y/bTaTh 0 HEO6-
XOAMMUX YCNOBUSX N30CMEKTPANbHOCTU ABYX OrepaTopoB Jlannaca, 3ajaHHbiX Ha pasMyHbiX rpa-
hax. Tak>ke NpuBefieH OAVH YacTU i pe3ynbTaT ANns onepaTtopa LpeanHrepa.

Kntouesbie cnosa v hpasbi: KBaHTOBUe rpadu, onepatop LlpeauHrepa, onepatop Jlannaca, 06-
paTHasa cnekTpaibHas 3agada, rpaHuUYHbie TPOMKKU, M30CcNeKTpanbHUe rpagu.
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®YHKLUIA HYNIbOBOIO MOPAAKY

OTpuMaHO anpokcuMauiiHy TeopeMy gns norapndmivyHoi NnoxigHoi F winnx dyHKLUi Hynbo-
BOro NopsAKy i 3aii 4ONOMOror 3HaiingeHo acMMNTOTUKY F 30BHI BUHSATKOBOI MHOXWHMU.
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Bctyn

Hexalh / — uina oyHKU,isi CKIHYEHHOr0 [04AaTHOro NopsaaKy p, p(r) — yTOYHEHU nops-
OOoK / (ams., Hanpuknag, [1, c. 69]). Mo3HaumMmo yepe3 H+(rp™ ) Knac winux dpyHKL i/ Linkom
perynapHoro 3poctaHHAa (U. p. 3p.). [Lo6pe Bigomo, W0 U. p. 3p. Linoi pyHKLiT fogaTHOro He-
Liforo NnopsaaKy eKBiBajleHTHe iCHYyBaHHIO KYTOBOT W iNbHOCTI 1T HYNiB BiAHOCHO DYHKLiT Nno-
pPiBHAHHA T\

Bynemo rosoputu, WwWo MHOXKMHA E C C Mae BEpPXHIO Y-LifbHICTb, 1< py < 2, AKWo ii

MO>XHa MOKPUTM TaKOK MOCNIAOBHICTIO KPYriB {{: [ —zZ\ < r,}, j = 1,2,...,2Zj =4 00, WO
D~NE): = lim r~v Y rf=n, 0< n< +oo.
r r->+00 “ 1
Zj\<r

CiM't0 TaKMX MHO>XUH no3Hauymmo CA.

B [2] pna / € H+(rp(r)) 3HaigeHO acMMnTOTUYHI popmMmynu i1 norapugmivyHoi noxigHoi
F(z) —zf'(z)/f(z), acame

F(relm = g((p)rp™ +o(rp(r)), r->+o0, relf EE, E € Cq, 1)

ae g € Li[0,27r]. 3a pe3ynbTatamu pob6oTtmn [3] 6a4mmo, wo 3 acumnToTukn (1) Bunameae u. p.
3p. Linoi doyHKUiT /.

ACUMMNTOTUKY norapmnmMivyHoOT NoXiAHOT LinoT pyHKLUIT HYyNb0BOro NopaaKy, Hyni AKoi ma-
I0Tb KYTOBY LWiNbHICTb BiAHOCHO (byHKLUIT rAW, 3HargeHo B [4]. TyT A(F) — HYNbOBUIA YyTOYHE-
HUI NOPAAOK NiYnnbHOT PYHKUIT N(r) —n(r, 0,21) HyniB /, TO6TO:

1) A(r) — HeBig'eMHa, HermepepBHO AudepeHLuiioBHa Ha [0, +00) PyHKLiS;

2) A(r) —» Onpur — +o00;
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3) rN'(r) Inr+ A(r) == 0npunr — +00;
4) yK*) y/1 -foonpu r — +00;

5) 0< lim n(r)/rxM < +oo0.
7 r->+ 00

B po6oTi 6yae 3HaligeHa acMMNTOTUKA IorapnMivHOT NoXigHOT 4NN 1inol pyHKLUITHYNbO-
BOro NMopsAKYy, HYNi AKOT MaloTb KYTOBY LW,iNbHICTb BIiAHOCHO (PYHKLIT v(r).

1 dopmynwoBaHHSA pe3ynbLTaTiB

Hexalh L — knac gogaTHuX, HeCMagHUX, HEOOMEXXEHMX, HeMepepBHO ANdEPEHLINOBHNX Ha
JR+ PyHKUi v Takux, wo rv'(r)/v(r) — O npmn r — -foo. Jlerko nepekoHatucs, wo rm(r) €
L. Mo3Haummo 4vepe3 Ho(u), v € L, kKnac yinnx QyHKLUiA / Hy1bOBOr0 NOPAAKY, ANA SAKUX
0O < lim n(r)/v(r) < +o00. Hexai n(r,oc,f) — KiNbKiCTb HYNIB Linoi ddyHKLIT B CEKTOPI

{z: EFl <r,xc< argl < B},0 < @< B < 2n. bygemo rosopuTtu, W0 HyNi PyHKLUIiT/ € Hg(v)
MaloTb L-LWiNbHICTb (KYTOBY U-LLiNbHICTL), AKLLO iCHYE rpaHnusa

A = lim_-j-T1

. - H *
UL T («./»: Iim <& *&

r-n+co  v(r)

<C

Ans BCixX oci B, W0 He HaneXaTb AedAKilh He 6inbl HDXK 3Mi4eHHIN MHOXWMHI 3 [0,27],0< A <
4-00. Uepes Ha (v) mo3Hauumo nigknac yHKUin / € Ho(v), Hyni SKNX MaloTb KyTOBY V- W, ifb-
HIiCTb.

Teopema 1. Hexaiiv € L, /1,/r € Ho(n), nocnigoBHOCTIi HyiB (A1), (A2K) BigMoBigHO OYH-
Kuii f i, f2 MaloTb L-WinbHICTD, AN = 2™\, \arg 9~ —arg s25] < 6. Togi AnAa 6yAb-AKNX
€>0, 7> 0, 1</”"<2 icHywoTbd > Oi TakaMHOXKMHa E, OP(E) < n, wo

IFi(z) - F2(2)] < £v(r), z<£E. (2)
Teopema 2. Hexainv € L, f € Hg(v). Toai icHye Taka MHOXKMHA E € Cq, 1 < p < 2, W0

F(relip —n(r) + o(v(r)), r-*+00, relp£ E. (3)

2 JJoesepeHHsa OCHOBHUX pe3ynbTaTiB

Mpwu goBeaeHHi TeopeMun 1 6yAemMo BUKOPUCTOBYBATU Takuii aHanor nemn KapTtaHa.

Nema ([B]). Akwob €C, 1< j< n, | < p< 2, H > 0, TO30BHI AeAKOTcMCTEMN HE BinbLie
HIDK N KPYTriB 3 pagiycamu rk Takux, L0 rk — (2H)”™ i KOXKHWUI KPYT MICTUTBL Xo4a 6 ogHy
TOUKY bj, BUKOHYETbCA HEPIBHICTb

Yy i < M n
pAN- bjl - p-1 H'

JoBegeHHs Teopemm 1. Hexae > O, n > 0, 1 < y < 23agaHi goBinbHi yncna, n(r) =
n{r,0,7i) = n(r,0,/2) = Av(t) +0o(v(r)), r-)- + 00,

OueBmgHo, Wwo £(r) \ Onpur -» +00. Bubepemo 6> 0, ro > 0 Tak, wo6 4£A < ¢€/3,
16p/(p —1)A (L(T)Y 20 < €/6, 64°Ny/UUr/4) < n, r > 1$. /lerko 6aunTu, W0

+@O 4
F/M =25 737: _ L+ 2 +4 )
fc=1z ap \g:k\<r/2z ai'k \g:k\>2rz r/i2<\ajik\<2r2 (4)
Fyl) (z,0 + If) (z,2r)+ F f (z, 2r), EH=rj=12

OuiHnmo crioyaTtky \Fr'(z,r/2)\ i |'Iﬂ‘)(z,2r)\. Mpwn Jagl < r/2, |a#alk- arg o02*] < i
Maemo |sig —a2X| < 6r/2. Tomy

alk - azR\

< 20n< 43Au(t) < 1 v(r). (5)
wiaerz (7 N0 N \a2ky

Mpn M > 2r maemo

+00
F[2 (2.2r) - P (2. 2r) I<r % iflu —fl2J) <rf 52 e
) (\ai,k\-r)(\a2ik\ -r)
aj,k\>2r
+0 +®300 {®
BF | ~dn(t) _
- 3 j pf . = s n(2r)+ 25r (6)
2r 2r 2r
+0 +00
< 3Mr J -p-dt < 3dAr--~L- J t~3/2dt = 30Av(2r) < 45Au(1) <
2r 2r

ockinbku V(r)/Zyjr \ Onpur -+ + 00.
Hexan (fljt) nocnigoBHIiCTb, sKa MICTUTb BCi YneHU NocnigoBHocTeM (A-2) i (A2), a, oTXKe, i
niynnbHol PyHKLUieto 6yae 2u(r). Maemo

FKY (27~72r) - F23) (z<~ 21)i- If@) (z, r)[+ IfBd)(2,~2r)
()

=r ,r).
z-fljtl Xp(z.1)

Ana oyiHkm Y({, r) ckopucTtaemocs nemoto. Hexam Ry = 22,y = 0,1,2,...,

Ki = {z:Ry/2 < | < 2Ry}, sy = 2n(2Ry) - 2n(Ry/2), Hy = Rygl1™) (r/4).

OueBngHoO, Wo {z: 1 < |l < +00 = Uyt-iCy. Ockinbkun Ny < 2A(v(2Rj) - Vv(Rj/2)) <
4AE N )u ), TO 30BHI gedkoi cuctemu KpyriB Ow = {z: Jz—zw] < mw}, 1 < v < gy,
Ev=irfv — (4AHy) = (4Ry)™1/2(r/4) npaBunbHa ouiHKa

p-ITHj- p-1¢IM (r/7 ~ p-1 Rj
Mpuiimemo E = (u/-ij UjLi Q[.j U{2: 2 < r0}. Togignar > r0O

ml N < 22> -1 640

2

<
y=0v=I =0m Zza D



a, omke, DNE) < n.
Hexat Rm<r < Rm+1. Togi Rm+i/4 <r< 4Rmignar >Yq

W, k,) < I'M r-./m (I) < ®)
U— i Km Ww— T \4/ 6 T

i, aHanorivHo,
P (LK, +1) < g U 14A" (™ "i+ 1)gl-1/(2,))(R»,+i) < 1 ~ . (9)

BpaxoBytouu, wo t/~z,r) < Y, £m + ip(z, Rm+\), 3 (7), (8) Ta (9) maemo

Fid) (22~ '2n] + 23 (Z,~/2r) < Zn~E. (10)

B3aswiu o ysaru (4)-(6), (10) oTpumyemo (2), w,o AoBOAUTL Teopemy 1 O

JoBeneHHA TeopeMu 2. Y BUNAaAKyY, KOAM BCi HyNi / po3TalloBaHi HA CKIHYEHHI CUCTeEMI
npomeHiB TT —Uyli{z: arg z = rpj}, 4OBeAEHHA TeOpeMM aHa/IOrivHe A0 AOBeAEHHSA TeopemMu
2 3 [4]. Mn oTpuUMyeEMO

F(rel(p) = n(r)+o(v(r)), r->+00, z~Tm (11)

npuyomy (11) BUKOHYETLCA pPiBHOMIpHO wondo @ € [0,2n\ U yli{z: larE z —ip] > 7}, pe 7 >
0 Ak 3aBrogHo masne 4ducno. MNepexig A0 3arafbHOro BUMNagKy 34iMCHIOEMO BUKOPUCTOBYHOUMN
Teopemy 1.

3adhikcyemo € = £n — | /mt,n = nn = 2~("+1). 3a Teopemoto 1 icHyTbL & > O, cucrtema
Takux npomeHiB (P/) =0,0 = Mo < Yt < ...rpT = 21, Wo - Yl <98, j =071 —1, uina
dpyHKuia Fi,,(z) = 1/(z - a[) 3nonocamm ak, \ak\= ] i, aKWwo ipj < arg ak < Y;+1,

argak = xg. Ana { = re'?, r > rn, ¢ € [0,21], |p—ig\ > 7,48e 7 > 0 gocTaTHbO Mane 4yncno,
3acumnToTn4YHOI hopmynun (11) oTpUMYEMO, LLLO

\FuU (z)-n(r)\<”"v(r).
Kpim Toro, 3a Teopemoto 1icHye Taka cuctema Kpyris Cn, Op(€'n) < 7t/4, 30BHI AKOT
\F(z)-Fu {2\ < jv(r).

Tomy oTpuUMYyEMO, LLO
IF(2) -a(r)] < /\2u(r)’ 12
pnar>rncpe [0,2zr], \p- P\>7,0<;<m- 1, z £ Cn.

Bynyemo Fz,n 3 nontocamu, W0 nexkaTb Ha cUcTeMi NpoMeHiB WA , 0= O < ip[ < ... IPT =
27T TaKUMK, Wo

\Q-WN\ <7>jn (llI{<r \W-W\<7>j =0-

Topgi K | B monepegHbOMY BUMagkKy, icHye cuctema Kpyrie C", DF(C") < i/,/4, 30BHi KOl BU-
KOHYyeTbcA (12) gnar > rn, @ € [0,21], \p- Y] > 7, 0< /< s—1 A, oTxKe, (12) BUKOHYETLCA
onaeeix @ € [0,27r], r>rn,zE£Cn= CnUC", OA4C,) < N, /2.

Hexali
+OO

Cn—U Cnl' M ~ {Z X~ zn\ ™ rnj}:
A1

Mpw BCiX AOCTATHbLO BENNKUX I

> N<~Ann/2<nN/8.
M<r

Topi AnA AoCTaTHLO BENUKUX ; MAeEMO rE. <|zy|™M4irn < \aj\/2. Bunbepemo Taky nocrhi-

poBHicTb (RK)™M°°, wo Rfc+i > (k+ DR-krk = 1,2,...,ana r > Rn, z £Cn BUKOHYETbLCA (12),
nosHavynmo
+o00 +00
E= U U {*m\z-Znj\ <rnj} = \J{z: \z-zs\<rs}hL
n=1 R,,<\znj\<Rn+3 s=I
[Aani, aHanoriyHo gk B [3], nokasyemo, wo OY(E) = 0Oi BUKOHYETLCA(3) piBHOMIpPHO Mo ¢ €
[0,27r), wo M gosoanTs TEOPEMY 2. O

(2]
(2]

(3]

(4]

(5]
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HENOKANbHA KPANOBA 3AA0AYA ANA CACTEMU AUNGEPEHLIATBHUNX
PIBHAHb 3 OMNEPATOPHUMW KOE®ILIEHTAMW Y BATATOBUMIPHIN
KOMM/JIEKCHIN OBNACTI

Jocnig>keHo HeNoKanbHY KpahoBy 3agady An18 CUCTeMU AndiepeHuianibHUX PiBHAHb 3 YacTUH-
HUMK noxigHMMKM 3 onepaTtopom B = (B\,...,Bp), ae By = ,j = 1,.,.,p, — onepatopwu y3a-

rafibHeHoOro audepeHLitoBaHHSA 3a KOMMJEKCHOK 3MIHHOIO Zj. 3afada € HEKOPEKTHOW 3a Agama-
pomMm, aii po3B'A3HICTb NOB'A3aHa 3 NP06/eMOI0 Mannux 3HaMeHHUKIB. [loBefleHO MeTPUYHI TeopeMu
Mpo OLLiHKW 3HU3Y Ma/inX 3HaMEeHHWUKIB, SKi BUHUKalOTb Npu NobyAoBi PO3B'A3KY 3a4adi, a Takox
BCTAHOB/NIEHO YMOBMU iCHYBaHHS Ta €4MHOCTI LbOro po3B'A3KY Yy LWKani NpocTopiB OyHKLi 6aratbox
KOMMIEKCHMX 3MIHHNX.

Kntouyosi cnosa i hpasn: pPiBHAHHA 3 YAaCTUHHUMUW MOXigGHMMW, OonepaTop y3aralbHeHOro gude-
peHLuitoBaHHS, NceBao-andepeHuiansHUi onepaTop, Mani 3HaMEHHMKN, METPUYHA OLLIHKa.

Lviv Polytechnic National University, 12 Bandera str., 79013, Lviv, Ukraine
E-mail: ilkivvSi .ua (InbkiB B.C.), n.strap@mail.ru (Ctpan H.I.)

BcTyn

Jocnig>KeHHA HeENOKaNbHUX KpaoBuX 3a4a4d 418 Pi3HUX TUMIB gndiepeHyiafbHNX PIBHAHb
i CUCTeM PIBHSAHb i3 YACTUHHUMU MOXIAHUMU Ta BCTAHOBNEHHSA YMOB KOPEKTHOT IXHbOT pO3-
B'A3HOCTI € OQHUM i3 BaXK/IMBUX HarnpsaMiB PO3BUTKY Cy4acHOi Teopii PiBHAHb 3 YACTUHHUMN
noxigHnmmn [8,13,14]. Lli 3agayi NoB'A3y0Tb 3HAYEHHA LWYKAHUX PO3B'A3KIB Ta TX NOXigHUX Y
PI3HUX MEeXXO0BUX UM BHYTPILLUHIX TOUKaxX po3rnsaayBaHoi obnacTi. Y 3araibHOMY BUNagKy Taki
3afa4i € HEKOPEKTHUMIK 3a Agamapom [10,11], a’iX po3B'A3HICTb 3a/1eXKUTb BiJ Maninx 3HaMeH-
HUKIB, AKi BUHMKalOTb NpuY Nobya0Bi pO3B'A3KY.

BaraTto pgocnigHukise (amB. [1,5,7]) KOpeKTHICTb TaKMX 3aga4 3abe3neyvyoTb HaknagaHHAM
[00aTKOBUX 06MeXKeHb Ha KoeiLieHTU PiIBHAHHA, KpaioBi yMOBM Ta 06/1acTi, B AKX BMBYa-
I0TbCA 3adadi. HenokanbHi 3aga4di gnsa rinep6onivyHuUx, napaboniyHux i 6e3TUNHNX PiBHAHb 3
YaCTUHHUMMN MOXIAHUMM 3a AOMOMOro MeTPUYHOro nigxoay A0 OLiHKU Mainx 3HaMeHHU-
KiB po3rnaganncsa y gificHii obnacTi, Hanpuknag, y po6oTtax [2,3,10], a 3agaya Kowi gnga cu-
CTEMU ABOX aHIi30TPOMHUX PIBHAHb 3 YACTUHHUMMW NOXIAHUMMN | cTaNUMU KoeduilieHTamn —
y npauyi [6]. OcobnmeicTio Liel po60oTK € fOCNIA>KEHHS HeNoKanbHOT 3a4adi Ana cuctemMun au-
qoepeHu,icz)aano-onepaTopme piBHAHb 3 onepaTtopoM andepeHuitoBaHHA B = (Bj,..., Bp), Ae

Bj = zj-—,] = 1,...,p, wWo ale Ha PYHKLIT MPoCTOPOBUX KOMIMEKCHUX 3MIHHUX (Zj, ...,Zp).

YAK 517.946+511.37
2010 Mathematics Subject Classification: 35G15, 35E05.

© InbkiB B.C., Ctpan H.l., 2014

Y po60oTi [4] po3rnAHYTO Taky 3agady 4na ogHoro gudepeHuianbHoO-onepaTopHOro piBHAHHA
3 onepaTtopoM B i cTanumu KoedpiyieHTamMn. BcTaHOBNEHO YMOBU iCHYBaHHSA Ta €AUHOCTI pO3-
B'A3KY 3ajadi y BiAnosigHOMY (OyHKLiOHaNbHOMY MPOCTOpPi Ta A0BeAeHO METPUYHI TeopeMun
MpPo OUIHKM 3HN3Y MalnX 3HAMEHHUKIB, iKi BUHUKaKOTb NPpn Noby40Bi PO3B'A3KY 3a4adi.

1 lMNMocrtaHoBska 3apgaui

Hexalh S — ofHO3B'A3Ha 06/1aCTb MPOKOOTOT Y HY/i KOMMAEKCHOT NJOWNHU, a T>p — uu-
niHgpn4yHa obnactb [0, T] X Sp,ae T > O, p > 2 BBegemo W — JfiHIAHWI NPOCTIp KpaTHUX

CKIHYEHHUX CYM (OCHOBHUX OYHKLUI) Burnagy P(z) = \l((ijzk = E( i/-th K {\\mmZp >Ae
.. P
z= (zb...,zp) e sp,prkec,k= (h,...,kp) e zP.

MpocTip W' cnpsbkeHuii go npoctopy W; ue NpocTip y3arabHeEHUX (PYHKLiA (NiHIAHNX
HenepepBHUX (OYHKLiOHanNIB), AKi € popmManbHUMKN pagamm flopaHa Q(z) = X Qkzk, W°
Lil0Tb HA OCHOBHY PYHKLUito P € W 3a npasunom (Q, P) —% QkPk-

K

Beepemo wkanu npoctopis {H ~S P )}, {H”(Mr>P)InpK, i {H~(VP)}geU Ha-

CTYNHUM YnHOM. Hexal Hci(Sp)rq € XX — rinbbepTiB npocTip yHKLUin = Y({) = Z
kezP

pez € Sp,zk= z™M.. .Zp, i3 334aHUM CKanapHUM o6yTKom (Y, <pHASP) = E Ae

k= yjl + W+ ... + K2, i Hexan \ Ll w3p) = ®)H,(5p); a HQ(VP)' e R,ne z +' ~ 6aHa'

XiB NpoCTip PYHKLIM U = u(t,z) Takmx, L0 MNOXiAHI - — £ u@(t)zk, r = 0,1,..., n,
foezP

ONnA KoXKHoro t € [0, T] HanexkaTb o npocTtopis HQ™r(S p) BiANOBIAHO | HENepepBHI 3a 3MiHHOIO
ty uux npoctopax. Ksagpat Hopmu y npocTtopi H"(M'>P) Bn3Hauae oopmyna

2 A amm(i,) 2

HS0OP) - dtr  Hg-r(sP)
¥Lq(SP) — npocTip BeKTOp-PYHKLiA V = v(z) = col (v\(2), Vm(z)), pe Vj=Vj(z)eHq(SP),
j = 1,...,m, KBagpat HOpMUM AKUX 3agacTbca popmynoto v I = 'E HNHA (S?)'a

— npocTip yHKyin U = u(i,z)=COlI (wi(i,z),. ..,Um(t,z)), ge U = Uj(t,z)eHq (Vp), | =
3 kBagpatom HopMu \\m\\w™ = 3 iim/iin™Npp)-

Po3rnsaHemMo cuctemy pPiBHAHb 3 YHACTUHHUMMU MOXIAHUMUN | cTanUMM KoedpilieHTamun

—1 .
3  A%sB 30 =0, (1)
sO+]s|<n
pes= (si,...,sp) € Z+, Bl = si+ ... + sp, ADS— kBagparTHi maTpuui nopagky m, A,4...0 =
Im— ogMHu4yHa matpuus; n = uft,z) = col (ui(£,z),..., um(t,z)) — BeKTOp pPo3Mipy m, fe

n,m> 1 OlaepaTop B= (B\, ,Bp) cknageHo 30MnepaTopiB y3araibHeHOro gudepeHL,itoBaH-

HA Bj = Zjo—z_ , 30KpemMa Bj(zk)=kjzk. CTteneHamu umx onepatopis € B = u, B)ju = By(B]_1m),
] i 1

j=1,...,p,1=1,...,n. Y chopmyni (1) nozHaueHo Bs= B[1... Bfp.
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Beeaemo Takox dpyHKUito {({)= Z k~z sikaicHyey niBniowmHi Re { > p, Ta no3HaunmmMo
kezP

O r — Kpyr pagiyca R 3 LeHTPOM y novyaTKy KoopAMHaT KOMMNAeKCHOT naowuHuy C.
LLlykaemo po3B'a30k n € H"(2>P) cuctemu (1), u,0 3a40B0ONbHAE HENNOKA/IbHI YMOBU

on d>u .
) = Y], ] =0,1,...,0n—1, (2
WH to A =T
nepy €€ \{0}, (o = cpj(z) = coi (Yp(L),..., FM(z)) — 3apaHi BEKTOP-PYHKLIT po3mMipy T 3i
wkanun npoctopiB {H i»SP)}i7eR

O3HaueHHsA. Tlig po3s'a3kom 3agadi (1), (2) 6yaemMo po3ymMiTU Taky BEKTOP-PYHKLi0O U =
u(t,z) = col (u\(t,z),..., um(t,z)), cknageHy 3 pyHkuin Ui(t,z), i = 1,...,m, i3 3HAYEHHAMMU
Uj(t,) y npocTopi W' gna t € [0,T], Aka 3a0BO/IbHAE PIBHAHHA (1), yMOBU (2) TaHaNEXUTb
Ao npocTopy Hq(T>P).

2 MNob6yaoesa hopManbHOro po3B'A3Ky. TeopemMa €AUHOCTI

Beenemo ncesgogungepeHuianbHi onepatopu. s L1bOoro po3rigHeMo A0BiIbHY NOCNIA0B-
HicTb KoMmnnekcHux uncen F(k),k € 'EP. BoHa nopog)kye ncesgoandepeHyiansH1i onepatop

S d\
(zx— ..... zp— ), wo gie Ha @{{)= X ip(k)zk3a popmynoto
dz\ dzpJ keZp

F(B)<p(z) = Z F(k)ip(k)zk.
kezZP
KoedpingieHTn tp(k) po3BUHEHHSA <p(z) vy pag Pyp'e nopoa>KytoTb onepatop Y(B), a Tomy
KOXXHIi dpyHKUIT 3 Hg(Sp) Bignoeigae nceBaoandepeHuiansHnii onepatop W(B). Mpu ubomy

©(0) = Y(B)d(Y), ned(l) = 2 zk AHanoriyHo, nocnigoBHicTb MYyHKUiN F(t,k), t € [0, T], T0-
keU

poa>kye onepatop F(t, B), hyHkuyia v(t,z) = I V(i, k)zk3 npoctopy H" (VP) — onepaTtop-
kezP
dyHKUito V (t, B). Mpwn ybomy v(t,z) = v(i,B)d(Q).
3apava (1), (2) ekBiBaneHTHa 3a4adi 3 HeNOKallbHUMU YMOBaMU AN CUCTEMU PiBHSHb 3 Ya-
CTUHHMMU NOXIAHVMU NEePLUOro NOPAAKY 3a HacOBOK 3MIHHOK

dv(t.z) _ M p(/2) _ v(T,0) = ¢(Q), )
ae
n ./ du dln~1U\ , .
Ht, z) = col [u,—,..., = coi (VvQVi,..., vn- 1),
— I(n-)m

LB) = -Lno(B) —Ln-i(B) ... - 14(B)
Lr(B) = ¥ An-r,sBs, Lr(B) = (LI(B))i,j=i...m, r=1.... n,

H<r
®(¢) = col (90(0),@1((),..., e (l)).

OcKinbKun

v(t,z) = V(t, B)3(0) = col (vO(B),v1(B),...,vn 1(B))3(Q),
?(0) = w(B)d(() = col (9o(B),91(B),...,en-1{B))5({),

TO 3afayva (3) ekBiBa/leHTHA MHOXXMHI HENOKalbHUX KParoBmMX 3ajad Ha npomMidkky [0, T] ans
CUCTEM 3BNYANHNX andiepeHLiaibHNX PIBHAHb MNEPLLOro nopsaaky

= L(k)V{t, k), Uy (0,k)-Y{T,k)=rp(K), Ke ET. (4)

Hexaii Z = diag(knitn ..., k2lm,klm), ZV(t,k) = V(t,k) i Zxp(k) = d(K). Togi 3agavy (4)
3anmLemMo HacTYNMHUM YMHOM

dVv(t, K
ot = kL(k)V(t, k), MY(O,k)-V(T,k) = {p(K), Ke Zp,5)
e
LLK) ° ), UK)=k-iL,(k)= £ Ama JIY Ne -i.
-Ln(k) LoAK) . -U (k) e ‘
Akwo uncna AAK), ] = 1,..., nm, € KOPEHAMUN XapaKTePUCTUUYHOIO PiBHAHHSA
mn
/(AA) = det (\I,,m-L(k)) =det(AMI,m+ ™A ni-% (fc)) =0,
i=1

To 7j(K) —k\j(K) € KopeHAMUN piBHAHHA det (71mm—L(k)) =0.
BusHayHuK / (A, K) MOXXeMO 3anucatn 'y BUrnagi

Tn
/(nn) = £/y(fc)hA™4 = Auf + ... + (d)mdet LK) = 0.
i=0
3 ouiHky Kowi [12] ana kKopeHiB MHorouneHa [Ay(A)j < 1+ max{]/i(fc)],..., \fmn(k)\} Bun-
MBaE, WO BOHW € PiBHOMIPHO 06MeXXeHMMU 3a K pa3oM i3 koedpigieHTamu f\{k),... ,fmn{k)

MHorouneHa / (A, K). 3aranibHuii po3B'A30K PiBHAHHS (5) 3anuwiemo y BUrnIsgi

V(t,k) = eKM*C(K), (6)
ae C(K) —aoBifbHUI  BeKTOp 3i cTanux. Ons 3HaxomkeHHsA C(K) migctaBumo V(t,k) B Kpa-
riosiymoBu 3agadi (5) i otpumaemo cuctemy (pinm—ek™ T)C(k) = ip(K). AkwomaTpunuysa
(Minm —ekLW r) HeBupog>KeHa, To HeBigomMi C(K) 3Haxogumo 3a dpopmynoto C(k) = {plmpn —
ek K)TA—+ x0gi pOSB'FISOK 3a,u,aL|i (5) MaTnmMme BUIrNAL

V(t, K = ey Unr- ~ T) - 1d(K). (7)

OCKIiNbKN BU3HAYHUK MaTpULLi AOPIBHIOE A0OYTKY iT BNaCHMX 3Ha4eHb, a BNACHUMUW 3HAYeHHSA-
MM MaTpuli (Minn ~ ek® 1) e yucna g —eki” T, TO

nm
det(uln- ekI™ 1) = Y[(M - eKAN T). (8)
y=i

CdopMynoemo i JOBEAEMO TEOPEMY EAMHOCTI PO3B'A3KYy 3agaui (1), (2) y npoctopi Hg(V p).

Teopema 1 Ans eguHocTi po3B'sa3Ky 3agadi (1), (2) y npocTopi H” (E>P) Heo6xiagHo i gocTaT-
HbO, W, 06 PiBHAHHSA

0, 9)

He MaJsi0 po3B'A3KiB Yy Linux yncnax myi k\,... 4 p.



AoBefeHHsA. HeobxigHicTb. Hexali po3s'aA30k 3agaui (1), (2) eanHnii. Toai 3agaya (5) mae eguHni
pPO3B'A30K AN BCiX K € 'EP, w0 306paxkaeTbca y Burnagi (7). Omke, matpunusa (M Inm —exd<k>T)

€ HEBNPO>KEHOK. TaKUM YMHOM, BpaxoBytoun (8), 4 Y ek Ne T: JlorapugpmMmyroym, oTpUMaemo,

L0 PiBHAHHSA (9) He MaEe po3B'A3KIB Y Linnx uncnax T\ i K\,... ,Kp.
AocTaTHicTb. [loBeaemo Bif cynpoTuBHoOro. Hexait uncna T\ i K\,... ,K* € p03B'sI3KOM piB-
] Inun—I12nT* .
HAHHA (9). Toai, BBaxkKaun A\(K*) = — ;:I_------, ne K- = (k\,...,K*), ogHopigHa 3afjaya
K y

(5) mae 6e3niy po3B'a3kiB V(t,k*), L0 yTBOPHOOTbL NiANPOCTIp Ta BU3Ha4datoTbeA (6), y AKil Be-
KTop C(K) € 3arajibHMM PO3B'SAI3KOM BUPOAYKEHOT OAHOPIAHOT CUCTEMU NIHIMHUX anrebpuyHmnX
piBHAHbL (Uintn —ekLW T)C(k) = 0. OT>Ke, po3B'sA30K 3agadi (1), (2) He € eAnHNM. O

3 OuyiHoBaHHA po3B'A3Ky. Teopema icHyBaHHA

[nsa BCTaHOBNEHHA YMOB iCHyBaHHA Ta nobyaoBu po3B'A3Ky 3agadi (1), (2) y npocTtopi
Hq(T>P) npunycTtumo, wo kopeHi fli (fc),..., \mn(k) € pisHuMu ana dikcosaHoro K € ZP. lNo-
3Hauymmo R(k) = (if>(k),L(K)rp(k),... ,Lnm~1(K)ip(k)), p(t,k) = col (/9(i,Ad),..., p(i,AnM),

(1 1 . 1\
Ai A2 Anm
W(k) = A? A2 . A-nm
U "1 A1 AL
be W(k) — matpuusa BaHgepmoHga, nobynosaHa 3a KopeHaMu A\, ..., Ann, ap(t,k) — BekTop
3Ha4deHb PyHKLi p(t, A) = Ha KopeHax fli,..., An

M —exkMT
Topi po3B'aA30K (7) 3agadi (5) 3anucyeTtbesa y Burnaai [11]

V(t,k) = R(K)W-T(k)p(t, A),
T 1
pe W-T(fc) = (W_1(A)) = (WT(k)j — maTpuua obepHeHa [0 TPaHCMOHOBAHOI MaTpuLi
BaHgepmoHga. Ona ob6umcneHHs matpuyi W~T(K) BAKOPUCTOBYEMO OpPMY Yy

W T() = (/.,,+(%))  WIfc) (diag (/" (A (*), fc)) "L")-1,

ae )fk) = Onpuj < O, /'(A,fc) =—aT~"- NeperBopnumo Bupasn (f iAj(k),k)) 2p0 gpo-
1 m
6iB N rn K(K) - A 2, 0e Res (/,/") = I /'(AOK),*) — pe3ynbTaHT
1<es |///)1<<<<0<TI/I( () W) ( ) /=1 ( 9 pesy
MHorouneHis f Taf i Res(J,f) = detS(/), gpe S(/) — matpuya CunbBecTpa MHOroudseHa
/ = /(A, K), 9Kka € 6/I04HOI0 MaTPULEID | CKNafaeTbcAa 3 4BOX MaTpuub 3 mn —1i mn pagkamu
BiANOBIAHO,
(fH (k))™ -1 2mn- 1
S(/) = . 2mn—
) mn-j + DfH (K)TAs™
BcTtaHOBMMO YMOBU iCHyBaHHSA po3B'A3KY 3agadi (1), (2) y npocTtopi H” (X>P). OcKinbKkn

9°M_ I /1 r lu
dtn - L"(B)U Ln-1(B) I( ) ain~-r,

TO
anv an ad~n+in 2 \
ap W._,5P - Ci(IMIM.5P) + dt R4isP) ap-1 Hi(sP)J

pe Ci = C\(n,p, A) — pgeska ctana. OTxe,

n— pii n-1
< (Ci+1) Y ma _ __—
iHs2>0 < (Ci )__:0 i X " = (Ci+i)l TaxW7lH (sp)
’ (10)
=(Ci+1)E E TaxI*-2U" "N + 1) 1£ mex f-"Viffo)]2
y=o fcezp i°rJ j=okezp 1°T1
3anunwemo HacTYMNHY OLiHKY
w1l
< C2llptfol2] IvrT(K)I2 £ fol2
-0
(1D

= CZIIp()HZTIW-TW R £
7=0

Cdopmyntoemo Ta AoBeaemMo TeopeMy iCHyBaHHA po3B's3Ky 3afadi (1), (2) y npocTtopi H” (P p).
Teopema 2. Hexali BAKOHYIOTbCAYMOBU Teopemun 1 Ta Ana gesakmx gogaTHux ctaimx C3 ta C4

i fiicHMX uncen n\, N2 N4 BCiX (KPiM CKiHYEHHOT KifIbKOCT i) BEKTOPIB Ke 1Y BUKOHYITbCA
HepiBHOCTI

IdetS(/)] > Csk-~11, (12
mn. (13)
AKwWwo (pj € HA_A5P), geip > q+ nu + N2 ToicHye eaMHUI pPo3B'A30K 3agadi (1), (2) 3 npocTopy
Hq(VP), SsKuii HenepepBHO 3a/1EXKNTb Bif NpaBnx YacTUHYMOB (2).
AoBefileHHA. Bpaxosyrouun ouiHkn (11)—13), HepiBHicTb (10) 3anunLuemMo y BUrnagi

n—L
IHIHMop) - ¢ = iiViii* -(sp)
/=0 T’

pe C>0 — cTtana, 3BigKu i BUNMBaE TBEPAXKEHHSA TEOPEMMN. O

Po3rnsHemo yMoBU, 3a AKUX BUKOHYETLCA HEPIBHICTbL (12). AnA oTpUMaHHS oL iHOK cdop-
MY/IIOEMO Ta f0BeAeMO HACTYMHy nemy.

Nema 3.1. Adkwo /(A) = /z(A) + ag(A), ge Z7(A), h(A), g(A) — MHorouneHun; a came /(A) =
/JoA1+ /iAt 1l + ...+ ft h(A) = hOAf+ ZiiAt 1+ ... + ht/g(A) = gOAs+ s-iAs 1+ ... + gs ge
s < t, aS(f), S(h), S(g) — maTpuui CnnbeBecTpa LUX MHOIOUYNEHIB, TO BU3HAUYHUK detS(f)
MaTpuui S(/) € MHOro41eHOM 3a 3MIHHOKO a cCTerneHss He BULWe t + s — 1, npnyomy

detS(f) = ((s - t)hogOy sdetS(g)at+S 1+ ... + detS(fc).



AoBefeHHA. 3a ymosoto fi = hi + ags-f+; OAr € {£ —s,t —s+ 1,..., t}yi/F= £-ponai €

{0,1,..., t—s—1}. Ockinbkun maTpuus Cunbeectpa S(/) mHorouneHa /(A) € 6n104HOIO
S(/) = 2f—1
y((o; + i —s)fj-ivYt 7
ne i — HomMmep psaka,; — Homep ctoBnusd, ( Y1 — matpuyda nopagky rxq, co=s —j + i, To
S(f) _ _ B (s1-C Y.,
K(w + i-s)hy_i)f \ (o)l (w h Y,

pehj=0pnaj<0ta/Z>tigj=0ana; < 0Ta/> s. Togai

NEf-s 0
SC/) = (*H)M™m fe-<)w ' 0 Et+s—
{(b>+ t-s)hhi)f 1 (cogj m)!* 0 s—1>

BukopuctoBytouun hopmyny BiHe-Kowli, oTpMMaeMO MHOTo4/eH 3a 3MiHHOIO S, TO6GTO

/ /i, \i—s / \f+s-I
detS(/) =flf+s-1det (M " I + ... + detS(fc).

KoethinieHT 6inga at+s 13anuwiemo y BUrnagi

(53 s4 X 2 \ fS\ S2 Xi
i \2s—1
0o o o S3 sS4 X2
det N8I-Ds- 1 = ()i-s det
Si S2 Al 0 0 (g,w )?-1
0 (<sh Ne ) vo O
= det | *Vdet
b3 b4,
ae matpuui Si = {w + t —s)hj_i, S3 —
A* Ta Ar no3Ha4dalwTb MaTpuLi, Bif AKNX He 3aneXkaTb BignoBigHI BU3HaAUYHUKW. MigcTaBuBLLN
—s
(det J =(fcogo(f-s)) y nonepeaHio,
OTPUMYEMO
detS(/) = ()i-s((i —s)/2yo)i Si+s-1ldet + --- + detS(h)
Awr-1), [/
= ((s - t)hogo) Sht+s ! detS{g)+ ... + detS(h).
[
Nema 3.2 ([6]). Hexalh mHorouneH g(A) maesurnagg(A) = E S/A"  T1ogi
70
n—i
detS(s) = E (-ill+"~ (" - al a" « «S + —
a=0

[e Tpu Kpankuy 03Ha4aloTh A04aHKU; L0 HEe MICTATb N-TUX CTENEHIB KoedilieHTIB ga.

Mo3Haunmo 4epes b\, ..., bp koediyieHTN 6ina noxigHux B", ..., B” onepatopa L H (B),
yepes bp+i, ...,b2p — BignoBigHi KoediuieHTU onepaTtopa L, 2(B) i 1.4., yepe3 b(T_i)p+i, -,
bTp — BignoBigHiI KoegoiuieHTN onepaTopa L"WB). Hexaii b= (i?, b2 ..., bmp).

MHorouneH /(A, A) MO>XKeMo 3anucaTtn 'y BUrnagi

/(AL) = fy(ijif) £i(AL) + h\(Ak), j=1,...,p,
be MHorouneHu gi (A, k) Ta Zx(A, A) He 3ane>kaTb Big bj. MHorouneH gi (A, k) TaKo>X MoXXHa po3-

/Kj\n
nucatn y surnagi cymu gx(A, k) = bp+jm ) 02(A, k) + h2(A, k), j = 1,..., p, A€ MHOro4YNeHU

g2(A, fo Ta h2(A, fo) He 3anexkaTb Bif bp+j. Ko>xeH mHorouneH gi (A, fo) gna i = 1,..., m —2 mMo-
/fc;\n
»KeMo 3anucatu ak £/(A, fc) = bip+j[j) gi+1(A,k) + hi+1(A,k), j = fe gi+1(Ak) Ta

hi+1 (A, fc) He 3anexkaTb Bif b{p+j. 3acTocyBaBLUM A1 KOXKHOI0 3 MHorouneHis /(A, fo) i g, (A, fo),

/fc/un i i /fc/\”
z=1,....,m—2,1emy 31npna= by~ J ypo3sknagi mHorouneHa /(A,fgia= brpty» J vy

po3knafi MHorouneHiB g,-(A, fo) TfanpuglO= £0= 1, peglib>l = 1,..., m- 1, KoedilieHTH
HalicTapwux YneHiB MHOTo4YneHiB g; (A, fo) i A/(A, fo) BignoBigHO, OTPUMYEMO

detS(/(A,%) = (-1)"n" (] )€ """ 1)[0i)2 "-"- 1detS(gd) + ..., 14)
detS(a(A,*)) = (-1)"ﬂ"(ﬁ/(\:i)\n(zm_(Zi+l)n_D(Arp+y) A detS(Nj+i) +...,  (15)

4e TpW Kpanku o3HavalwTb godaHku 3i cteneHamum bf +>, 0 < a < 2mn —(2r+ 1)n —2.

Ana 3HaxomkeHHA det S(gmri (A, fc)) Bukopuctaemo nemy 3.2npna= 0igm-i,o = 1

detS(gmL(A, fc)) = a mb"nll)p+/(~ ) AA + j—1,.,.,p,(16)

e TpW Kpariku o3HadalTb A0JaHKW 3i CTENEHSMU +.,0<a<n —2.

Teopema 3. Hexan O < 86 < 1,1 > p, KoedpidieHTUN cucTemn (1) pikcoBaHi (3a BUHATKOM
koedpigyieHTIB b \ , b, P). Toai icHye Taka MHO>KMHa ]N$ C O p, Ww,0 meas < 0 i AnAa BCiX
BekTOpiBb € 0"p\\Nb Tagna scix K o Onpm N\ > m(mn —1)r/2 cnpaBiKyeTbCA OLiHKA

IdetS(/(A,fc)) | > ~(mrm- 1)/2C5fc-'/, @7
AeCs5= nmnNe (r)(p + I)nnmPR2nP-2y m{imn~1)/2.

AoBefleHHA. BukopucToByroumn piBHOCTI (15) i (16), hopmyny (14) 3anvwiemo y BUTnagi

< /fe,-\n((2Tn—s—3)+2/mn—3un—1)+...+(3n—1)+(n—1))
(~HmMm~AnmnU ) V ’

detS(/(A,fc))

].C*
\)/(v QJPJ_)\Zmn-n—lﬁﬁpﬂ.)\Zran-Sn-l - -/fb(m- 2)P+j\)3n_|(|F7(m_i)p+/J\n_l R
/ fic, \1a(aia-1) ) )
= Bi(K)Bp+i(K)...B{T_1)p+i(K),
e Biptj(k), i = 0,1,..., m—1, — yHiTapHWIA MHOro4neH crteneHs 2(m —i)n —n — 1 3MiHHOI
bip+/, KoepiLieHTM AKOro He 3anexkartb Big bj, ..., biptj_p,j = I,.,.,p. 3Halhigemo moaynb

BM3Ha4YHUKa matpuyi Cunbeectpa S(/ (A, fc)) mHorouneHa /(A, fo



/X; I\ mnimn—1)

[detS(/(A,fc))|=n"" (" ) 1B; (fc) 1Bp+/ (*) 1 ... 1B(, _ L)p+-(fc) I- (18)

Y piBHoCTI (18) ogHO3Ha4Ho BMbepemo iHAekc j = j(k) Tak, wo6 ki = maxijfci, ... ,Kp}.
Hexai 1(A) — MHOXXMHa Tux BekTopiB b € O'LUP, ana aknx npu ikcoOBaHOMY K BUKO-
HYETbCS OLiHKa

B(m-Dp+j(k\ < ( M (r) mpR2rnp-2j =1 .p. (29)

OuiHUMO Mipy ui€el MHOXUHU. o3Haumnmo yvepes W™~I1{k) C MHOXXUHY TUX BEKTOPIB
b(t-)p+1, -/ brp, a uepe3 Wm_1(fc,b(m_1)p+i) — MHOXXNHY Tux 3Ha4eHb 3MiHHOT b{m_1)pt
ans dikcoBaHoro b’'m_~ p+j, ae b(w 1)p+y — BeKTOp 3 KOMMNOHeHTamMu b(w i)p+i, ..., bTp 6e3
KOMMOHEHTU b(T_!)p+;, ANA AKUX BUKOHYETLCA HEPIBHICTb (19). OCKiNnbKn MHOXMNHa W™~| (k)

€ AekapToBum gobytkom C*r_1'p x W™ 1(fc), To Ti mipa 3HaxognTbcs 3a QOPMYoto

meas W™~| (k) = ("R 2)m-1)pmeas W™~x(k),

e
measW ™ I(k) = J measW T r(/cb(m_ 1)p+;) db{m_1)p+j.

me 1

3a nemoto KaptaHa ana mipy MHOXKMHU W™ 1(K, b(m_i) p+y) cnpaBa)KyeTbCA OLiHKa

Sk~r
measVVj  (k,b"m_~p+j) <

Micna iHTerpyBaHHA no obnacti OR l1oTpumaemo, L0

fik~r
meas Wf ik) <
mE(r)(7rR2)(m- )P’

6K~T
Togi ana mipu mHoXXMHKM W™ _1(fc) cnpasegsmea ouiHka meas W™ - 1(fc) <
Hexaih W™M~2(k) — MHOXXMHa Tux BeKTopiB b € 0'RP, ans AKuUx npu (pikcoBaHOMY K BUKO-
HYETbLCA OLiHKa

» M y Nn(3«-1)/2 _ 1

B (Mm-2)p+ji\kN\ < {~ ~ nmpR2mp-2) o1~ /2 (20)
OUiHMMO Mipy Ui€i MHOXWUHU. Mo3Haunmo vepes WM 2(K) ¢ O2 MHOXUHY TUX BEKTOpIB
b(T-2)p+i /- -/ a yepes W™-2(k, b{m_2)p+j) — MHOXUHY TUX 3HAYEHb 3MIHHOI b{T_2)p+}
Ansa hikcoBaHOro b(m_2)p+j 3ocTtaHHIMU /2 KOMMoHeHTamMu 3 W™ _1(A:), Ae b(m_2)p+j — BEKTOP
3 KOMMoHeHTamMu b(m_2)p+i/ ...,b Tp 6€3 KOMMNOHEHTU b(m_2)p+j, ANA AKUX BUKOHYETbLCA (20).
OcCKinbKn W™~2(k) = X WJ1-2), o meas W™~2(k) = (7rR2)(m-2"meas W " _2 (fc).
Ana Mmipy MHOXXUHU W™~2(k, b(m_2)p+j) 3a nemoro KapTaHa cnpaB>KyeTbCS OLiHKa

measVWV™ 2(k,b{m 2)p+j) < w” r)(#R2)«p-r

3iHTerpysaBLUU MO 061acTi 1x (9" \W™ 1(/c)), OTPUMAEMO OLLIHKY A/19 MipN MHOXXNHWN
Xt-r

WT-2 e/ nedstAI1? /(B) & — —2~ .Topai ana mipy MHOXUHW Wj*  (fe) BIKEHYETL-
cAa oyiHKa: meas W™~2(k) < -AHanorivyHo, nosHaymmo vyepes W&Kk), i = 0,1,...,ra—1,
MHOXXWHY TUX BEKTOPIB b € , 419 AKX NpU PiKCOBaAHOMY K BUKOHYETbLCA OLiHKa
/ \ (2Tn-(2i+1)n-1)/2
IB»>4#)l < \ ~ (j)nmpR2mp-2) , /= 1...,p. (21)
3Haiigemo ouiHku Mip MHoXUH Wi(fc), i = 0,1,..., T —1 Hexaii W3(A) C — MHO-
>XUHa TUX BEKTOPIB bjp+1,..., bup, a W (K, biptj) — MHOXMHa TnX 3HayYeHb 3MiHHOT bpt+/ anA
hikcoBaHoro bip+j 3 octaHHiMUM (ra —i —1)p KOMMNoOHeHTaMu 3 MHOXXUHU W E+ I (K), ge bip+; —
BEKTOpP 3 KOMMNoHeHTamMu bjp + ..., bup 6e3 KOMMOHEHTU bip+j, ANA AKUX BUKOHYETLCA HeEPIB-

HicTb (21). Ockinbkn Wj(fc) = (9™ x W, (K), To meas Wj(fc) = (nR2)'‘Pmeas LW (K). Ona mipwn
MHOXNHU W B{k, biptj) 3a nemoto KapTaHa cripaBa>XyeTbCs OLiHKa

Sk~r
measWJ(M,>+/) < m{(r)(rtR2),,-,"
IHTerpytoum no obnacti 02 1x 1 \ Wj+1(K)), OTPUMYEMO OLLIHKY

/>K~T

meas L (k) < nu(v)(nK2) P

3K~
Takum YMHOM, AN Mipy MHOXXUHKM Wj(fc) Maemo HepiBHiCTb meas W™M~2(k) < ~~¢&(T’

. m m~1 w1 i r
Hanwo>XunHi \ 1AM, pe VW0 = U We(k), ameas (fc) < ¥ measWj(/c) < —r-r,
i=o i=o
3 piBHOCTI (18) Ta HepiBHOCTel (19)-(21) BUNAMBAE HEPIBHICTb
( n \TiTn—)/2_ , n
= Swn(w” - 1)/2C5fc-'?1
Ana ikcosaHoro Bektopa K € Z p\ {0}. OTxke, no3a MHOXNHOO W) = J UYN/c) mipn
JteZP\{0}
meas Ws < E meas W$(k) = & HepiBHicTb (17) BUKOHYETbCA An5 BCiX K € XXp\ {0}. O

ke ZP\{0}

Po3rnaHemo ymMOBM BUKOHaHHS HepiBHocTel (13). MNMocnigoBHICTb 3HAMEHHUKIB PYHKLIT
p{t, /(K)) moxke MaTun 36i>KHi A0 HYNA NigNoCNiA0BHOCTI. Ana ouiHtoBaHHSA p(t, A/(K)) nobyay-
€EMO BMHATKOBI MHOXXMHU Masiol Mipy Ha KOMIMEKCHIN NAOWWHI AN Y4 € OM, BUKOPUCTAHHA
AKUX € BapiaHTOM MeTPUYHOro NigxoAy A0 OLiHIBaAHHA ManX 3HaMeHHUKIB [4,10].

Bubepemo gogaTtHi umMcna n2 ta X 3 ymoB N2 > X232nNT2((2n2) = m. Hexawn e<1 i, go-
0aTKoBO, Ye < In2/(2XT), akwo n = 1; Togi AnA N > 1 BUKOHYETbCA HACTYMHa HepPIiBHICTb
1n2/(2xT) = \n2~/8n{(2n2)/n > \j8n/n/2 = y/2n/n > 1, T06TO TaKoXX y/e < 1n2/(2aT).

MosHaummo X1 — Xi(K) = y/Zexk™ 2 Ta pi(K) = ekA™ T, y(K) = ekAT. BpaxoByrouun Ui
e
Mo3HayeHHA, oTpumMaemo, Wwo p(t, A) =



I /1

Puc. 1 KoHUEHTPUYHI KBagpaTu 3 LeHTpoM y Touui A;(fc): kBagpat Vj(fc) 3i cTopoHolo X1 Ta KBagpar i3
CTOPOHOO 2X 1. BnagineHo MHOXWHY, fiIKa € Pi3HNLE LUX KBaaparTiB.

Bubepemo MHOXXUHU V/(K) ana Tux | = 1,...,n Ta K € EP, W0 3a40BONbHAIOTL YMOBY
/o] < 2M, 3a chbopmynoto

V,(fo) = {1 €C: |Re(1- Af)] < U-, Nw(1- Afc)] <

KoxxHa MHOXUHa V/(fc) — ue kBagpaT (puc. 1) 3i cTOpoHOI X\, ueHTpoM A;(fc) i BepunHammn
M ,M_+, M++, M+~ y KOMNNEKCHIW NAOWWMHI 3MIHHOT JI. Toukn M  M~+ M++, M+~
306paxkaloTb KoMMneKcHi uncna A/(fc) —(1 + i)x\/2, A/(fc) — (1 —)x\/2, \\(K) + (1 + i)x\/2,
Ai(k) + (1 - 0* 1/2 BignosigHo.

Puc. 2. O6pa3un kBagpaTiB 3 puc. 1 npu Bigo6pakeHHi J1 -» efcAT.

Hexaih MHOXXUHa V/2(fc)= jrc c :e *iT/2< M <enrtra, arg>(f’;:) |<par/2| — o6pas

kBagpata V/(fc) npn BigobpaXkeHHi A -> enr, a MHOXKUHa V/a(fc) € 06pa3omM KOHLUEHTPUYHOIO
no V/(fc) ksagpata 3i CTOPOHOMO 2X\, TOOTO i MOXKHa 3a4aTu 3a gornomoroto gpopmynu V/a(fc) =

{,,€€: e-*dA<jn j<Err,jarg” I<Xlr}.Togi

Ni(K)
Vir(fe) = {V € C te *I2* rT < I—777l < e*12 1 arg H < X12'-'T\.
Y Pi{K)< Mi(K)
MHoxuna V/r(fc) € yacTiwowo Kinbus € H "1}, AKY BMAHO 3
M Ne)

rnoyaTtky KoopguHart nig kytom X\21~1T (puc. 2). Nnowa (Mmipa) MHOXXUHU V/a(fc), AKY Ha3BeMoO
BMHATKOBOI MHOXXMHOK A1 3a4aH0ro fo 064ncnioeTsea 3a popmMynoro

meas V/(fc) = A W w ()20 IT-7r]W(fc)l2« 2x1T) = AIT|~/(fo)|2(e2tT —e 2*1T).

. eY2X\T _ eY\X\T
OcCKinbKn e2xrT < 21j ----- ]Z ---é;l---- = XiTeY3XiT < x\TeY2XiT, ge y3 € (y\,y2), 10

»B2XAN\T—e~2X'T
meas V/a(fc) = 4xiT|~/(fc)| 2-----------------
< ANMNTIV/fO)N2e22 T < 4(2*1tm )2~ 1 < 32(84T M )2.

O6'eAHAEMO BUHATKOBI MHOXUHW V/p,(fc) B OAHY BUHATKOBY MHOXUHY

U U V/a(fo

JteZP; 1=1
\MkK)\<2M
n
i 3HagemMo ouiHKYy 1T Mmipu: meas Ve = £ E measV;i(fc) < 32(TM)2 E A2 BpaxoBy-
kezP; i=1 ! fcezP
Iw(fc) |[<2Mm

04N NMO3HAYEeHHA aa Ta X, 3BiACU OTPUMYEMO HEPIBHICTb
meas VE< 32nT2{(2n2)xxZM2= enmM2 = £ meas OM- (22)

MapameTp P BBa>KaTUMeMO efleMeHTOM MHOXUHU OM \ VE BpaxoBytoun popmyny (22),
aAna mipm MHO>XXUHU OM \ Ve 3anuiuemo ouiHKy meas (OM \ VE) > (1 —e)meas OMm-

Aewma 3.3 ([4]). Axkwo N2 > p/2, TO%}'IFI Bcix y € OM \ VEpyHkuyis p(/1, t) B obnacTi V/(fc) x
[0, T] mae ouiHKy 3Bepxy |p(i, A) | < —pr’\Z, ned = 8max{2,1 /1| ™ 2nnif(2n2).
Vv E
pkX,{K)t

Ockinbkn A/(fc) € V/(fc) i

H
p € OM \ Ve. ChopmMyntOEMO 3arasibHy TeopemMy iCHyBaHHSA Ta €UHOCTI POo3B'A3Ky 3agadi (1),

(2) y npocTtopi Hg('Dp).

= \p(t, A/(fc))], To ouiHKa (13) BUKOHYETbLCSA A9 BCiX
gNOT

Teopema 4. Hexall BUKOHYOTbCA YMOBU TeopeMun 1, y € Om\Ye- Toniy pasi oo € HN«Sp),
W € Hp_1(5P)/. Q,_t €W -n+i(SP),Aeip = g+ (p+ m(mn - \)r)/2,r > p,iAansa Bcix
BEKTOpiB b € \ iCHye eAMHNI PO3B'A30K 3adadi (1), (2) u € H” (M’>P), AKWii HenepepBHO
3a/1eXKUTb Biff NpaBuUx YacTUHYMOB (2).



AoBefleHHA. 3 TeopeMun 1 BUNAMBAE €AUHICTb PO3B'A3KY 3aadi (1), (2). 3a Teopemoto 3 anda BCix
BekTOpiB b € 0 RP\ Ws BUKOHYeTbCA ouiHka (12) ana N\ > T(Tn —1)(2n + /2, gper > p.
3rigHo 3 nemoto 3.3, anga posinbHoro gy € OM \ VE BUKOHYETbCA ouiHKa (13) ana n2 > p/2.
TakuMm 4YMHOM, 3 TeopeMun 2 BUMIUBAE SIK iICHYBaHHSA PO3B'A3KYy 3agadi (1), (2) 3 npocTopy
M»(2M Tak i ioro HenepepBHa 3aneXHicTb Big PYHKLUili @0 € HY(5p), A€ HY_\(3p),

S @, 1 EHY NnHi(5P) gnay =g+ (p+ m(mn- 1)r) /2. O

BucHOBKU

Y po60Ti po3rnsaHyTO HenoKanbHy KpanoBy 3agavy Ans cmcteMn gudepeHuiansHo-onepa-
TOPHUX PIBHAHBb 3 onepaTtopom andepeHyitosaHHa B=(Bi,..., Bp), ge By= 2y— ,j = 1,...,p,

AKWIA flie Ha PYHKLUIT KomnnekcHUX 3amiHHUX (Q\,...,Zp). Ans BCTAHOBMEHHS PO3B'A3HOCTI 3a-
faui BBegeHo wikanu {H,,(Sp)}a&ti {H "(P ')} i%x npocTtopiB BeKTOp-hyHKLi 6araTboX KOM-
NnieKCcHMX 3MiHHUX. Po3rnagysaHa 3ajava € HEKOPEKTHOK 3a Agamapom, a il po3B'A3HICTb 3a-
NeXXKUTb Bif Manux 3HaMeHHUKIB, AKi BUHUKaIOTbL NPW No6yA0Bi POo3B'A3KY. [loBefeHO MeTPUYHI
TeopeMun NPO OLHKWN 3HN3Y Mannx 3HaMeHHUKIB A1 BCiX (3a BUHATKOM MHOXXWHUW HYNbOBOT
abo manoi Mmipun) BeKTOpIiB, CKIaAeHNX 3 KOMMNOHEHT KoeiuieHTiB A ScucTtemmn Ta napameTpa
M. Ha ocHOBI LnX TeopemM BCTAHOB/IEHO A0CTaTHI YMOBMW iCHyYBaHHA po3B'sA3KY 3agaviy H” (W),
0e q— AoBinbHe gilicHe yncno. 3HargeHo HeobxigHI Ta gocTaTHI YMOBW €4UHOCTI PO3B'A3KY.
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II'kiv V.S., Strap N.I. Non-local boundary value problem for a system of partial differential equations with
operator coefficients in a complex domain. Carpathian Math. Publ. 2014, 6 (2), 242-255.

The paper is devoted to investigation of non-local boundary probleén for a system of partial dif-

ferential equations with the operator B = (B\,...., Bp), where Bj = {;~ , j = I,.,.,p, are operators

of the generalized differentiation, which operates on complex variable zj. Problem is incorrect in
the Hadamard sense and the solvability of this problem depends on the small denominators which
arising in the construction of the solution. By using of metric approach, the theorem about lower
estimation of small denominators was proved, and also existence and uniqueness conditions of this
solution in the scale of spaces of many complex variables functions are establish.

Key words and phrases: partial differential equation, operator of generalized differentiation, pseu-
do-differential operator, small denominators, metric estimation.

Nnbkue B.C., CTpan H.N. HenokanbHaa KpaeBas 3afayva 4na Ans cucTembi guddepeHynanbHbix ypaBHe-

HWI c onepaTOPHbIMYK KO3 hMLMEHTamuy B MHOTOMEPHOI KOMNAEKCHON obnacTun // KapnaTckne maTem.
nyé6n. — 2014. — T.6, Ne2. — C. 242-255.

VccnegoBaHo HenoKanbHYH KpaeByto 3agady A/si CUCTeMbi AnddpepeHUManbHbiX ypaBHeHWUI ¢

4acTHbIMM NPON3BOAHLIMY C BEKTOPHUM onepaTtopom B = (Bj,..., Bp), rae By = zj— ,j —1I,.,.,p,

- onepaTopbi 0606LLEeHHOI0 AMddePEHUNPOBaAHUA N0 KOMMNEKCHOW NepeMeHHOM Zj. 3aaava HeKop-
peKTHa 3a Ajamapom, aee peLleHns cBsA3aHo c Npobaemoi Manbix 3HameHaTenein. [lokasaHo MeTpu-
YecKune TeopeMbi 06 OLEHKax CHU3Y ManbixX 3HaMeHaTene, BO3HMKALWMWX NPY NOCTPOEHUN peLle-
HUSA 3afa4n, a TaK)Ke YCTaHOB/IeHbI YCNOBUS CYLLECTBOBaHMS U eAUHCTBEHHOCTU AAHHOI0 peLleHuns
B LLIKane npocTpaHCcTB PYHKLUNA MHOTMX KOMMIEKCHUX NEPEMEHHHX.

KntoueBbie cnoBa v hpasbi: ypaBHEHME B YACTHbIX NPOU3BOAHbLIX, orepaTop 0606LeHHOro ang-

hepeHUMpoBaHMs, NceBao-andepeHUManbHbil onepatop, Manbie 3HaMmeHaTenu, MeTpuyeckas
OLeHKa.
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®YHKLUIT 31 3B'A3HNM F’PA®IKOM TA BX-PETPAKTU

MNigMHOXKWHa E TononoriyHoro npoctopy X HasnBaeTbcsl B]-peTpaKToOM LIbOro MpocTopy, SAKLL0
icHye BifobpadkeHHA r : X -> E, siKe € NOTOYKOBOI rpaHuLLeto NocnifoBHOCTI HeEMepepBHUX Bigobpa-
XeHb rn : X — E, i Take, wo r(x) = x gna Bcix x € E. JjoBoanTbCa, WO rpadik pyHKLii/ : Ku Y,
Ae npocTip Y — ue o06'egHaHHSA 3pocTaryoi NOCNiA0BHOCTI KOHTUHYYMIB, € Br peTpakTom 406YTKY
R x ¥ Topgi i Tinbku Togi, Konn oyHKLiAA / HenepepBHa.

Kniouosi cnosa i hpasu: Bx-peTpakT, Hi-peTpakT, yHKLiA nepwioro knacy bepa, hyHKuUis 3 ni-
HiMHO 3B'A3HUM rpadikom.

Yuriy Fedkovych Chemivtsi National University, 2 Kotsjubynskyi str., 58012, Chemivtsi, Ukraine
E-mail: maslenizza.ua@gmail.com

Bctyn

Hexaih P — pgesika BnacTumBicTb Bigobpa>keHb. CYKYMHICTb YCiX Bigobpa>keHb Mi>XK TOMO0/10-
rivHMMu npoctopamm X i Y, AaKi MaloTb BnacTusicTb P, Mn no3Havyaemo vepes P(X, ¥Y). CumBo-
nom C My rno3HavyaemMo BNacTUBICTb HEMepepBHOCTI.

Bigo6paxkeHHA / : X -m Y, e X i Y — TONo/OriyHi NpocTopun, Ha3nBaeTbCS

e Bifo6padkeHHAM nepLuoro Knacy bepa, / € Bi(X, Y), AKLWO0 iCHYe Taka MocnigoBHICTb Hene-
pepBHUX BigobparkeHb/, : X —» Y, wo /«(x) —/(x) Aans BCix x € X;

= Bigo6padkeHHsIM NepLuoro Knacy fledera, / € Hi(X, ¥Y), Akwo MHoXXuHa /_1(G) e Tuny o B
X AnAa A0BiIbHOT BIiAKPUTOT B Y MHOXUHU G.

MigMHOXWHY E TOomonoriyHoro npoctopy X Ha3eemMo P-peTpakTom npoctopy X, AKLO0
icHye Take Bigo6paxkeHHa r € P(X,E), wo r(x) = x ana Bcix x € E. Mpwu ybomy Bigobpa-
YKEHHS r HasnBaeTbCcsA P-peTpakuieto npocTtopy X Ha E. AKLL0 Bigobpa>keHHS r HeNepepBHe, TO
E HasmBaeTbCA NMPOCTO peTpakTom npocTtopy X (ams. [1]).

BnactmBocTti H\- i Bi-peTpakTiB gocnigxysanuncsa B [3] i [4]. Tak, B [3] 6yna BcTaHOBNEHA
HacTyrnHa xapakTepusauisa Hi-peTpaKTiB NOBHOMETPU30BHUX MPOCTOPIB.

Teopema 1. MHOoXXMHa E € Hi -peTpakTomM MOBHOMET PU30BHOI0 NpocTopy X Tofii Ti/lbKU Togi,
Konu E € Tuny G$e X.

B [4] 6yno nokasaHo, W0 Bj-peTpakT METPU30BHOIO MPOCTOPY € MHOXMUHOIO TNy Gs, a
LOBINbHUI Bi-peTpakT 3B'A3HOI0 NPOCTOPY € 3B'A3HMM. [poTe, aHi fIoKanbHa 3B'A3HICTb, aHi
NiHiViHa 3B'A3HICTb BXXe He 36epiraloTbca Bi-peTpakyiavu (aus. [4, Mpuknag 4.2]).

TakoxX B [4] 6yB OTpUMaHNin Takuii pesynbTar.
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Teopema 2. Hexaih X — noBHOMe TpPU30BHUI NpocTip i E C X — niHINHO 3B'A3HA | IOKa/IbHO
NiHiNHO 3B'A3Ha Gs-MHOXXMHA. Togi E € B\-peTpakTom npocTopy X.

3ayBa>kKmmo, L0 KOXKHa Bi-peTpaKLis ToOnonoriyHoro npoctopy X Ha MeTPM30BHUIA Npo-
cTip E € TakoXX Hi-peTpakuieto (auB., Hanpuknag, [2, Jlema 2.7]). O6epHeHe TBepA>KEeHHSA He
BipHe HaBiTb AN 3B'A3HUX Gj-MHOXXUH E C R 2. Tak, B [4] 6yB HaBegeHU npuknag yHKL, T
/ : [0,1] —=[—1,1], rpadhik SAKOT € 3B'A3HOK0 G™-NiJMHOXXMHOK (& 3HaunTb, Hi-peTpakTom)
nob6yTky [0,1] x [—1,1], ane He € Bj-peTpakTom npoctopy [0,1] x [—1,1].

Y 3B'A3Ky 3 UMM NpUPOAHO MNocTae 3agada npo onuc pyHkKuin / : R — 1R rpadikm akmx
€ Bx-peTpaktamu nnowuHmM R 2. B yii ctatTi MyM goBOAUMO, WO rpadik pyHKUii/ : R —
Y, Ae npocTip ¥ — ue o6'efgHaHHA 3pocTaroyoi NocNifOBHOCTI KOHTUHYYMIB, € B\-peTpakTom
[O06YTKY R x ¥ Togi i TinbKM ToAi, Konn oyHKUIA / HenepepsBHa.

OCHOBHI pe3ynbTaTtu

Hexalh / — pesike Bigobpa>keHHA TOMONOTIYHOro NpocTopy X y TOMOAOFIYHWNIA NPOCTIp Y.
Mpadik BigobparkeHHA / My no3Havaemo yepes INy. na BCix X € X noknagemo

7/(x) = (*7/(%)

3po3ymino, wo ' = 7/(X). Kpim TOro, 3ayBa>knumo, L0 BigobpakeHHA / : X — Y Henepeps-
He ToAi i TibKW TO4i, KON HerepepBHe BifobpadkeHHA 77 1 X -4 N,

CyKynHIiCcTb BCiX yHKLUiN / : X — Y, rpadikn akux € P-peTpaktamu fo6yTKy X x Y, Mu
6yaemMo no3HavaTtu yepes 'p(X, Y).

Y cBiTni TeopeMn 2 BUMUKAE MUTAHHSA, YN KOXKHA (pyHKUIA / 1R -4 R 3 niHINHO 3B'A3HUM
rpadikom HaneXxxutb Ao Knacy I, (R, R)? NMoka)xemo, W0 BignoBigb Ha Le No3uTuBHAa.

Haragaemo, L0 Bigo6pa>keHHs / MiDK TOMONOriYHMMMW npocTopamMu X Ta Y Mae BnacTuBIiCTb
Aapby, akuio obpas /(C) AoBiNbHOT 3B'A3HOT MHOXXUHN C C X € 3B'A3HOK0 MHOXXMHOIO B Y.

Nema 1. AKuW0 icCHYE GieKLia ¢ 3 BnacTuBIiCTI0O Aapby NiHiliHO 3B'A3HOro raycaopdoBoro npo-
cTopy X Ha Bifgpi3oK [a, b\, TO X — KOMMakT.

AoBefieHHs. 3 NiHIMHOT 3B'A3HOCTI NpocTopy X BUMNAMBAE, LLLO ICHYE Taka HenepepBHa QyHKL A
7 :[ab\ —= X, wo p Ua) = 7(a) i  Lb) = 7(b). Ockinbkn MHOXXUHa @("~{[a,b])) C [ab]
3B'A3Ha | MICTUTb KiHUi BigpisKa [a, b], To BoHa 36iraetbces 3 [a, bl. Togi 7 ([a, b]) = < 1([a, b]) =
X, amKe @ — biekuif. TakuM 4ymHoMm, X — KOMMaKT, SIK raycgopcoBuii HenepepBHUiA 06pas
KOoMNakTa. O

Yepes Tx Ta Ty mMmn bygemo no3HavaTy npoekuii mx : X x Y -» X, TX(X,y) = X, i ny :
X xyY =Y, my(X,y) = V.

TBepp)kXeHHA 1. Hexai Y — TononorivyHuii npocTip. Ang Bigobpa>keHHaf : [a,b] — Y HacTy-
MHi YMOBU PiBHOCUJIbHI:

1) f — HenepepsHe;

2)1 f — niHiliHO 3B'A3HNIA;

3)1f — KomnakT.
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AoBefleHHA. Imnnikauia 1) =& 2) sunameae 3 piBHOCTI 'y = 7y([4, b\) i HenepepBHOCTI Bigobpa-
XXeHHA 7f.

2) => 3). /lerko 6a4uTn, wo npoctip I'f raycgopgoBuii. OCKiNbKY BigobpadkeHHS NX Y €
HenepepBHOIO BieKLi€l0 Ha Bigpi30K [, b], To NnpocTip | f e KomnakTom 3a nemoto 1.

3) => 1). OcKinbKM HenepepBHa bieKLUia NX |p Mi>K KOMnakTamy € roMmeomMopdisMom, TO
BigobpaxkeHHs 7y = (7Tx] )~1HenepepBHe. ToMy BifobpaxkeHHAa / = my o~f : [a, b — Y
TeXX HerepepBHe. O

3ayBakKMMo, L0 Ans Bigobpa>keHHS /, BUSHAYEHOI0 Ha 3B'A3HI NigMHOXMHI X C R ymoBu
1) abo 2) TBepA>KeHHA 1 BUKOHYKOTbCSA TOAI | TiNbKU TOAI, KOMM BOHU BUKOHYIOTbCA AN 3BY-
YKEHHS Bifo6parkeHHA /][ Ha foBinbHWMIA Bigpi3oK [, b] C X. TaKUM YMHOM, 3 TBEPAYKEHHS 1
HeramHO BUMIMBAE HACTYMHUN haKT.

Hacnigok 1. Hexaihn X C R — 3B'A3Ha MHOXXMHa iY — TOMN0M0riYHni npocTip. Ansa Bigobpa-
XXeHHAT : X — Y HacTynHi yYMOBU PiBHOCUNBHI:

1) f — HenepepBHe;

2) 1f — niHiliHO 3B'A3HWIA.

TBepgkeHHS 2. Hexah X C R — 3B'A3Ha MHOXMWHa i ¥ — NiHINHO 3B'A3HWI NpocTip. Ans
Bigo6parkeHHAT : X -* Y HacTynHi yMOBU PiBHOCUJIbHI:

1) f — HenepepsHe;

2) 1f — niHiiHO 3B'A3HWNIA;

3)1 f — peTpakT o6y TKY X X VY.

AoBefieHHA. JocuTb gosecTu iMmnnikayii 1) =1 3) = 2).

AKLW 0 Bifo6pad>keHHA / HemnmepepBHe, TO i BifobpadkeHHA T : X X Y -> I/, r(x,y) = y(x),
HernepepBHe, NPUYOMY r(x,y) = (x,y) AN0s BCiX (x,y) € lNy. OTxke, 1) =p 3).

AKwo X r : X x Y —T/ — pedAka peTpakuisa, 1o npocTip If = r(X X ¥Y) niHiHO 3B'A3HWI
AK 06pas NiHiHO 3B'A3HOr0 NPOCTOPY NpPU HeNepepBHOMY BigobparkeHHi. TakKnm YMHOM, BCTa-
HOB/eHa iMnnikauia 3) => 2). O

Haragaemo, w0 3B'A3HMI KOMMOAKTHWUM raycaopgoBuii NpocTip Ha3MBaeTbCA KOHTUHYY-
Mom. KaszaTumemo, w0 raycaopoBuii NpocTip € Cr-KOHTUHYYMOM, KLU0 BiH MOJAETHCA Y BU-
rnaai o6'egHaHHA 3pocTaryol NOCNIA0BHOCTI CBOIX 3B'A3HUX KOMMAaKTHUX NigMNpoCcTopiB.

MignpocTip E TononoriyHoro npoctopy X HasnBaeTbCcA cnabkum B\-peTpakTom [5] uboro
NnpocTopy, AKLLO0 iCHYE TaKa MocnigoBHICcTb (rn)“=1 HenepepBHUX BigobpaXKeHb rn : X E,
uo rn(x) -» x gnda Bcix x € E.

TeeppkeHHA 3. Hexahn X C R — 3B'A3Ha MHOXWHA, ¥ — O-KOHTUMHYym i f : X % Y —
Bifob6pa>keHHs, rpadik AKoro € cnabkum B\-peTpakTom gobyTKy X X Y. Togi Bigobpa>keHHH
f HenepepBHe y BCiX BHY TPILLHIX TOUYKaxX MHOXXNHN X.

AoBefleHHA. PO3rnsaHeMo nocnifgoBHICTb (rU)~=1 HenepepBHUX Bigobpa>keHb rn : X X ¥ —¥|f,
Taky, uo rn(p) —p 4na scix p € If, i Taky 3pocTtatouy nocnifoBHicTb (Kw)“ =1 KOHTUHYYMIB,
()}
woyY = U K.
m=1

BisbmeMoO [oBinbHUIA BIigpPIi3oK [a, bl C int X i nokaxkemo, W0 Bigobpa>keHHA / Hemepeps-
He Ha uboMy Bigpi3Ky. Hexai X\,x2 — Taki Toykn 3 X, wo xX\ < ai x2 > b OcKinb-
K r,(jf(xi)) — 7f(xj) npni = 1,2, To icHye Take n € N, wWwo ax(r,(7(xi))) < 4ai
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XM 7(*2))) > b MoszHaummo Fm = xx (rn([xi,x2 x Km))- Togi (Fm~=i — 3pocTatoya no-
CNifOBHICTb KOHTUHYYMIB B IR 06'eqHaHHA SKMX NOKPUBAE Bipi3oK [f, b]. Jlerko 6a4ynTun, w0
icHye Take T e N, wo [8,b] C Fm. Togi ' = ([a, B\ x ¥Y) nrn([x\, x2 x KT). OTXe, rpadik
3BY>XEHHSA /[4, € KoMNnakToM. 3 TBepA>kKeHHA 1 BunavBae, Lo BigobparkeHHsA frab\Henepeps-
He. O

3 TBepOYKeHb 2, 31 04eBUAHOro BKMtoYeHHA Mc(X, Y) C MB(X, Y), AKe cnpaBaXXyeTbCcA oA

OO0BITbHMX TOMONOriYHUX NpocTopiB X i Y, BUNAMBae HacTynHWA pe3ynbTarT.
Teopema 3. Hexaii Y — g-koHTuHyyM. Togi Tc(IR,Y) = IR, (IR, Y) = C(R, Y).

3ayBadkeHHs1 1. Teopema 3 He BipHa 419 YHKLiN ABOX 3MIHHUX. PO3rngHemMo Taky OyHKLit0
/ :R2—=1R wof(x,0) = —x2npu M < 1lif(x,y) = 0npwm (x,y) € R2\ ([—1,1] x {0}).
dyHKuiaf po3puBHa BYycCixX To4ykax MHOXKUHU [—1,1] x {0}. M'padoik | f yiei pyHKLiTE NiHIlAHO
3B'SI3HO0 | JTOKAILHO JTIHINHO 3B'A3HO0 Gj -nigMHOXXMHOK npocTopy R3. Tomyf € TBI(R2R)
3rigHO 3 TeopeMot 2. 3 iHWoro 60Ky, MHOXKMHa | f He 3amkHeHa B R 3. 3Biagcu Bunameae, W0
/ N Tc(R2R), amKe AOBINIbHUI peTpaKT raycAopoBoro NnpocTopy 3aMKHEHU B HbOMY.
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Karlova O. Functions with connected graph and B\-retracts. Carpathian Math. Publ. 2014,6 (2), 256-259.

A subset E of a topological space X is called a Bi-retract if there exists a mappingr : X —E
which is the pointwise limit of a sequence of continuous mappingsr,, : X E and r(x) = x for all
X € E. We prove that if ¥ is a union of an increasing sequence of continuums, then the graph of a
function/ : R —Y is a Bl-retract of R x ¥ if and only if / is continuous.

Key words and phrases: -retract, H]-retract, Baire-one function, function with arcwise connected
graph.
KapnoBa E. ®yHKLMK cO CBA3HbIM rpadpmkoM u B\-peTpakTbi // KapnaTtckmne matem. ny6n. — 2014.
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MoamHoOXecTBO E npocTpaHcTBa X Ha3biBaeTcAa Bi-peTpaKToM 3TOro NpocTpaHCcTBa, ecnu cyle-
CTBYeT oTobpaxkeHue r : X —> E, KOTOpOe ABNseTCA NOTOYEeYHbIM NpefenomM rnocnefoBaTe/isHOCTH
HenpepbiBHbIX 0TO6paXkeHWi rn : X — E, npunyem r{x) = x Ansa Bcex x € E. [loka3aHo, 4To rpadunk
dyHKUMN / : R -» Y, rae NpocTpaHCTBO Y — 3T0 06beunHEHME BO3pacTaroLle nocnegoBaTe/ibHO-
CTU KOHTUHYYMOB, fiB/IsieTCA Bi-peTpakToMm npoussefeHs R X Y B TOM 1 TO/IbKO TOM Ciy4ae, ecin
hyHKLMA / HeNpepbiBHA.

Kniouesbie cnosa u hpasun: B\-peTpakT, Hi-peTpakT, yHKLNA NepBoro knacca B3pa, pyHKLmMs €
NVHERHO CBA3HLIM rpadnKoM.
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Introduction

The notion of tiled orders was introduced at first in [1]. Gorenstein tiled orders appeared in
the first time in the article [2] and a convenient criterion for tiled order to be a Gorenstein order
is also given there. Itis shown in [3] that injective dimension of a Gorenstein tiled order is equal
to 1 More then this tiled orders with injective dimension 1 are Gorenstein. The description of
cyclic Gorenstein tiled orders has been done at [4].

The aim of this article is to describe exponent matrices of Gorenstein tiled orders. The
necessary and sufficient condition for possibility such to construct a Gorenstein tiled order
which has given orders over some discrete valuation ring (the unique for the whole main
diagonal) on the main diagonal and its permutation be a product of correspond cycles with
given cyclic Gorenstein tiled order is considered.

The necessary information about tiled orders and exponent matrices can be found in [5,6].

1 Tiled orders over discrete valuation rings

Recall [7] that a semimaximal ring is a semiperfect semiprime right Noetherian ring A such
that for each primitive idempotent e € A the ring eAe is a discrete valuation ring (not neces-
sarily commutative).

Denote by M n(B) the ring of all n x n matrices over a ring B.
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Theorem 1 (see [7]). Each semimaximal ring isisomorphic to afinite directproduct ofprime
rings of the following form

i @] nma™0 ... 7 I \
TR0 O s T
A= e &)
y TopO mn*ri0 ... o )

wheren > 1, O is a discrete valuation ring with aprime element n, and are integers such
thatcijj + iXfi > ax, o= Oforalli,j, k

The ring O is embedded into its classical division ring of fractions T>, and (1) is the set of
all matrices (an) € M n(V) such that

a,j € maio = euyAeu,

where e\\,...,em are thematrix units ofM n(V). It is clear thatQ=M n{V) is the classical

ring of fractions of A. Obviously, the ringA is right and left Noetherian.

Definition 1.1. A module M is distributive if its lattice of submodules is distributive, i.e.,
KMN(L+ N)=K(IL+ KnN

for all submodules K, L, and N.

Clearly, any submodule and any factormodule of a distributive module are distributive
modules. A semidistributive module is a direct sum of distributive modules. A ring A is right
(left) semidistributive if it is semidistributive as the right (left) module over itself. A ring A is
semidistributive if it is both left and right semidistributive (see [8]).

Theorem 2 (see [9]). The following conditions for a semiperfect semiprime right Noetherian
ring A are equivalent:

e A is semidistributive;
e Aisadirectproduct of a semisimple artinian ring and a semimaximal ring.

By a tiled order over a discrete valuation ring, we mean a Noetherian prime semiperfect
semidistributive ring A with nonzero Jacobson radical. In this case, O = eAe is a discrete
valuation ring with a primitive idempotent e € A.

Definition 1.2. An integer matrix£ — (a.n) € M ,,(Z) is called
e an exponent matrix tioin + ay > oc™and «uy= Ofor alli,j, k;
e areduced exponent matrix ifun+ ay > Oforalli,j, i ® j.

We use the following notation A = {0,8(A)}, where S(A) = (ocu) is the exponent matrix
of the ring A, i.e.

n = £ euTrto,
ij=i
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in which ey are the matrix units. If a tiled order is reduced, i.e., A/R(A) is the direct product of
division rings, thena;; + au > Oifi ®j, i.e.,, £(A) is reduced.

We denote by M (A) the poset (ordered by inclusion) of all projective right A -modules that
are contained in a fixed simple Q-module U. All simple Q-modules are isomorphic, so we can
choice one of them. Note that the partially ordered sets Mi (A) and M r(A) corresponding to
the left and the right modules are anti-isomorphic.

The set M (A) is completely determined by the exponent matrix £(A) = (a,.). Namely, if
A is reduced, then

M (A) = {pfli=1,...nandz € Z},
where
) fz-z'>a IfM(A) = Mi(A),
Pl<V) \{-U'>a.p  if74(A) = M r(A).

Obviously, M (A) is an infinite periodic set.
Let P be an arbitrary poset. A subset of P is called a chain if any two of its elements are
related. A subset of P is called a antichain if no two distinct elements of the subset are related.

Definition 1.3. A right (resp. left) A-module M (resp. N) is called aright (resp. left) A -lattice
if M (resp. N) is afinitely generated free O-module.

Given atiled order A we denote Latr(A) (resp. Lati(A)) the category of right (resp. left) A-
lattices. We denote by Sr(A) (resp. Si(A)) the partially ordered by inclusion set, formed by all
A-lattices contained in a fixed simple M,,(X>)-module W (resp. in a left simple M,(Z?)-module
V). Such A-lattices are called irreducible.

Let A = {0,e(A)} be a tiled order, W (resp. V) is a simple right (resp. left) M n(T>)-
module with D-basis e\,...,ensuch that €[er = 5u€b (e ~ = &"Bi).

Then any right (resp. left) irreducible A-lattice M (resp. N), lying in W (resp. in V) is a
A-module with (9-basis (n~BXx,..., nUen), while

oj+ Qjj > (N, for the right case;
{ aj + ada > du for the left case.

Thus, irreducible A-lattices M can be identified with integer-valued vector (ay,..., an) sat-
isfying (2). We shall write £(M) = («!,...,«,) orM = (ax,...,an).

The order relation on the set of such vectors and the operations on them corresponding to
sum and intersection of irreducible lattices are obvious.

Remark 1.1. Obviously irreducible A-lattices M\ = (ayx, ...,an)and M2 = (Bx,...,Bn) are
isomorphicifand onlyifaj = Bt + zfori = 1,...,n andz € Z.

For each right (left) A-lattice M (N) itis defined aleft (right) A-lattice M* = Hom M, Oq)
(N* = Horno(N,00)) such that M** = M (N** = N) (see. [7], §3). For an arbitrary ¢ € M*
and a € A the multiplication a@ is defined with the formula (a@)(nt) = @(na) where m € M.
For every homomorphism @¢: M -* N of right lattices it is defined a conjugated homomor-

phism g*: N* M* of left lattices with the rule = f(tpm).
It is especially easy can be defined the duality for an irreducible A-lattice. Let M =
(oiy, - mm,&,) be an irreducible A-lattice. Then M* = (-ax,..., -ccn)T is an irresucible left A-

lattice and for M C N we have that N* C M*.

Let A be a reduced tiled order with the exponent matrix i (A) = (a,y). Denote P, =
(a,%,..., @jn) and Qk = (aw,..., a”)T,where T is a transpose operation.

Definition 1.4. A A-lattice M is called relatively injective if M = P* where P is a projective
A -module. Projective A-lattice P is called bijective A-lattice ifP is aprojective left A-lattice.

Example 1. Let A be areduced tiled order with exponent matrix £ (A) = (oiu), where

/0 0O 0O 0O O O\
1 00 0 01
2 10 0 01
(A
(A) 2 22 0 01
3 32 101
V3 21 100/

Here P* ~ QYP2 ~ Qe, P] » Q3,P¥ ™ Q2,P8 - Qi butp3s ® Q4

2 Gorenstein tiled orders and their exponent matrices

Definition 2.1. A tiled order A is called a Gorenstein tiled oreder if A is a bijective A-lattice i.e.
if A* is aprojective left A-lattice.

Further we will call a Gorenstein tiled order just as Gorenstein order.

Theorem 3 (see. [2, lemma 3.2]). The following conditions are equivalent for a reduced tiled
orderA = {O, E(A) = (oipg)}:

(a) an order A is Gorenstein

(b) there exists apermutation o : z— cr(i) such thata* -f &dd4,) = aa™ fori= 1,...,n; k=
1,.,..n.

Denote with M n(z) the ring of all square n x «-matrices over integers ring Z. Let £ €
Mn(Z).

Definition 2.2. Callamatrix £ = (a,3) as exponent matrix if + agk > &kfori,j,k = 1,.,.,n
andoia = Ofori = 1,.,.,n. Theseinequalities are called ring inequalities. An exponent matrix
£ is called areduced exponent matrix if o+ ogi > Oforalli,j = 1,...,n.

Definition 2.3. Two exponent matrices £ = (ocjj) and® = (8n) are called equivalent if one can
be obtained from another with a composition of transformations of the following two types:

(1) subtracting some integer from all elements of i-th line with simultaneous adding this
number to all elements of the i-th column;

(2) simultaneous permuting of two lines and two columns with the same numbers.

Definition 2.4. The following exponentmatrix £ = (oin) € M n(z) is called aGorenstein matrix
if there exists apermutation ¢ ofaset{1,2,..., n} such that

Kik + 4a(i) = Awo(i) foralli, k



The permutation ¢ is denoted with cr(£). If a matrix £ is a reduced Gorenstein exponent
matrix then cr(£) does not have fixed points.

Proposition 2.1 ([5]). Let £ = (kuy) and © = (8n) be exponent matrices and © is obtained
from £ with composition ofpermutations of the type (1). If £ isareduced exponent Gorenstein
matrix with correspond permutation cr(£) then © is also reduces exponent Gorenstein matrix
with apermutation 0(©) = &E£)m

Proposition 2.2 ([5]). If £ is a Gorenstein matrix then any second type transformation O it
leaves to be a Gorenstein matrix and for the new correspond permutation n we have n =
~Vtie o(®) = 1~V (£)r.

Remark 2.1. A reduced tiled order A is Gorenstein if and only if when its exponent matrix
£ (A) is a Gorenstein matrix.

Definition 2.5. A reduced Gorenstein exponent matrix £ is called cyclic ifa(£) is a cycle.

Lemma 2.1 ([10]). LetAbe areduced Gorenstein tiled order with an exponent matrix £ (A)
(ocij) and Kirichenko permutation . Then «*(,x/) + «*(/>(*) - M«X*) = a7+ alk~

Proof. After adding kg™ ¢/ to both sides of the equality CC j = Kn+ a;0(;) we obtain

«f<r(i) ‘F a<t(ijo(/) «ij "FNer(i) ao()o(/) or aio(i) F «cr(i)er() «i/ F ~jed)'

Represent am(r) and aw/) as sum of two summands as follows k% + &ka(i) + «a(1)cr(j)
otij + Gk + KkK(r(]). Whence obtain kKT + a<r(i>(;) - Yall) = «/ + «fc ~ «ifc: Further we get

(«faj(/) ‘F «far(fc)) F «cr(i)cr(/) — (afccr(}) "F n-Aa(A) ~ « ij "F «/fc — «ifc:

Again represent gta(fg as two summands as follows

(Ffar(i) F doa(/) "Fai7)7fd) F ~cr(a() ~ (foot) "FnKa() F «r(jorfc) — «d/ F Dk~ « ikm

We have F aat)(&i) —<rijcr(fic) = «/ F Kk ~ Nk ~

3 Cyclic Gorenstein orders

Lemma 3.1 ([4]). Let A be areduced cyclic Gorenstein tiled order with an Exponent matrix
£(A) — (ocj) and Kirichenko permutation ¢ = (12...n). IfKy = Oforalli = 1,...,« then
Ky = Kyn+2-j for1<j <n.

Proof. The lemma 2.1 gives that kn + Kji = Ao,n(uoo,nu + <V"(crnmy/) f°r an arbitrary natural m.
Fori = 1we have

@+ Kjl= Oangl)dangj) + a#n{)aimil)-
As <is a cyclic permutation then there exists an integer m such that am(j) = 1 The equality
cm(j) = j+ m (mod n) yieldsj+ m = n+ 1. Som = n+ 1—j. This gives that Im(l) =
1+m= n+2—jandcty+ Og = ant2_p F aiffk2/- Now the lemma conditions yields
Kji = Kn+2-j,\ = O0Whence Ky = Kyn+2-j. O

Proposition 3.1 ([4]). Letcecn,«i3,..., K\n be an arbitrary set of real numbers. There exists the
unique matrix (kKu) such that these given numbers are elements of the first line of this matrix
and equalities Kk = KK\ — 0 and KikF «*,-+\= ku+\andk= 1,...,n;i= 1,..., n—1hold.

Proof. Let Kki — 0. Obtain other elements akm of the matrix (kn) from the linear equations
system Kik+ nki+1= fiii-1 k—1,...,n;i—1,..,n- 1

Really Kkk+i = Kki + klk+ri —«lit+i for k < n. The equality klk+ kk2 —«ir gives that kK2 —
K12 - Klk As KK+ Kek+1 = Kkk+1 = Kik+1 then either K2k+t\ = kK1k+l - KK = KIk+l + KIK- a12
or Ky = al?+ ai7_i - K2 forg> 1.

Further KX+ KK = a23 = «iz whence KK3 = k13- KX = k13+ al2- KIK- KIK xfork > 1
From the equality KiIG + K3k+l = Kkktl = K1ktl find the k3k+1l as k3k+l = KIktl - KK3 = KIktl +
*iK + «Ifc-i - «i3 - «12 which is the same as a3?= Ky + ky”™ + Kltj_2~ «i3 - «ir forq > 2

Assume that for I < n elements of the /th column o for k > 1—2 can be represented
through elements of the first line as follows

I 1-2
w=E * 3 aikj,k> 1—2,
j:2 =0
and elements of the I-th line Ky, for g > | —1 are represented through elements of the first line

as follows ) )
- i i
«g—E «lg4~E «Qj/g>1~1*
7=0 /=2
Find expressions for elements | + 1-th column and | + 1-th line through elements of the
first line.

The equality Kk+ Kk/M = kn+l = ku+l yields

(i-1 [ \
W+1= /4% alk= a1+ - | Edfe7- E
\7=0 7=2 J
/+1 /-1 /+1 (/+1)—=
= E - Eau-?z E ~ E au-7'k> 1~ 1 or *> (/n-i) —2.
=2 70 =2 7=0
Further have a*#+1 + a/+isfc+l = afgfcH = «u +i- Whence,
Ji+i (i+i)—2
«/+U+1 = «U+1 - dc/H = «u+i “ Euv -~ E «,fc~#
V/=2 70
(i+%—l /+1
= «i,(fc+i)/—E ai//f ~"F 1> F1 —1 or
70 =2
(/+1)-1 /+1
/H,<T = E «<j~/—E «V' ~>("F1) — 1
7=0 7=2

Whence with the use of induction by the number of a line and column obtain find the
unknown elements of the matrix (a,)). They are expressed with the elements of the first line
with the following formulas

m—2

m
4m= E av* E aik-jfork> m- 2; (3)
7=2 /=0



fc-I k
4dm = E «Im -j - E av form > fc- 1. (4)
7=0 7=2
During this process we have considered all the equations o,* + «fci+tt = «i+i/ k = |,n;i =

1, n —1 Itis obvious that the solution of the system of linear equations satisfies the equations
of it. More the equation (3) yields

k 2
4k = 2 ay - L-ai*-j=0,fc= 2,..., 9,
7=2 7=0
and from the equation (4) we get
fc-1 fc
4k = N dfc— N «if =0,fct= 2,...,9
7=0 7=2
[]
The formula (3) yields
m m—2 m—2 m—
am—Am = X «1/ ~«,m—aA—~/~ Xj «I,m—f~ «lf —«11
=2 /0 t=0 f=2
(m-N)-I1 m1
= 2 aim-t- X «it, m= 3,n.
t=0 =2
The last equality is the expression for with the use of the formula (4).
This means that the former linear equations system is consistent.
Whence we have got the matrix (a,;) whose elements can be calculated with formulas
"0, ifm= 1,
m m—2
E «V- E «dfc-f/ iffc> m> 1,
7=2 7=0
4m fc-1 fc (5)
E «ddm-/- E «1/ ifl< fc< m,
7=0 7=2
«lm/ iffc= 1*

Corollary 3.1 ([4]). Let (a,y) be a matrix whose elements are calculated with (5) and ocy =

ui,n+2-j f°rj = 2 Then aiij + Kja(i) — aio(i) f°r //= V- ---/nwhereg = (12... n).
Proof. As al; = ai;WH2-y then
m m—2 m m
«AT — X)) «1/ — «ln-; = «1/ «1,m+2—i = 0
i=2 7=0 7=2 *=2

and a,m+ anm = an = Ofor all w. Whence elements of the matrix (a,y) satisfy the condition
«i; + «'<r(») = ai'af) foraH*/= 1/---/nwhereo — (12...n). O

Proposition 3.2 ([4]). Let (a.n) be a matrix whose elements satisfy the equality (5). Then for
every triple or pairwise differentnumbers i,j,k there exist p,q such thatocjj + O —o ¢ = apg.

Proof. Rewrite the equalities (3)-(4) as follows

m m-2 m k
4m = E «li - E «fc-i= E «If - E«lIf forft> m> 1,
j=2 /=0 f=2 f=fc-m+2
fc-1 fc w fc
dfom= E «Im-; - E «li - E «lf~ E «If form> fc> 1.
;'=0 /=2 f=m—fc+1 f=2

Denote Syt = dtij + oi —ttjk.
It is easy to check that if the numbers z/, fcare pairwise different then the equality

«*—fcH, /—feH if min(i,j, k) = fg
«pd— < 4-j,i-j+ I/ if min(i,j,k) =,
ocj-itk-1i, if min(z',/,fc) = i

holds. In the case when at least two indices coincide one obtain

$ijj ~ Mij1" o/ —y = Of
/M= «ll + fc—«fc = 0,

SA/ — «jj+ Oij 004 = Oin+ Oiji = «,|/—y|+l ~ o.

Corollary 3.2 ([4]). A matrix (a,,) with non negative elememts which satisfy the equalities (5)
and o = ajitl+2-j f°r all 2 < j < n is a Gorenstein reduced exponent matrix of a cyclic
Gorenstein order with the Kirichenko permutationc = (12 .- n).

Proposition 3.3 ([4]). The exponent matrix (a,y) of the cyclic reduced Gorenstein tiled order A
with the Kirichenko permutation o = (1 2 - - n) such thatoay = Ofori = 1,nis symmetrical
in the main diagonal.

Proof Itis clear that the matrix (ai;) is symmetrical in the second diagonal if ™ —an+i_y,nt+i-i-
After the direct checking one may make sure that «&™~r—an + = Ofor all fc m. O

Corollaries 3.1, 3.2 and the proposition 3.3 yield the following theorem which gives the
whole description of the reduced cyclic Gorenstein tiled orders.

Theorem 4 ([4]). Any cyclic reduced Gorenstein tiled order is isomorphic to a reduced order
A with Kirichenko permutation = (1 2 .- n) whose exponentmatrix € (A) = (an) has the
following properties:

1) all elements of the matrix (ocu) can be expressed with the formulas (5) through []] natu-
ral parameters « 12, - - - /«1 ™ 1+1;

2) «i; = «1,n+2-/ for allj;

3) the matrix (ccjj) is symmetrical in the second diagonal.

Conversely each non negative integer valued matrix (a,-y) which satisfies the properties 1-3
from above such that an + ccji > O for ({ ¢ j) is an exponent matrix of some cyclic reduced
Gorenstein tiled order with the Kirichenko permutation o = (1 2 - ).



The elements of the exponent matrix (ai;) of the a cyclic reduced Gorenstein tiled order A
with Kirichenko permutation 0 — (1 2 - - n) satisfy the equality

N . o
1-/E7:1 e 1(a 7+ V (0)7 . .1%:10(10{1) . rél fer(i)
n2 In2 2n2 21
ni
z
The value t = =]”j is much importantin the studying of cyclic Gorenstein orders.

Theorem 5 ([11]). Let A be areduced cyclic Gorenstein tiled order with exponent matrix £ (A)
and Kirichenko permutation g. An order A is isomorphic to an order A' whose exponent
matrix is a linear combination of powers or a matrix of the Kirichenko permutation o if and
only if yly] m2 aio(i) = tis anatural number.

Proof. We will assume thato — (1 2 - n).
All cyclic Gorenstein tiled orders are described at the theorem 4. Elements of an exponent
matrix of such order satisfy the equalities

"0, ifm= 1,
T o«l/- I 4k-j iik>m> |,
i=2 i=°
4m = k—1 k w
2 «im-i- X «ii ifl< k< m,
7=0 7=2
T iik— 1
Let Myl - Z aic(i) = t be a natural number. Show that with the transformation of the first

type the exponent matrix of the order A can be transformed to an exponent matrix with the
necessary property. Let us do the transformations of the first type. Let us add the number Xk
to all the elements of the k-th line and lets subtract if from all the elements of the k-th column.
Then the equality akm = @m+ Xk —Xmwill appear. To find xkwe will need s#(liy® = tfor all k
Consider the linear equations system

Xl —x2= t- Ci\2

X2 —X3 = t—«23/

Xfi—1 Xn — t M-n—Inr

Xn ~ X1 = t~&nl
It has a solution

X=«2- t+ Xl,
X3 = al2+ «23 —2t+ XI,

Xk= «12 + 23+ .-+ 4-1k- (fc- 1)f + X1,

XN —«12 + «23 + ++++ ««-In —(n —1)t+ Xl

That is why the exponent matrix £(A) = (an) can be reduced with the transformations of the

first type to the matrix(ajy) = £{A') such that = tforall k
Now show that ui} = «™(I>(/) for alii,;. Really equalities ccafi) = t = a';+ a'a(}inaf) =
f= a}a(i) + YleWN that<j = <(,>(/) for a11i’l-

i—I n
That iswhy S(A') = Zn a\,Pé where Po = X ejali) and €Hare matrix units.
7=1 1 /=1

The converse statement is obvious. O

4 Gorenstein orders with pairwise isomorphic simple cycles

The matrix transformations of two types change a sum of elements of a matrix. It is easy to
see the following proposition.

Proposition 4.1 ([11]). Let A and A 1be two isomorphic reduced tiled order with correspond
exponent matrices £ (A) — (ocjj) and £(A') = (aJ) whose Kirichenko permutations are ¢ and

n n n n
o' correspondingly. ThenX 4j= E<- and X 40(i) = X «0f1):

ij ij i=1 i=1
Lemma 4.1 ([11]). Let A be areduced Gorenstein tiled order with correspond exponent matrix
£(A) and Kirichenko permutation o and let g = o\ mo2 be a decomposition of ¢ into the
product of two disjoint cycles. Then

> «1(7! (i) E «fc"(fc&
i
I<ai> | < 2> |
Proof. We can assume thato\ = (12 --mn)ando2= (n+ 1n+ 2 ... n+ m) (we can reach

this with the isomorphic second type transformations of lines and columns of the exponent
matrix £(A)). Then the exponent matrix £ (A) will become of the form

c _ ( Ex f12
U 2t £2

where £\ is an exponent matrix of a reduced cyclic tiled order with Kirichenko permutation
o\ and £2 is an exponent matrix of a reduced cyclic tiled order with Kirichenko permutation

a2. That iswhya,;+ ccj™ = aln@) forall; = n+ 1,...,n+ m,i= 1,...,nandad+ nwy =
aekforall 1 =1,...,n,k —n+ I,.../n+ m. whence obtain
n+m n+m
rriZ adl) — 20 YLm:T{l 2 2 (g/+ar)
i=1 —) j=n+li=I 1=n+li= I(a
n+m n+m n+m
— Z_l > (aW/ (72(Jfc) — Z Z akch{k) n > aK2(K)-
Z=Ifc=«+1 k—n+1
n n+m
n n+m > “ict) E ak2{K
Whence m IZ «I710=MNm o L4a2(|<) e~ — - O
K=n+



Corollary 4.1 ([11]). Ifn and m are pairwise simple then

n n+m

T a«7i(i) X a ka2(k)

i=1 _ k=n+1 _ £
n m

where t is anatural number.

Lemma 4.1 provides the sufficient condition for the possibility to construct the Gorenstein
tiled order with the correspond exponent matrix with a given Kirichenko permutation o which
decomposes into independent cycles o\,... ,crs and two sided Piers decomposition of A has
blocks Ai,..., Ason the main diagonal. The input data for this condition is a set of the cyclic
tiled orders AY,..., Aswith the cyclic permutations o\,...,oBcorrespondingly. Call this con-
dition Q and it is following

IN-iai(;) /Car&l/)
(Q) w ° " =W
Lemma 4.2 ([11]). Let A be a reduced Gorenstein tiled order with correspond exponent ma-
trix £ = (0ijj) and Kirichenko permutation ¢ = o\ m02 whereo\ = (1 2 .. n), 02 =
(n+1 n+2 -+ n+ m) such that numbers n and m are piecewise simple. Then the or-

der A isisomorphic to the order A" with an exponent matrix

£/ * 1272
\ 2121 &

where £[, £r are exponent matrices or reduced cyclic Gorenstein orders with permutations
A=(1 2 - n)andao2z=( n+ 1 n+2 --- n+ m) which are linear combinations
ofpowers ofpermutation matrices Pox/Pa2 correspondingly, U\2, U2\ are such matrices that all
their elements are equal to ones X\2, *21 are integers such that

n n+m

2 ar<yir) > a far2(fc)

/=1 /c=n+l

X124 x2\ —t = wmFommmmoen — e 20 :
n m

Proof. An exponent matrix of a Gorenstein tiled order whose Kirichenko permutation is a
product of disjoint cycles has a following form

c_ ( £i2
u 2 £2
where E\ = eEe, e = e\\+ .-+ emn,f — E~ e £2 —f£f are exponent matrices of cyclic

Gorenstein orders with Kirichenko permutations o\, 02 correspondingly. As numbers n and m
are pairwise simple then the corollary 4.1 gives that

n n+m

A 1=1 _ k—n+1
n m

is anatural number. Then according to the theorem 5 matrices £\, E2 can be reduced to matrices
£] and £2 with transformations of the first type. The last matrices are linear combinations of

permutational matrices Pai and Pa2 correspondingly and mire then this «/7(,;) = 402K = f

forall{=i,.,.,n andk= n+ 1,..., n+ m. The conditions to be Gorenstein matrices yields
<j+ Vi@ = ani(0 = tforall*= 1,--.,n,j = n+ 1,...,n+ mand aw + af&f) = k7K = t
forall/= 1,...,nandk= n+1,...,n + m. Whence for; = kand | = o\(i) obtain o;;; + c.gx =
aM (0  a™Mi(*>2j) *e- au = aai(i)oA/) lengthes of permutations o1 and g2 are pairwise simple
then an = o\n+\foralli=1,.,.,n,j = n+ 1,...,n + m. Denote ai,+1 = x\2arational number.

Then oo — an+1t = t —X\2. Whence the exponent matrix £' will be of the following form

g *12M2
X221 Er

£' -

where E[ and £2 are reduced exponent matrices of cyclic Gorenstein orders with permutations
oA=(12 - n)yYanda2—(n+1 n+2 ..+ n+ m) correspondingly which are lin-
ear combinations of powers of permutational matrices Pay, Pff2 correspondingly 1212 and U2\
are matrices whose all elements are equal to one. So,

n+m

E fticr\(i) _E «far2(/e)
. & k=n+1
12+ X1 =t = n m

[

Theorem 6 ([11]). Let A be areduced Gorenstein tiled oreder with an exponent matrix E (A)
(an) whose Kirichenko permutation o is a product of cycles which do not intersect ¢
o\ mmmom and whose lengthes are pairwise simple. Then the order A isisomorphic to an order
A 1with Kirichenko permutation ¢' = ¢ amand exponent matrix E(AQ = (aj.) of the form

( £\ * 12712 xImUIm
X\N2u 2\ €2 X2mu2m

\ xm\LIml  XmlLf-ml

where
KA
> ftka¥
3 y k=1
Xij + Xji
< a> |
foralli,j = 1,...m,i @ j and X, + X;s > for all pairwise different i,j,s 1,... m, £*

are exponent matrices of cyclic Gorenstein orders with Kirichenko permutations which are
conjugate to those Kirichenko one a! whici are linear combinations of permutational matrices
Pa:(k=1,...,m).

Proof. A Gorenstein tiled order A is isomorphic to an order A" with Kirichenko permutation

¢' = o] mm dTwhere each permutation dk acts on a set of natural numbers. Then the exponent
matrix of the order A" will be of the form



As orders of permutations dk are pairwise simple then

l«?i> |
E oakaik
t = fc=1
< cr > |1 I < crF >
for alli = and t is a natural number. Whence exponent matrices £k with Kirichenko

permutations akcan be reduced to the linear combination of powers of permutational matrices
Ppi with transformations of the first type.

For arbitrary iandj (i ¢ j) consider a Gorenstein tiled order with a Kirichenko permutation
a- - a- and an exponent matrix

( E|,| V , |)
{4 ¢")
According to the lemma 4.2 its exponent matrix can be reduced to the form
%ij LU}
£'i
were matrices £] and £j are linear combinations of powers of their permutational matrices.
Whence the exponent matrix is of the form

( £i X2y - ximyJin
X\2uU 21 £2 x2muU2n
e(N") =
A\ xmlUm\ xm2"m2 Yy
Inequalities Xu + Xjs > xiscome from ring inequalities a —p mjk — «ffc. ]

5 Gorenstein tiled orders with mutually prime lengthes of cycles

Let A = {0,E(A) = (a;/)} be a reduced Gorenstein tiled order with Kirichenko per-
mutation 0 where ¢ = o\ m asis the decomposition of o into the product of cycles, mkis a

length of the ak. We can assume that ak = (g*+ 1 gk+ 2 ... gk+ mk) (we can reach
Jfe-l

this with the transformations of the second type) where gic = E mj f°rk > 1,gi = 0. Let
i=i

fk = egk+lgk+l + egk+2gk+2 + - m + egktmkgktrkand 1 =/! + ...+ fs be the ring unit of A into

the sum of pair wise orthogonal idempotents. Two sided Piers decomposition of A has the

following form

( Ay A12 - Ais\
A = N2t A2 -+ AZX
NAs AL ... Asj
where Afqjt is reduced cyclic tiled order with Kirichenko permutation ¢' = (1 2 TR

So the exponent matrix is of the form

/ £11 £12 £is

where £kk is an exponent matrix of cyclic Gorenstein tiled order Akk Write out the condition
to be Gorenstein order for A in the matrix form as follows £ + Po£1 — diag{oiko(k)}U or

( £11  £12 fls \ (pd o o\ fgT E£FX
£21 £22 £ls + Y] Pu 0 °ClT2 C-zrz

\ £sl £s2 ‘' £ss J o O P EE £X £ls )
(diagK ")} 0 0 A (Un U2 = Uls\

_ 0 diag @) . L u22 ... U2
1 O 0] -+ d i a gy VUs Us2 Uss J

Whence we get the following system of matrix equations

£jj Pafjj —diag{a™(fc)} Ujj,
En+ po'Ey = diag{ocKT{k)}Uijf
Ken + pWElj =
Reduced cyclic Gorenstein orders are described at theorem 4. Elements of exponent matrix

£ of the cyclic reduced Gorenstein tiled order A with correspond Kirichenko permutation
0 = (12 .- n) whose the first line is zero are expressed with the following formulas

0 if m—1,
m m—2
E «»- E «Ut-i ifk>m>1,
/=2 )=0
4m k— k
E 4 wj- E aii ifl<k <m,
j=0 j=2
aim ifk= 1,

and more then this ay = ai,+2 for all j. The exponent matrix for a reduced tiled order
does not contain two zero lines and does not contain two zero columns. Elements of the ex-
ponent matrix £ of a cyclic reduced Gorenstein tiled order A with Kirichenko permutation
0 = (12 ---n) and the arbitrary the first column can be expressed with the following formulas

km 4m xk xm

More then this, elements of the block matrices £\\, £22, - - -, £ss satisfy the condition (Q) i.e. the
following equality

nt\ m2 ns

E iX E 4a'2K E 4da'k

ke HEN E R e 2
m\ m 2 ms

holds.
We have the following system of simultaneous equations for finding £,

i £ij+ Po'Ey = diag{ockn{k)U ij,

\ £ji + PAfij = diag{4”(K)}LL-



Whence, either
-
£ij "b Prf lUji —PoEuy ™ —diagjan/~j}iin

or
A
'J

£ij - Pcrfichf dia8 {aka'(k)}U4 - Pa'Uijdiag{4a>(k)}:

As permutational matrix just permutes either lines or columns when we multiply by it then
the following is true

Eij - PFftSijPjj = diagKcr'(fo)} LW, - Uijdiag{akT,(k)}. 9)

The general solution non homogeneous equation equals to sum of the general solution of
the homogeneous equation £n —P”/SjjPj, = 0 and some partial solution of non homogeneous

equation. Consider the solution of the homogeneous equation.

Lemma 5.1 ([12]). Leta\= (12 - n),02=(12 ---m), (n,m) = d,n= du,m = dv. The SO

SF - F

lution ofan equation X —PaiXPj2= Ohas the following block form X= ( ...

VFE . F

M UXQF) where F € M~™(Z) and F is a linear combination of permutational matrix PT =

d
2 ekT(K'T = (12 mmmd) powers with arbitrary coefficients.
=1

Proof. The equation X = P~XPj’' can be represented in the form Xy = xou(i)oZi)- Whence
Xy = Xok(yAQ) for arbitrary integer fc Show that for arbitrary integers p and g such that
O<i+ pd”™ n,0< /+ qd ™ mthe equality Xy = Xi+pd,j+gdholds.
For arbitrary integer k the following equalities hold ok(i) ¢ i+ fc(mod n), (/) = j +
fc(mod m). As numbers u are v mutually prime then there exist natural numbers a and b such
that p—q - bv—an. Putk = pd+ an+ cnm = gqd+ bm+ cnm. Then o\(i) = i+ k =
1+ pd(mod n), £27) = j + k= j + gd(mod m). This implies Xy = Xi+pd,j+qd- The las means
that the matrix X is decomposed to uv equal blocks F or the dimension d (u blocks are in the
(F .- F X\

block line of X and v blocks in its block column). So, X = | .................. € M UXV(F). Now
\F - F /

show that Xn = xT(i)T(j) fori,j ~ dwhere 1 = (12 mmmd).

As i,j < dthen for ft= 1we have Xn = xaKl)rd) = Xj+y+i = *T1(i)1(/)

Leti < d,j = d As numbers u and v are pairwise simple then 1 = &v —'yu for some
integers dand 7. Takefc= 1+ 7n+ cnm = 1—d+ Om+ cnm. Then o*(i) = i+ k= i+ 1+
7n+cnm = i+ I(mod n), crffd) = d+ k~ d+ 1—d+ dnu+ cnm = I(mod m). Whence

XT(D)T(4) = */+1,1 = xo*(i)o*(a) = XM’

In the same way fori = dandj < dtakefc= 1—d—7n+ cnm —1—£m+ cnm. Then
crNd) = d+ k= 1—7n+cnm ¢ I(mod n),cr™d) = j+ k=j+ 1 —0m+ cnm = j + [(mod m).
Whence xT(d)T(j) = *1,+1 = ~(d)40:) = Xd-

Fori= dj = dstatefc= 1—d+ cnm. Then (d) Ed + fcE(i+ |- ii+ cnm & I(mod n),

(d) =d+ k=d+ 1-d-{-cnm = I(mod m). Whence xtu)t{&d) = *1,1 = xNd)™d) ~ xdd

Whence Xn = *t(/)1(/) f°rz¥Y”™ d. Thatiswhy F = xyE + xuPt + *13P? H--—-- 2 O

Proposition 5.1 ([12]). LetA = {Or£(A) = (a,.)} be areduced Gorenstein tiled order with
Kirichenko permutation g, ¢ = o\ m- - g3be adecomposition oic into aproduct ofcycles which

donotintersect and their lengthes akare mutuallyprimei.e. GCF(](tri)], - - -, [<Q]) = 1 Then
a«y(") V 20
Yy X —mmm= iyy X = i when tisanatural number.
Proof. Let nfc be a length of a cycle = INig-N)- As (mi,...,ms) = 1then there exist
I

integers «i, ..., assuch thatii mi + ... + A8 ms = 1 According to the lemma 4.1 X v

which is the same as mM\Yp = mpYq. Multiply this equality with ag and obtain agmqYp =
dgnipYg. Whence > ~g”™gqYp = X2 agmpYq which is YpmX agmqg = ' E ag”g- Taking into

4dp 4dp N nep
attention the equality (mi,..., ms) = 1get Ypm(l —apmp) = mpm X aqYq. Numbers 1 —apmp
y
and mp are mutually prime and that is why Ypis divisible by mp for all p. O

Theorem 7 ([12]). Let A = {O, £{A) = (oijj)} be areduced Gorenstein tiled order with
Kirichenko permutation 0 and leto = o\ mmmo5 be a decomposition ofo to aproduct of cycles
which do notintersect. Let nt. be alength of thecycleo\ = (~ + 1~ + 2 .mmgk + m”™) where

fc-1
gk = X mjfork > 1andg\ = 0. Letdn = GCF(mj,mj) be a maximal common factor of
M
numbers mi, mj and GCF(m\,..., ms) = 1. Then the order A isisomorphic to an order A" with
f £11 £12 ... E£ls »
Kirichenko permutation ¢' = o[- - 03 and the exponent matrix £ £21 £22 mmm £25
y £sl £2 'm* £ss J
rti
where ~ 5 akr'( - f £ IN f°r i — 1/...s. The matrix £kk is a exponent matrix of

a cyclic Gorenstein order with Kirichenko permutation a&k = (12... n) and it is a linear
combination of powers of an permutational matrix P~ (fc = 1,...,s). The matrix £ki =
hi m- hi
fc p I,isajlx j1 block matrix where Fd is a square dki x djy matrix
hi ' hi
and it is alinear combination ofpowers ofpermutational matrix Pk with Tk = (12 ... dki).
a'a(’) VvV 20
Proof. According to the proposition 51 y?yj ¥ = mm = ywVyw 5 — twhere tis a natural
number. Then each diagonal matrix £4c can be reduced with the isomorphic transformations
to a matrix £kkwhich is a linear combination of permutational matrix Pol such that ao>(r) = »

for i and fc Then the matrix equation £y, —PalEnP™ = diag{«™(fc)}*'/ “ ~ijdiag{a.kai™ } for
£n will get the form £n —Pol£nP'J, = 0. With using the lemma 5.1 obtain the proposition of the

theorem. O

Remark 5.1. The theorem 7 describes the reduced Gorenstein tiled orders A = {O, £(A) —
(an)} with the Kirichenko permutation ¢ where ¢ = o\: - m0Bis the decomposition of ¢ into
aproduct of cycles which do not intersect whose lengthes is mutually prime. Really this the-
orem describes also apart of those reduced Gorenstein tiled orders for which there is no any
restrictions on cycles but the following "more strict" (Q) condition holds:



A ou(i) YL iasi)
—#H—H—= .= —n—-=t, where t is anatural number.
Ito)l 1M1
6 The number of independent parameters to express all elements of the

Gorenstein matrix

The general solution of non homogeneous equation (9) is a sum of a general solution of ho-
mogeneous equation £n —Paoi£EnP~, = 0 and the partial solution of non homogeneous solution.

Consider the solution of the homogeneous equation.

Note that a partial solution of the non homogeneous equation depends on permutations
<., ¢' and elements a.i(k) af{Z(fc) which belong to diagonal blocks £ £4. The general solution
of homogenous equation is independent on elements of diagonal blocks. That is why we can
represent the matrix £ asasum £ = A + Bwhere A = (A,j), B — (Bn) are block (s x s)
matrices and Ay — O for all i, An is a general solution of the homogeneous equation B, = £,
for all i, Bn is a partial solution of non homogenous solution.

According to the theorem 4 matrix £kk depends on [~] parameters. As they satisfy the
(Q)-condition then there are only

b= m + m2 + - W+ e
2] LT 2]
independent between them. So, elements od B can be expressed on b independent parameters.
Blocks Ajj and Ajj are solutions of the system An+ Po>Ay = 0, Ay + PMAj- — 0. That is

why Ap = —Pp/Ajj and elements An and Ap can be expressed with the same set of parameters.

According to the lemma 5.1 the solution of the equation is ablock (u x v) matrix

Fn -~ FH
An =

where Fij € Md..(2), djj = (mf/w;), m-= dqu, nij = dl}v.
In this case the matrix Fjj is a linear combination of powers of permutational matrix PT]jj
where n = (12 ... dij), i.e.

f= 1

Whence matrices £n and £y depend on dn parameters. Then matrix A depends on a =
S

> du parameters. Whence we have got that £ depends on a+ b — % [W¢] —(s —1) +
i<j k=l

b2 {mi, rrij) parameters.
I<i<j<s

Equivalent transformation of the second type do not change values of elements of a matrix
(they change only position of elements) and that is why the general quantity of parameters
a+ bdoes not change.

Equivalent the first type transformations of the matrix £ can be used either over the matrix
A or over the matrix B. Diagonal blocks £u of the matrix B already are of the special form

(the first column is zero) with the help of which they depend on the minimal quantity of
parameters. Parameters a[l' \ a ~ ) are in each line of the matrix An i.e. in each line of the
z-th block band of the matrix A. Use the following the first type transformation. Subtract the
integer t from all numbers of the r-th horizontal block band and add this t to all numbers of
the r-th vertical block line

Under such transformation the form of diagonal blocks of £u4 will not be changed and so
as diagonal blocks of B. The r~th block line and z-th block column will be consisted of new
matrices An = An —tUjj, Ay = Ap + tUjj.

As Ay = —Pg-iAjj then A{j = -PMAj. + 1l = -PMAj. + tPalll = -Po-(An - il )T In
d .
thiscase Fij = Fij- tUij= 2 K ~0(*Y*.
k=\
Denote —4qa[y —t, k= 1,2,...,4an. The new matrices An and Au depends also on
an parameters a[n\ a”™\ If consider t = for some k then — 0 and the number of

parameters for express all the elements of the matrix An will decrease by one.

The matrix A contains s horizontal and vertical block lines and columns. Subtract f; = o[
from all elements of ~th horizontal band (z = 2,..., s) and add it to all elements of the z-th
vertical block band. Then the number of parameters of A will decrease by s—1

Whence the number of parameters to express all the elements of a reduced Gorenstein
exponent matrix with equals to

L inrrl - 2(s- 1)+ X imi' mi)
fc=i i<i<;'<s

parameters.

This result coincides with one which is got at [13]. Nevertheless we state the elements of
matrix which can be considered as independent.

This result is obtained at [13] in a following way. Consider an exponent matrix A = (an)
with correspond Kirichenko permutation o which can be decomposed to independent cycles

of lengthes I\,..., Igand q is the number of cycles.
Denote = i#gnforeveryk 2 < k< n. Forarbitraryr, 0 < r < qand forevery k, nr+ 2 <
k < n denote also = iilr+i,a: Consider the variables  and z~r as parameters.

After this one can get formulas which are analogous for (5). Nevertheless parameters are
not independent and there are some linear equalities which contain parameters. Finding the
defect of the linear equations system which is consisted of these equations gives the quantity
of independent parameters.

This system of equations and correspond quantity is found in [13].

7 The sufficiency of the condition (Q) FORconstructing the exponent matrix

WITH GIVEN CYCLIC GORENSTEIN MATRICES ON THE MAIN BLOCK DIAGONAL

Consider an exponent matrix £\ with the permutation o\ = (12 ... m) and an exponent
matrix £2 with the permutation (72 = (12 ... n). Let the condition (Q)

A7) > arqn

KA (091



holds. We will show that there exists a reduced Gorenstein exponent matrix

Hi'.t)
with correspond permutation o = oxo”™, wherec2= (Im+ Im + 2 ... m+ n).
From the above the matrix £12 is f dimension m x n and the matrix £21 is of dimension

n x m.

We have an equations system using which may find the matrices £\2and £21

£12 + Pa[elt = diag{af{/AW }L7i2,

£21 + Pa2Eh = diag {afa2(fc)}w21-

This system can be rewritten as

E A
B E (10)
where E,A,B € Mm,(Z), A = (Ajj) isablock m x n matrix, B = (Bn) is ablock n x m
matrix An are matrices of the dimension n x m, B, are matrices of the dimension m x n
(«@ \
such that An Cja, (i)' Bjj ~Njd2(0' ~ , b= /ai = aia,(i)iin and ai € Z n,
\ am ) \ bn/

bi = diijiiTre Z“
Multiply the first block line of the system with (—B) and add it to the second line. After
this obtain

= A . (11)
0 E—BA b—Ed
m m
Here BA = Cisablock n x n matrix where G, = £ BtkAK = Ecdele2(i)eia,(k)- More exactly
k=1
m m
Cij= OforY @ o2{i) and Qwa = fZ IE]e2(i)"cr2(i)cr,(|<) E elaf(K Pa\
— b

The linear equations (10) is consistent if and only if the linear equations system (11) is also
consistent.

/ O\ \
Consider the linear equation system ( E—BA |b—Ba ), where b—Ba — ¢
Vv
m m
Ci =bi — Z Bik*k  M-icr2()iiT — = Cka2(i)~ka,(k)™n.
k=1 k=1

T

Asekaiiin=ek= 100 ... 010 ... 01 , then
k-\

n 20 aloy(1)n

afi2(i) — N201(2)
ci — nicr2()™T ~ka,{k)"k
fc=1

V ai(i) —nTa(T) /

The system ( E—BA | b—Bga ) appears to be of the form

/ E ~Por Cl \
E  -Pa, cl
(12)
E pa Cma
V _pox E Cm /

Multiply the fc-th block of the system by P*, k= I, m—21and add it to the last one. After
this obtain

( E ~Por Cl \
E -Pa, (0]
E -Pa, cn—

0 0 0O E-P" Pa,Cl + P*C2+ ...+ P~-10On_1 +Cn J

The linear equations system (12) is consistent if and only if so as
( E—P'r1PaCl+ POcr+ ...+ PM~rCr -1+ cm ). (13)

Consider the square matrix E—P” € MWZ). Letm = du, n — dv where d (n,m),
(m, 1) = 1 We can consider that m > n.
Then

where E € M (Z).
Add all the block lines of the matrix E —P" to the last one and obtain the zero block line.
Whence rank{E —P"J < n —d. From another hand the lemma 5.1 yields that the solution X

of the equation X —PaoxXPat = Obelongs on d parameters. This lets to find the matrix defect of
X asdefX = d

Whence def (E —P) —d and rank (E —P’}) = m—d.

Divide the system (13) into u bands of the width d and add all the lines to the last one. Then
the last band will become zero.

The system (13) is consistent if and only if the last band of the expanded linear equations
system is equal to zero.



So we get Pak= % eiaki) Then
1

k=\ 1

A ANerrii) Alo-1(1) ~

a Kr2(i) ~ a2a01(2) anaot(n)
"ck S eicr!f(i)
k=1 alaoi(l)

V Nl ~ ame(m J

V dMk Y

n“k FPAC2+ o+ ipY OLi (MET2() + -+ ~no2(m))~n
( { anoi(«)
( al(@jh \ A az2crj2) A A a3n(g@) A
«27(2) ~ ma\{m)
+
a l<7i(l)
\ "mai(m) / \ alowl) / V az2n(2) /
vV Y a«—erl(n—) J

Add all the bands of the width d to the last one and obtain

n m

u Aka2(k)rd — V
k=1 k=\

Bika2{k)*d = ®d-

Whence the system (13) is consistent. Then the former equations system is also consistent.

This means that the condition (Q) is sufficient for constructing an exponent matrix with given
cyclic Gorenstein matrices on the main block diagonal.

(1
(2

(3]
[4]

(5]

(6]

(7]

(8]
(9]
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PosrnagatoTbeca ropeHWwTeliHOBI YepennyHi Nnopsaku. [JoBoanTbes, L0 HeobxigHa ymoBa ans
noby0BUN rOPEeHLUTERHOBOIO YepennM4HOro NopsaKy, y SKoro Ha rosoBHii 67104HIN giaroHani cTo-
ATb 3afaHi UMKNIYHI ropeHLWTenHOBI YepennyHi NopsaKuy, € i A0CTaTHLOO.
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PROBLEM FOR HYPERBOLIC SYSTEM OF EQUATIONS HAVING CONSTANT
COEFFICIENTS WITH INTEGRAL CONDITIONS WITH RESPECT TO THE TIME
VARIABLE

In a domain specified in the form of a Cartesian product of a segment [0, T] and the space IRp,
we study a problem with integral conditions with respect to the time variable for hyperbolic system
with constant coefficients in a class of almost periodic functions in the space variables. A criterion
for the unique solvability of this problem and sufficient conditions for the existence of its solution
are established. To solve the problem of small denominators arising in the construction of solutions
of the posed problem, we use the metric approach.

Key words and phrases: integral conditions, small denominators, Lebesgue measure, almost peri-
odic function, hyperbolic system.
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Introduction

Problems with integral conditions with respect to a chosen variable for partial differential
equations (PDE s) have become an important area of investigation in recent years (second half
of the XX century). Their study driven by a need for constructing a general theory of boundary
value problems for such equations, as well as those problems occur in the mathematical sim-
ulation of various physical phenomena in the case when it is impossible to directly determine
some physical quantities, but the mean values of these quantities are known. Such problems,
in general, are ill-posed and their solvability in some cases is related to the problem of small
denominators.

Problems with integral conditions for PDE s are studied by many authors (see [1,7,9,13]
and the references there), however these problems were investigated insufficient for systems
of such equations. Among research works devoted to the study of problems with integral con-
ditions for systems of PDE s are worth noting these [6,10,11]. In particular, in [5] author inves-
tigate the problem with integral conditions with respect to the time variable in p-dimensional
layer for the first order system of PDE s in a class of finite smooth functions with exponential
growth for spatial variables. Correct solvability of the problem with integral conditions with
respect to the chosen variable and 27T-periodical conditions for other variables to the compos-
ite type system of PDE s was established in [6] and [10]. The paper [11] deals with the problem
with integral conditions with respect to the time variable (in the form of consecutive moments
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of the required function) for the linear first order system of evolution PDE s with deviating
argument.

In the present paper we study a correct solvability of the problem with more general condi-
tions with respect to the time variable, including an integral conditions in the form of moments
of arbitrary order of the required functions and the Dirichlet-type conditions as special cases,
for the high order hyperbolic system of PDE s with constant coefficients in a class of almost
periodic functions in spatial variables in p-dimensional layer.

We use the following notations: i — \[—\, X = (Xi,...,.xp) € Rp, dx = dx\ m=mdxp;
k — (k\,..., kp) € P, N\ = |fil + ...+ L § = (so,S\,...,Sp) € , Isl = so+ sj+
-+ S IsIF = 20+ Si+ - -+ P, it = (uke mtHP] € RPZNMKNR = u\x+ -+ plp,

YR = IOA\H------ b W /7 (Ukx) = oXi H-———- T VikpXpi Sg is the symmetric group of per-
mutations of first q natural numbers; pw is the number of inversions in the permutation w —
('i,...,ig) € 3, DP — (0, T) x IRp; \mis the m x m identity matrix, Ci is the number of all
combinations of g elements by r; Cj, j = 1,2,..., are positive values, independent of k and ",
[4] is an integer part of a real number a

1l Statement of the problem

In the domain DP we consider the problem of finding almost periodic with respect to x
solution of the problem

/32 d\r, dznu(t,x) n r \ no .
{Ne 'Bi) M:= £ As3fW ....9// =° (1)
br:>-"n ' .
u-11 := 4 + J tnu(t, x)dt = <pj(x), x € Rp,
t=0 0
@
Un+j[u] := antj (M)+Bn+jdtr+iu(t,x)d
—T
A A
wherej € {1,...,«}; As = as, T ast €E R, An4d_0 = Int a,pt € R, of + ¢ O,

7ez+,1€{1,...,2n},0< N\ < 2< m.< I2n, u(t,x) = coi (wx(i, xX),.. .,um(t,x)), vector-
functions qi(x) = col (cpj(x),... ,\n(x)),l € {1,..., 2n}, are almost periodic [2] with respect
to x with given spectrum

W = {u* ERp:y-k= -y k b= 6, d k™ N \K\< d2\NR2k € Z p],
where 0 < d\ ~ di, 0 < B\ ™ 02, and are expanded in Fourier series

W(x) = E dikexp”™bx), (pk= col , 1€{1,...,2n}, (3)
kezZP
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We assume that the system (1) is hyperbolic by Petrovsky in narrow sense, that is, for each

vector n = € W \ {6} the roots 7j(rj), j € {1,...,2nm}, of the characteristic
equation
detl \|2V) m=det E oopp =0, (4)
ISI*=2n

which corresponds to the system (1), are real and different, and therefore (driven by the ap-
pearance of the system (1)) are different from zero.

At investigation of the problem (1), (2) we will use the following spaces of almost periodic
functions with respect to x with the spectrum M p:

Hw := Ha(Mp;RP), a € 1R is the space obtained by closure of space of finite trigono-

metric polynomials of the form v(x) = E|fc]siNvkexP (LLg>x)>lik € M p, according to the norm
function given by [15]
/ \ 1/2

> M2 + Ml

Hfa™mis the space of vector functions v(x) = col (VA(X),... ,vm(x)) such that € Hfa ,
g€ {l1,...,m), with the following norm

Ch([0,T],Hfap), h € Z+, is the space of vector functions u(t,x) = ljteZP*4(0exP (LUkrx)>
Lk € Mp, uk(t) = col(uk(t),..., uk(t)), such, that for any fixed point t € [0, T] all derivatives

du(t,-)/dti = EkezP 4 7)(0 exP (WWk'x)>j € {0,1,.. .,h}, belong to the space Hfa and are
continuous with respect to the t according to the norm of this space,

u-,Ch({0,T\,Hfor) -Y max .,

A 1/2 (5)
m d uut) 9
mY] Y] max | 1+ LK 2
B'& ® nm utzp dV (
CNpm(DP) is the space of vector functions u(t,x) = col(ul(i,x),...,um(t,x)), which are

/i-times continuously differentiable in DP with respect to all variables and almost periodic for
X with the spectrum M p uniformly by t € [0, T], with norm given by formula

) 3y (f,x)
ICMpT®PR) = <Z?:102|Z§|Z/| SUP T dtsodx\' - - - px/
Cw T(~p)is subspace of vector functions from (DP), independent of t.

If € > p/(201), then such embeddings are valid (see [3] and the references given there):

cck *(RP)" “"Ne .MH~N)cC ™ TOnNn, ,<=z+. (6)

2 Uniqueness of the solution

Almost periodic with respect to x with the spectrum M p solution of the problem (1), (2) we
seek in the form of the vector series

u(t,x)= 2 M*)exp(iykx), LKEMp. (7)
kezP

After substituting series (3), (7) into the system (1) and conditions (2), we receive that the each
of functions Mjt(i), k € Z p, is a solution of this problem:

id2 , \ o .. d20
Llo2in W) = > igAsIN-HpEIOW) =6 ®)
S
(T = +ft/ m m = B,
(9)
d2”A~"UK(T) i )
Un+jlu\ - <XnH ABn+jJd tn+iUk(t)dt = (pn_2jk, j €{1,..., n},
If k= 6 (u$ —6), the system (8) has the form
/2n
dt2' ov
and so, each component u”\(t), q € {I,..., m}, of the solution mg(f) = col (ul(t) , Wg (i))
the problem (8), (9) is a solution of this problem for scalar differential equation:
dZn
dion 0 (10)
d2n~~ul(0) =
MNe := ar -’aé@';i) + (}J eiuNe dt = v-,0'
0 (1)

da2u-vid(T)
Un+jlug] := GO  dt2{hl) + Bpn+jJ to+>Ug(t)dt = <~+.g, je {1,...,n}.

The characteristic determinant A(O, T) of the problem (10), (11) for each g € {1,..., m} has the
form

jri+l jri+2n
ar™i°(0) + B\ nin
0) Bn+1 H172n0) + BT o, 5
jr.+1 7-r,+2n
anS?{n 1]J(0)+B,, CCnsS™ 1}0)+ B,
in+ 1 rn+ 2n
A(O,T)
jrn+i+l JT«+l+2n
ttn+ISAT) + pfn+1 Kkn+1$n+-9(T) + pn+1
rn+1+ 1 rn+1l+ 2n
N2+l jr2,+2n
a2,sP(n-1)(T) + "2, *2»s2- 1|(T)+B2
ran + 1 ’S 1(T)+B2n rn+ 2n



where

o, j < 21- 1,
st-%) = J-241 j> 9 _ i se{l,....2n}, Ze {l,....n}.
(j —21 + 1)! TN

If condition A (6, T) @ 0 holds true, the unique solution of the problem (10), (11) always
exists for eachiv € {1,..., m}. These solutions are expressed by formulas

where by Av(6, T) we denote the cofactor of the entry in the Z-th row and ;-th column in the
determinant A (6, T).

Remark 1. iZ/A(6,T) = 0, then the homogeneous problem corresponding to the problem (10),

(12), has nontrivial solution u~(t) = col (67(i),..., where ul(t) = g €
{1 and coefficients Cjq, j € {1,...,2n}, are solutions of system of linear algebraic
equations

r Ec; («4sfM)( +

E ¢, +Bn+ ,£7) =<+, <€ {i.... A}

Now we consider the problem (8), (9) for all \k € M p\ {6}. The characteristic equation
corresponding to the system of ordinary differential equations (8), may be expressed in the
form

deti (12iuyN = E (Hp' N ( E 4N 40> "2 0 =0 <13>
0>eSm g=1 y|s|+2so0=2n

Obviously, that roots 7jkof the equation (13) are defined by formulas
7ik = nj(Hk), j € 2nmj}. (14

In (14) by 7y(™c)/j € {1, - --,2nm}, we denote roots of the equation (4) atn = yk}ik€ Mp\ {6};
moreover = —7~,q €{1,..., nm}, and following estimates hold [4]:

17K Ci(l+ \k\), j €{l,...,2nm}, ukeM p\{0}, Q = (2nT)P iglax ast}l. (15)

The fundamental system of solutions of the system of equations (8) is as follows (see [14, p.
116)):
{ujk(t) = hjkexpi'Yjkt), j € {1,...,2w a}}, ke \ {6}, (16)

where by
hjk = col(hfke...,hp, j € 2nm}, a7

we denote some nonzero column of the matrix XiyK which is adjugate matrix of the

matrix L(7ylc ilk)- Obviously, that hnm+jik = hjk/j € {1,..., nm}.
Solution of the problem (8), (9) may be expressed by the formula

2nm _
= E cAk exP(Tjkt), ke Zp\{6},
/=1
where constants Cjk,j € {1,... ,2nm}, are defined from this system of linear algebraic equa-
tions
2nm . ,
E cjk(*ip] +1jk)) hk= dix> /e {1,...,2n}, (18)
where forall1 € {1,..., 2n}
)T~ X\ l<i~n,
Pj={ je{l,..., 2nm}, (29)

N2i-n-i) exp(?fcT)/ n+ 1~ N 2n,

I,(z) = j t"exp(zhdl = + E I r - exP (2T>: <20)

The determinant of the system of equations (18) matches with the characteristic determi-
nant A(uk, T), uk € M p\ {6}, of the problem (8), (9) and has the form

Mwnk T) = det [Ug[hjkexp(Tjkt)I\\plL' T

hk («I™M + ~iii(7ifc)) ~2nmk (alPlnm + P Ihblnmk))

hk (K2nPIM+ ]S2ni2n(7Ifc)) ... ~2nmk (AZnPjnm B2ni2n{ii2nw,0)

The problem (8), (9) can not have (see [16]) two different solutions if and only if A(uk, T) ¢ O,
ke Mp \ {0}

Theorem 1. For the uniqueness of a solution of the problem (1), (2) in the scale of spaces
C2n ([0, T], H w,) it is necessary and sufficient that the following condition be satisfied

YUKEMp AWMKT)DO. (21)

Proof. Necessity. Suppose that for some uw € Mp A(uko, T) = 0 holds. If k° = 0, then homoge-
neous problem, corresponding to the problem (8), (9) at k — 0, has nontrivial solution ut(t) (see

Remark 1). If k° ¢ 6, then exist nontrivial solutions uko(t) = Cj,k°hjfkc exp (7~ 0i) of the
homogeneous problem, corresponding to the problem (8), (9), where CjlQj € {1,..., 2nm},
are defined from homogeneous system of equation, corresponding to the system (18) at k = k°.
Therefore the homogeneous problem, corresponding to the problem (1), (2), has nontrivial so-
lutions ut(t) or u(t, x) — llwexp(iyko, x), k° ¢ 6, and if solution to the problem (1), (2) exists,
it won't be unique.

Sufficiency. Let the condition (21) holds true. Suppose to the contrary that there exist two
different solutions u\(t,x), U2(t,x) of the problem (1), (2) from the space C2n([0, T], ).



Then the function w (t,x) = U2(t,x) —U\(t,x), which belongs to the space C2n([0,T],Hfa ),
is the solution to the homogeneous problem, corresponding to the problem (1), (2). More-
over, functions w(t, x), L[w], Uj[w], j € {1,...,2n}, are almost periodic with respect to x with
spectrum Mp and expand into Fourier series of the form (7). The Fourier series of functions
Llw] and Uj[w], j € 2n}, match with the series obtained by applying operators L and
Uj, j € {1,...,2n}, to the Fourier series of the vector function w(t,x) respectively. Each of
the Fourier coefficients $*(£), k € Z?, of the function w(t, x) is the solution of homogeneous
problem, corresponding to the problem (8), (9). Because A(uk,T) @ O for all Jik € M p, then
homogeneous problem, corresponding to the problem (8), (9), has only trivial solution for all
Lk € Mp and therefore wk(t) = O, f € [0, T], k € 'EP. Hence, on the basis of Parseval equality
we obtain that w(t, x) = 0in the space CZ2'([0, T], Hw,), i.e. ui(t, X) = n2("™ x). O

3 Existence of the solution

Let condition (21) holds true. Then for each uk € M pthe unique solution uk(t) € C2n([0, T])
of the problem (8), (9) exists and the formal solution u(t,x) of the problem (1), (2) may be
expressed in the form

nm N\
(E CA exp(?,*0 exp(z>f x), (22)
i=1
in which
jk= 3 = A(pl,T)-— f ok (23)

where by Auw(/-i)+o,/'(™ T) we denote the cofactor of the entry in the (m(/ —1) + q)-th row and
;-th column in determinant A(uk, T) and components of vector wg(i) are defined by formulas
(12).

While proving the existence of a solution of the problem (1), (2) in the scale of spaces
Cc2n([0, T], Hw,) we will need following lemmas.

We also denote

Ci m= (%+p+iCr max
r *-

{a\,}, C3= (m - HI(C2m %
Isl*=2n 71

C4 = Csitax™M]a/|C)2n~D,|M/|T+/(r/+ 1)}, C5= (2nm - I)!(C4)2nm

Lemma 1. For components of vectors (17) such estimates hold true
i N C3(+ PYA)2’(m1), uweE{l,....m},;" €{l,....,.nm}, ftGMp\{6}.

Proof. By Nii/ZYjk)/ ¢l € {1/ - - - /w}, we denote the element in the i/-th row and /-th column in
the matrix L} 72,iyK), j € {1,..., nm}. Note that A,/B [, - E|§|*=2n v and
following estimates hold

\WIhjON A C2(1 + |2D2, qlefl,...m},/ € (1 (24)

Now we fix a column with number 1= 1* in the matrix L(yjk iyK). Then components hrk of

vector ﬁjkare cofactors of elements Aq, (7;fd, € {1,..., m}, in matrix L(yjk iuK) respectively.
They may be expressed in form
m
Rk= ¥ (_1)hw N Aii,lIbjk)> qe{l,....m}, je{1,...,nm} (25)
o€ /A
Icpr.i,cpuy
Based on (24) and (25) we obtain that
m
N M-U <C(+ WpP2C"-2). Ze{l....nm}, ,€{1....m).
E1 Y=
The lemma is proved. O
By ip(ci) we denote the function of discrete argument, defined on the set {«1,..., a2,} as
follows:
iplotj) : =0, og=0,j€ In}-  ip(ut) = mploen+i) = 21- 1), ol PO, 1 €{1,..., nh

Lemma 2. For cofactors guw(/_)+H2//A~, T),q€ {1,..., m}, 1€{1,..., 2«,/ €{1,..., 2nm}, of
the determinant A(uk T), uk € M p\ {6}, such estimates hold true

[A»(1-1)m M - T)i « Csil+ Y(a,) - P(«,)-
=1
Proof. At first we hold some auxiliary estimates. On basis of formulas (19) and (20) we receive
inequalities

W - o\ N (I + 1~y2r-1), e {1 ay,/7€ {l,....,2nm}, te [0,T], (26)

! jori+l
exp(7,*f)|df » le {1,---,2n},; €{1,..., nT}. 27)

By Sj(~K) := h”ociPj + Bili('IB)) we denote the element on the entry of r-th row, r = m(l —
1)+9,1€ {1,...,2n}, g € {1,..., m} and ;-th column, j € {1,..., 2nm} in the determinant
A(uk, T). On basis of formulas (26), (27) and Lemma 1 we obtain that

Mw)] <I*KM |p!]+ Iftl LL(7,r)]) < C4(1+ (28)
Cofactors ~m(i-i)+c),j(Fkf T), I = {I,...,2n},q € {l,....m}, /7 € {l,...,2nm}, maybe
expressed by formulas
2m
~Amil-tf+qjiFk/T) = E (~ny™w N ,ir(Vk)- (29)
“eW I NAT -i)+,
>

On basis of (28), (29) we receive that
2m

IAG-)+./NeT)] < @u- D' 1 INW) < G+ v [)2x0-D(@w,-)+,,

wherel = {1,...,2n},s e {1,..., m}, € {1,...,2nm}. The lemma is proved. O



The series (22), in general, is divergent because of the expression \A(uk, T)], being different
from zero, can take arbitrarily small values for an infinite number (for some subsequence) of
vectors Lk € Mp.

Theorem 2. Let condition (21) holds true and there exists a constant n > 0 such that for all
(except for finite number of) vectors Lk € M p such inequality holds

AW, T)] > @+ MT". (30)
Ifoi(x) €EHA mé& = o+ 2n2nT(T —1) 4-1) + n4-Y/, 1 € {1,...,2n}, then there exists a

solution of the problem (1), (2) from the space C2n (jO, I'], Wvip) which depends continuously
on the functions Y (x), | € {1,..., 2n}. This solution is given by formula (22).

Proof. On basis of formulas (5) and (22) we obtain estimate

1/2
m 2n ( drul(t)

20
0-,P»@,T],H«M = E E max %
®,T] ) - N dr + E S
q=lr=0 keZP\{0}

1/2
drul(t) drK (t)

2a
max + max 1+ K\ 31
=1r=0 Vie[QT] dtr keZE{O} t€[0,T] dtr 1+ WK\ (31)

in which ul(t), g € {1,..., m}, are defined by formulas (12), and

2nm

“20 = E cikigkexpbjkt), kez P\ {@, (32)
i=1

where Bk s € {1,...,m}, are components of the corresponding vector (17). Constants gk>
j6 2nm}, are defined by formulas (23).
From formulas (12) it follows that

2 In

max <ce6e AN _, s€{l,....m} (33)
te[o,T] M j. 0

where constant C6 dependson T and a/,/¥,n, 1 € {1,..., 2n}.
On basis of (15), (23), (32) and Lemma 1 we obtain that

druI(l) 2nm m 20 gm(l-l)+cj,j(Hk> T) on(m-l)+r
R 4
f[z?o&ﬁ(] it <&_E1E11E_ 1AA ,T)] M1 a+iwi) (34)

wherer € {0,1,.. .,2n} and C7= C3(Ci)2
Taking into account (30), (34) and Lemma 2, we obtain following estimates:

max i2 BmC5C7TE E j?° |(I+ W 73" “D+"I+,+'-r = 0,l....2n.  (35)
€Tl Ut g=1z=1

From estimates (31), (33) and (35) follows that

(C2[0TH) iCeEE E MI G+ " =QE

/=1#=1 \keZP

where Cg = 2nmT1ax{C6,2nTC5C7}. From the obtained inequality follows the proof of the
theorem. 0

Remark 2. Ifin Theorem 2@ > 2n + p/(20\) then, according to (6), such embedding is valid

Can ([0, T], Hmp) ¢ cw™',T (© p) anci solution of the problem (1), (2), defined by the for-
mula (22), is a solution in the classical sense.

4 Estimates of small denominators

Let's find when the inequality (30) holds true. To do this, we show that A{}ik, T), as function
of variable T, is a quasi-polynomial and apply Theorem 2.1 from [9]. We denote by Jz,z € N,
the set of all vectors of the form J = (jx,... ,jz),ji € {0,1}, 1 €{1,..., z};

A (b, O, @, @) B= (B> B\ /B2v. . /Bin)i
m “'m

3<

R (Ti,., ,H,..m2nmy  2»2ny Pk—(lilk/ - WTnmfc/ lilk/® -/ linmk)>

m m

by Bg, Rg,Tgkf U € {1,..., 2nm}, we denote coordinates ofvectors A, B,R and I' respec-
tively, To~  (Tiltkksm /TT27M)" ~ = I/ - - /2nm) € S2my

Vi= (Pj,...,Pj,..., Pin,...,Pfn), je {1..... 2nm},

nyv
m

by HY, s,j € {1,..., 2uw}, we denote values defined as follows:
Hmi+qj=Hg=h q €{1,....m},1€{1,...2n- 1},;¢€ {1,...,2uT},

where are components of vectors (17).
Further, we will need the following proposition which is proved in the paper [7].

Lemma 3. For arbitrary Xq,yq € C,q € {1,..., z} , following equality holds true

M (xq+yq)= E---ENA4Tiy/~"

g=1 /i=0 /2=0 (j=I /=1

For each € Mp \ {6} the determinant A(yk T) can be expressed by the formula [8]

2nm

MubT)= E (- ])"'I‘I HII/I(al—(\l-I+B (K,.%) 5

weSz2nm

where  Ais the element at number q of the vector V», and

r
UR,,Ti,i) = J tR<exp (rvtf)* = €x,(l,ig,T)exp (tl,p) -uk4rin0), (37)
0

Ritl (i)r+1kd tRa~1+1
QRq(Tight)= E (p- kin' €{1,.. ..2nm}. (38)



On basis of formulas (36), (37) we obtain that

2nm

HneT)= E (-i)~N % N K ™ -BA (r-,>°)]
wes2,a g=1 (39)

+ BQQRM k>T) exp(TTigk"™ .
Formula (39) on basis of Lemma 3 may be expressed in the form
&Mk, T)= ¥ (-1HPw E &u(b>,3,T)&%k(u>,J,T),
WZ-Sbm 1€ jlnm

where
2hm . ..
&lk(u>,J,T) = rl yBgQRqiXi*b T) exp(Trift)) ' = B(/)0/(TWV T) exp(T(/, r™jt)), (40)
i=1

2m 2m . .
B(/) =M (B»)'" /(Fa,,i,ty =0 Ne ,(I/p-1))"'-
(/) q:I( ») B/( ) AN (r/p-1)) («)
2m
/Ta”™ = E iNinA' I~ ifonomr @ € Slnmr (42)
<<l
2nm
A2(;J,T) =N (AV;y- B~ATr~"0))1" . (43)

/=i
The formula (43) by opening brackets, in view of (38), can be expressed in the following
form

2m \
T ¥ Q-.Ne/,* ]+ PX(u,J), (44)
I=nm+1 /

where values Pik(w>7)/ Pik(a;, J) don't depend on T.
On basis of (39), (40), (44), we obtain the following expression for A(yKk/T)

AkT) = X (-"YPw E O/(To;,bT)exp(T(/,IN)), (45)

where Q/(ra,k>T), w €S2nm ] €3m/ are some  polynomials of variableT with complex
coefficients, such that

degQjiXu k T) < J,rqjaﬁﬂ{deg Qj(Tuk T)}

Inm Inm (46)
= E degQRi(r/X/fr) = E = m(rl + '+ r2n)

7=1 9=1
Estimates (46) we obtained by using (38) and (41). From (45) follows that A (jik/ T) is a quasi-
polynomial of variable T.

For each uke Mp\{0} weconsider the function A(uk r)defined of interval(0,00) by

formula (45), where T is replaced by r.On basis of formula (45)and inequalities (46) A(uK 1)
can be expressed in the form

A(p*,1) = E  F/(T)exP(T(/'rK)/ (47)

where Fj(r) is the polynomial with constant coefficients of degree Nj, Nj ~ T1(rr+ ...+
Tin), and the number of terms with different exponents does not exceed 1+ 2nnm+1. From the
formula (47) follows that the function A (uk, r) is analytic on interval (0, 00). We analytically
continue it on ]JRand obtained function we denote by D := D(}ik 1).

ByE(Dre,[0,b]) we denote a set of T € [0O,b], b € R+, for which the inequality
\D(}ik, )] ™ € holds. On basis of Theorem 2.1 from [9], given that Re(J,r*) = O (it's follows
from (14)), for each uk € M p\ { 6} following estimate holds

/ 4de \
mesR£(D,6,[0,b]) » CI9B(uK) / C9= C9(N,b), (48)
where
N:= Z @+N/H< (I +2"w+l) (I + m(ri+ ...+r2), (49)
JeJd2m
B(uk := 1+ max |(/,[*)], ukeM p\{0}, (50)
GHk) = Tax™M{](*Ty-io(™,T)] T=0(B (™))-/},uke M p\{6}. (51)

Taking into account (15), (42) and (50) we obtain

B(LLk)< C10(I + Wk\), Cr = 2nmC\.

Lemma 4. There exists anumberd(a,B) e N, a = («i,...,a2n),B = (B, mem,Bin), such that
={~ n<d(a,B),
=0 \ S@,%)ICu (jSi,t,H)iWfrk), q= S@,p), K

where r = [r\,..., r2n) and by \M(uk) = det \jky]k1]Fj' "'2’m we denote the value of Wron-
skian of the system of functions (16) atpointt —O.

Proof. We denotegij™k 1) := atPj + jiyi/(7/fc)/ /,; € {1,... ,2n}, where Pj, li(yjk) are defined
by formulas (19), (20) respectively. We have following extensions:

2n-1j 4
exp(Tjkr) = ZO 'EFK?+ =2'M(T) 1 €{h....,2nm},
q: .
I 2n—1 yu
hbjk) = j tnexp(7iktdt = E ~ +2N + DA H?HE+ T2+ (1), 53

where /7€ {1,.. .,2n},j € {1,.. .,2nm};

i f 1} 1<I~n,

P} = N TR2(in 1) , /€{1,.. .,2nm}, (7))
E - F— W+ T Vi), a+ 1™ 1< 2,
g=o 4



where vB (1), Vjik(r) — 77+ 2n + 2)_11j Vfi(t)dt are some analytic in a neighborhood of the
point T = Ofunctions. We rewrite the extension (54) in the form

1i /i 11,
Pj={ \Y, TI-2V-n-I) _4, 2i+2, _ (55)
q=2(l—n—)
where
17yjfe(r), /= n+ I,
tyfc(O = § 23 2>1! +  2(/-n-i) /N n+2<1<2n 7€
By substituting extensions (53) and (55) in the expression for g/y(u*, t) foreach; € {1,..., 2nm}

we obtain following extensions:

2n-1
gijiHk, r) - a/7-f/ 1)+ Bt E AY(T/+™ + D1°HM1+ Bir+n+1r @ ), 1/~ 1< n,

2k W2/ 21 YR (561
« V E-4ypu* *wS «a & nr
+ a/Tan_2r+2i/7NT) + BurTH2N+1Vv U 1), n+1 ~ K 2n.

In formulas (56) we group terms on degrees of 7~. We obtain that

n-i ~
gliGlkeT) = E  7~/<?2@/1B/'T1) + % (1) 1€ {1,...,2n}, /€{1,...,2nw}, (57)

where
F+O+i+l
% I(r, +, + 1) # 2(/-1),
Ei(ALBLT) = j-ovgH (58)
* o+ ft,j(r,+, + 1) 4= 2(1- 1).
ifl € n} and
Xr+9+1
| Bi~0— &—TTT i/~2(/-n)-3,
*> («/ ,fc,r)={ Nap {t % T, +i+! (59)

(Q—21—n—1IN + % I([,+ 9+ 1) 2(/“ N~~~ ~ A~y

v,, (Tl = /7 /3T++1v> (1), 1< U n,

1 rd 2+2@/tHtT) + B/Ti_2'+2A~1 A (1)), T+ 14 1A 2n. (60)

Due to the definition of the function O (p” 1) it can be expressed by the formula

D(nk 1) = det Ihjkgijfrk, t) liL,~rrl - (62)

We substitute obtained extensions (57) in the formula (61) and by using elementary prop-
erties of determinants receive that

| j=l,...,2im
A _ i« NE viksigiri -
D(*fc, r) = det hjk yjkSigini'Bi't) + vij(oii,B,u” 1)
=1,..,2n
1 j=l,....2m (62)
-~ gt HKE 71&0%a, A0 + M5
<=0 1=1,...2n
where by 0k ,B,1) := D(}ik, a,3, 1) we denote some analytic at the point r = 0 function,
which have at this point zero of higher order than
ol j=1,...,2nm
1
det e E v« #{/L'T)
=0 £1..2n
It's follows from formulas (58)-(60).
Let us consider the matrix
o j=1,...,2nm
hk E 7187 By
=0 I=I,....2n
and split it into m blocks, each is of size 2n X 2nm
Fi .
F2 N ' j=1,....,2nm
F= ik E VEEL/T'D)
=0 1=1,...2n
where hik, s € {1,..., w}, are components of vectors (17). It is easy to see that each of the
blocks Fs,s € {1,..., m}, is a product of two matrices:
In 4=1,..2n
fs—g ‘ws, G = ||1"C Y/, &40 WS =
4= j=1,...,2nm

Size of the matrix G is 2n x 2n, and of the matrix Wsis 2n x 2nm. Therefore

G Wi
G w2
F =
G -Wm
Note that the determinant of the matrix col| Wi, W2, ..., Wm] is accurate to a sign equal to

W (). We assume that detG @ 0. Let us consider the block matrix of size 2nm x 2nm of the
form
G 1 O2n Orn

O G1 - m O2n
Gm —



where by Or« we denote zero matrix of size 2n x 2n, and G-1 is an inverse matrix to G. It's
obviously that detGm = (detc )~ m. Then, according to the rule of multiplication of block
matrices, we obtain that

G 1 02n - - Ormn G wWwT W i
Or« G 1 Oo2n G w2 W 2
G», F _
02n O2n G 1 G -Wm W m
Wherefrom
det(Gm:-F) = detGm- detF = detF(detG) m + L y K). (63)

On the basis of the formula (63) we obtain equality
detF = +W (w )(detG)" = tW(w)(drt] | £,ft, )™ ,)" (64)
Taking into account the formula (64), the equality (62) can be written as

O(ukr) = zW(")(det] [*(2i(a/iS,T)||*=1)m+ Dfa,”,T). (65)

From (58), (59) follows, that det \\si,g-i("b BIA)\\"=1 is a polynomial with respect to T (and
therefore is different from zero for all except a finite number of points 1) and don't depends

on From the resulting expansion (65) it follows that the smallest degree of t, in the poly-
nomial (det ¥ By, r) Jr*=1)wis equal to the number &(a, B), and coefficient beside it is
we denote as Cn (a, B, r). In other words, equalities (52) hold true. The lemma is proved. O

For some values of parameters a i 3 values &(a, ) and Cn (a, (3, r) can be easily calculated.

Example 1. Letin the conditions (2) a; = 0,1 € {1,..., 2n}. Then from formulas (58), (59) we
obtain that

nN+4
l..._I(O,ft,r) = ft-__ -~ ..+ e {l ... 2n},
T r+cCj 2n
det] [*_i(°,ft,T) | g=i = det p,

/<AL

n 0 2n (66)
n BI det j.or+n(2n+l)
n+q L||=1
where we denoter = r\+ ...+ r2,. According to [12, p.110] this equality is valid
1 2n 2n

det = N (o—r/)y—o N (r/+o0-1 (67)

n+dq sq- 27> 180, 1= 1

On basis of (66), (67) we obtain that

<K6,B) = m(r + n(2n + 1)),

Cn(3,ft?) = (M TriTn n (r~'"-0on ™~ +r1r 1
\/=I ~ A 2n>j>m j,1=1

Now we estimate the below value of G(}ik), defined by the formula (51). Taking into account
formulas (51)-(52) we obtain that

G(n)= (3/3T~No~T) Cuiw(<t)] (1 + ., (68)

where Cy2 = d(a, B)!Cy(a,B, r)(Cto)-~2N-1.

Theorem 3. Lei there exists a constant no ~ 0 such that for all (except for finite number of)
vectors Lik € Mp the inequality

T U K\>C 131 + WKWY° (69)

holds. Then for almost all (with respect to Lebesgue measure onKj numbers T >0 the in-
equality (30) hoids true for all (except for finite number of) vectors uk € M p, if

n>4a4(a,B)-no+ 1+ (I+ 2nmtl) (j- + I (L + m(rx+ -+ r2n)).

Proof. Letek= (1 + I/ifcl)-7,k € ZP \{6}. Taking into account (48), (49), (51) and (68)for the
measure of those r € [0, b] for which the inequality B(uk r) | ekholds we obtain estimate

Tk
mesRE(D,£k [0,b)) A COCW (1 + \uK\ 41+ M P Y
CucCis (1 + (70)
Ci4 (1 + Infel) * N CIAN
where £ = (I + 2"m+1) (1 + m(r\ H-—-- I r2)). Because of — 1™ 6i > prthe se-

ries Efc€zp\{6} mesRE(D, el/[0, b]) is convergent. Then by Borel-Kantelli Lemma [14] the mea-
sure of those r € (0O, b], which belongs to an infinite number of sets E(D,ek, [0, b}), is equal
to zero. Thus, for almost all (with respect to Lebesgue measure on R) numbers T € (O, b] the
inequality \D(}ik, 1)] ™ ekholds for all (except a finite number) of vectors uk € Mp. Since from
the inequality (70) follows, that the measures of sets E(D,ek, [0, b]) don't depend on b (this
fact is the consequence of that the system (1) is of hyperbolic type), then, sending b to infinity,
we obtain that for almost all (with respect to Lebesgue measure on R) numbers T € (0, 00)
the inequality |D(", 1)] ™ £k holds for all (excepting a finite number of) vectors uk € Mp.
Since A(u*/T) = D("&T) for all T € (0,00), then from the above follows the proof of the
theorem. O

Proposition 1. If in the problem (1), (2) p = 1 then the inequality (69) holds true at no >
4n2m(m —1) + nm(2n —1).

Proof. Under the condition of the proposition roots of the equation (13) at p = 1 have the form
7jk — 1jFk> /7€ {1,..., 2nm}, where by 7j we denote roots of the equation



Vectors hjk at p = 1 have the form hjk = INj € {1,..., 2nm}, respectively, where by hj

we denote some nonzero column of the matrix L* (7], i), which is adjugate matrix of the matrix
L(lj,i),j €{1/---,2nm}. Hence

m H) - = d r v ~ m)+~4zt'T
= N&n2tn(m—)+nm(2n—) » L, 11 /7=W »»
From the above equality follows aforesaid statement. O

Proposition 2. If m = 1, i.e. the system (1) consists of a single equation, then the inequality
(69) holds at iy, = 0.

Proof. Under the condition of the proposition we have that W (~) = NiNi</<(7/—T7/f)/
where by 7yt Y€ {1,... ,2n}, we denote roots of the equation (13) at m = 1. Hence,atm= 1
the equation (1) is strictly hyperbolic, then from inequalities 2.21 in [14, p. 100], follows that

Tk —7/d ~ OI5> O,where | ~ K j~ I n . From these inequalities follows that WM »
(Ci5)n(@2n+1)_ D

5 Corollary

In the present paper we investigated the correctness of the problem with integral conditions
with respect to the time for hyperbolic in the narrow sense system of PDE's with constant
coefficients in a class of almost periodic by spatial variables functions. We established the
criterion of unique solvability of this problem and the sufficient conditions for the existence
of its solutions. To solve the problem, small denominators (which are the quasi-polynomials
with respect to the upper limit of integration) arising in the construction of solutions of the
posed problem, we used the metric approach.

Our results can be extended to the Girding hyperbolic systems of equations of the form

92 d\r 1 d2nu (t,
L { } rU = 5/ A?g-------PL_j_(___)S)_ s- = 0,

v3'2 3x) «fe, mmmax/

. 0
(t,x) € Dv.
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Kysb A.M., MTawHuk B.1A. 3agaya 3 iHTerpanbHUMM yMoBaMi 3a 4acoBol 3MiHHOI0 AN cucTeMmu rinep-
60NiYHNX PiBHAHb 3i cCTanumMun KoedpiyieHTamu // KapnaTtcbki matem. ny6n. — 2014. — T.6, Ne2. — C.
282-299.

B obnacTi, Wo e gekapToBMM A06YTKOM Bigpiska [0, T] i npoctopy Kp, gocnig>xkeHo 3agavy 3 iH-
TerpaibHUMM YMOBaMM 3a HACOBOKO KOOPAMHATO A8 CUCTEMU rinepboniyHnX piBHAHL 3i cTainMn
KoedpilieHTaMun y Knaci Mmav>xe nepiognyHuX 3a NpoCTOPOBUMN 3MIHHUMUN PYHKLIN. 3HaNAeHO KpU-
Tepil e4MHOCTI Ta AoCcTaTHI YMOBM iCHYBaHHSA PO3B'A3KY 3agadi. [ 1A po3B'aA3aHHA npobneMu Mmannx
3HaMeHHUKIB, SKi BUHUKAM Npu NobyA0Bi po3B'A3KY 3afadi, BAKOPUCTAHO MeTPUYHUIA NiAXif,

Kntouyoei cnoBa i hpasu: iHTerpanbHi ymoBU, Mani 3HaMeHHMKW, Mipa Jlebera, maii>ke nepiognydHi
dyHKU(T, rinepboniyHa cuctema.

Ky3b A.M., MTawHuK B./. 3agaya ¢ UHTerpanbHbIM1 YCI0BUSAMU M0 BPEMEHWU AN CUCTeMbi runep6o-
NINYECKUX YPaBHEHWUT C NOCT 0AHHbLIMUK Ko3dhbpmumeHTamn // Kapnatckme matem. ny6n. — 2014. — T.6,
Ne2,— C. 282-299.

B obnacTtwn, asnswouieiica gekapToBbiM nNpousBeseHmeM oTtpeska [0, ] n npoctpaHcTBa R p, uc-
cnefoBaHa 3ajava C UHTerpanbHbLIMU YCNOBUSAMW MO BPEMEHHOW KOOpAUHAaTe AN CMCTeMU runep-
60/1MYeCKUX YpaBHEHWNI C NOCTOAHHLIMN KO3 PMLMEHTAMN B Kiacce rnovYTn Nepuognyveckux rno
NPOCTPaHCTBEHHbLIM NepPeMEHHbLIM PYHKLMIA. HaligeHbi KpUTepuin eAUHCTBEHHOCTU U fOCTaTOUYHbIe
YCNOBUSA CyLLECTBOBaHMA peLleHns 3ataun. Jnsa pelueHma npobnemMbi Manbix 3HaMmeHaTtenem, KoTo-
pbie BO3HUKAN NPU MOCTPOEHUN peLLeHNs 3a4a4un, NCNO0b30BaHO MEeTPUYECKNIA NOAXOA.

Kniouesbie coBa M (hpasbi: WMHTerpanbHbie yCnoBUs, Manbie 3HameHaTenun, mepa JleGera, nouTu
nepuoanyeckue PyHKLNMK, rmnep6onmyeckas cuctema.
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MPO 3POCTAHHA OAHOTIO KNACY LUITUX PANIB OIPIXNE

Y TepMiHax y3aranbHeHUX MNOPsSAKIB A0CNIA>XKEHO 3B'30K MiDK 3pOoCTaHHAM uinoro psagy dipixne
00 0

[o]
F(s) = Z. anexp{sA,} i 3poctaHHAM Uinnx pagiB Aipixne Fj(s) = J] an,exp{sA,}, 1 <) < 2,
n=1 n=1

AKWO KoeduilieHTM an noBsA3aHi 3 KoeuilieHTamu s, Y NeBHUMM CNiBBIAHOLLEHHAMMW.

KntwouoBi cnosa i opasun: pag Aipixne, ysaranbHeHU NOpsiaokK.
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Bcrtyn
@®
Onsa uinoi pyHkii/(z) = X anZnHexaii q[f] — iTnopagok, aa[f] — Tnn. BukopucTtoByto-
ye)
un bopmynmn Agamapa A1A 3HaXo4>KeHHA uux BennyuH, E. Kennc [1] gosiB ABi Taki Teopemu.
@ @
Teopema A. Hexaii hyHKuUii/r(z) = £ a,ar"i/2(z) = I V 2Z° € CKIHYEHHOro nopsaa-
Hi ' =0

Ky, MalOTb peryJsiipHe 3pocTaHHs (B pO3yMiHHI piBHOCTI nopAaKyY [f] TAHUXKHBLOTO NopAfKY
A[f]) 1 nocmgosHocT! (|9,4/My+11]) 1a ( %2/"«+121) € HecnagHumMmu ansa n > Mo- Togi, SKLWO
n(1/)8.]) = @+ o)/ In(1/]a.4]) In (1L/]a42]) npnn —> 00, To PYHKLUiA / MaeperynapHe
3pocTaHHA |l Q[f] = vW ik L /r]

Teopema B. Hexai uini cdyHkyii f\ i /2 3 Teopemn A MawOTb O4HAKOBUA MNOPSAAOK
gu'il] = dIfl] — Qe (0,+00) i Tunmc[fi] = (T\ o[/2 = o2 MpunycTumo, wo 1,5 ¢ O i
I/l > en,ll//(1/]8,4]1) ana Bcix n > Mo, ge | — noBisIbHO 3MiHHa QYHKUiA. Topgi, AKLWo
Ia] = @+ o())M/]a.4 lIa/2lnpun — oo, To pyHKUiaf mae nopagok q\f] = p i Tunal/} <
yfoWx-

3ayBakmmo, L0 Aew,o paHiwe P. CpiBacTtaBa[4,5] Hamarascs goecTtu Teopemy b 6e3 ymoB

a,0 ® 0 i |8/ >l //(1/)8.810) AnaBscix n >uqg, a TeopemMy A— 6e3ymMOBU HecrnagaHHA

nocnigosHocten (]4,479,+1a1) Ta (|af2/h,,+i/2]). Ha NOMUAKOBICTb TaKMxX TBEPAXKEHb 6Yyno
BKaszaHo B Math. Rev., 1963, Vol. 25, Ne2204, Ne2206.

MeTor Hallol cTaTTi € y3ara/lbHeHHsI TeopeM A i b Ha BUNagok yinnx pagis Aipixne cKiH-
YEHHOrOo y3araJbHeHOoro nopsaaky 3a M.M. LllepemeTor, MPUYOMY 3aMiCTb ABOX LiNNX PYH-
Kuii /i i /2 po3rnagatumMmemMo n > 2 uinnx psagis Aipixne.

© Kynaseub A.B., Mynasa O.M., 2014

OTXe, Hexahn A = (J1,) — 3pocTatoya A0 +00 MNOCAiIA0BHICTb HEBIA'EMHUX uncen, S(A) —
Knac uinnx pagis Aipixne
a
f(s) = 2 a«exp{sA,}, s= a+it, (1)
=1
i3 3a@HOI0 MOCNIAOBHICTIO NMokasHukie (/1,,), aM(a,F) = sup{]f((7 + if)] : te IR}

Uepe3 L No3HA4YMMO Knac AoAaTHUX HeNepepBHUX Ha (—o00, +00) (DYHKLUi @ Takux, W0
oc(X) — a(xo) Aid —00 < x < *0 i /I(x) T +°° npn *o < ¥ +°°. bygemo rosopuTm, Lo
A€ L0 akwoa€ Lia((l + od(1))x) = (1 + o(1))a(x) npu x — +00. HapewTi, @ € IN3/ AKLW,0
a€Lioclx) = (1+ o(l)a(x) npu x —m+00 anga KoXkHoro ¢ € (0, +00), TO6TO @— MOBINLHO
3pocTatoyda PyHKUia. 3po3ymino, wo Ln3 C LO.

Ana @ € L i € L ysaranbHeHUMU nopaakom poB[P] i HM>KHIM nopsagkom AarMF] uinoro
paay AQipixne (1) Ha3MBaKTbLCA BEIMUUNHN

e, ?IF) = Ita "0"M fr,F))KBLP] = Urn «("M (~F))

* pi B{o) J ~ B{o)

BacknMBMM y HaLLUUX AOCIAXKEHHAX € HACTYMHUIA oTpMaHuii B [3] pesynbTar.

Nema 1. Hexaii O < p < +co, @ € Li B € L — HenepepBHO gncepeHLiioBHI PYHKLIT i
BUKOHYET bCA 04Ha 3 YMOB:

ajac € Lo A[Anx) € LO, —™ " — — — (x —= +00) ANa Ko>KHoro ¢ € (0, +00) i

Inn=o0(A,) (n —o00);

6)oc € Lro,j8 € L°,QKi[F] < +00, £— = CK1) (x + ° ° ) n= o/3-1ca(A,)))
(n —mo0) ana KoXkHoro ¢ € (0,+ 00).
Togai
B« =m u =:K x(n" /P)

Y ?2 + n:1n i)

a aKuwo KpiMm uyboro oc(\n+1/p) = (1 + o(1)a(Awn/p) i — — | '+1- ya4 +o00 npwu

nn+i —
Mo < n —o00, TO

KBIM =~ [f]=:WB—7T
™ /3 (-+f in
VP An  Ndn\J

3ayBaXk1Mo, L0 AN Toro, wob6 Aar[F] > ko B[i] gocnTb, wo6 oc\n+1/p) = (1 + o(1))a(/1,/p)
npu n — oo.

1 Y3aranbHeHHSA TeOpeMVIA

Mpunyctumo, wo Fj € S(A) 2 < /< m)i

@

FAS = L finfexp{sA,}. (2
n=I

TeopeMy A y3ara/jbHIO€E Taka Teopema.


http://www.journals.pu.if.ua/index.php/cmp

Teopema 1. Hexalia € In3 1af3 € 1? — HenepepBHO AuepeHLinoBHI DYHKLT,

p'ACqJ)) :O(:l)

In X

npux —» +00ilnn = o(AnB 1(ca(A,))) npun — 00A4n8 KO>KHoro ¢ € (0, +00), a BCi PYHKLIT

(2) maroTb perynsapHe Oi-3pocTaHHsa (TobTo AKNFj] = (Pafg[Fy] < +00), nocnigoBHOCTI

n lu/l - Irt Ign+yl
Ayt —A«
npuno < n-» ooia(in+tl) = (1 + o(1))a(A,) npnn — oo. Fogi, AKLLO

g i) (i+))M N i) o O ®

/* +00

m
gea. > 0i I wi= 1 1o yHKUia (1) maeperynsapHe o,3-3poCcTaHHS i
/=i
m
e ,(iN =M« N
/—

AoBefleHHs. OcKinbku a € Ln3/P € L° i AAB[F] = QN[Fj] = p; < +00, TO
a(A,+1/p) = (1 + o(1))a(N,/p),

n (4p *ha AT M )’ Nt ORI (ﬁ?'l«l)/
npwv n —awoo ansa 6yab-akoro p € (0, + 00), i oT™>ke, 3anemoro 1

1 i
r—Heod(\n)r | Jin Ml <
Tomy 3 (3) oTPUMYEMO
1 1
oo Oc\mMP \Rpp4TT =b n M ilhrt |
lint Y1 1 Yy il
= 1 n
"_)%/:I \a(An) i1
L4 i (A
= ™ N .
7'11'/' 7 6i'(_7\ﬁ) hrta Injl
TO6TO o
, a(A,)
iy 7 -[«l -
Bt = In 7=1
Ji |

BukopucToBytouu nemMy 1i 3ayBakeHHS 40 Hel, 3BiiICU NerKO OAEPIXKYEMO, LLLO

rrpr'=™mM 4<M™M 4=mnm«l "
| 1=1

TOOTO (hyHKUiA F mae perynspHe o/3-3poctaHHsa i QNMF] = N Q~m w. Teopemy 1
M
[0BefieHO. O

Akuwo Bnbepemo a(x) = In x i B(X) = X 4NA X > X0, TO 3 03HAYEHHH y3aralbHeHUX MOpPAL-
Ky Ta HMXKHbOTO MOpPALKY BUMIMBAKOTL BigNOBigHO 03Ha4YeHHA R-nopAagKy Qr [F] Ta HUXKHBLOTO
R-nopsagky Ar[F], a 3 Teopemu 1 0TPUMYEMO HACTyMNHe TBEPI>KEHHS.

Hacnigok 1. Hexaliln n = o(AnInAn) i InAm+ = (1 + o(1)) InAnnpu n — 00, BCi YHKLT
(2) maroTb perynsapHe 3pocTaHHs (To6To Ar[F;] = Qr[Fj] < +00j i nocnifoBHOCTI

anj\ In an+lj\

+00
A«+ti  An

npmlb < n—o00. Togi, AKLLO

1 L 1

Ini—7= 1+ o(1) I"[Inw/ --—- r, n-» oo, (4
1| =i Il
A L

petgy > 0i X u)j= 1, To dyHKLia (1) Mae perynsipHe 3pocTaHHA i Qr[F] = M Qr [pilw'm

hi =i
AKLLO Y CTEMEHEBOMY PO3BUHEHHI LiNoT PYHKLIT/ 3p06MMO 3aMiHy 2 = €S, TO OTPUMAaEMO
uinmin pag Aipixne (1). Mpwn ubomy Q[F] = p[/], Nr[F] = N[/], a 3 Hacnigky 1 BunInBae
HacTynHe TBEPOYKEHHS.

Hacnigok 2. Hexamn f(z) = g)akz ,'_a Lini dyHKkuUii/Z,(z) = EG%ch (2 < ; < m) maloTb
k=0 -0
perynsapHe 3pocTaHHa i nocnigosHocTi (\ak,j/ak+i,j\) /7* + 00 npnkKo < K-> 00. ToAi 3a yMOBU

m
(4) dyHkKuiaf maeperynsapHe 3pocTanHa i p{/} = T p[/, Jw/.
71

Teopema A BUMAMBAaE 3 HacnigKy 23aymMoB m= 2i = 1/2.

2 Y3aranbHeHHs Teopemu b

MpunycTtmmo, wo, AKy Teopemi 1, a € Ln3 Tap € LO— HenepepBHO ANGEPEHL,INOBHI
yHKUIT. Ana Toro, w06 oTpuMaTKn y3arabHeEHHA TeopeMu b, Kpim y3arasbHeHOro nopsaaky
GHfi[F] € (0, +00) BBeAeMO (y3arasbHeHUIA) TN 3a POPMYOL0

TKa[F]= Tiw InM ((7-F)
3 o™+ ~a- YpoIp]B(0))

Ockinbku Tap[T] = KIfr[F], ge «i(x) = xiNi(x) = o_lpar[Pla(x)) ana x > x0, To mu
MO>XeMO 3acTocyBaTu nemy 1 3ayBakumo, w,o @\ € L0, a BUKOPUCTOBYOUM TeopeMy JlarpaH-

InB i
»a, HeBaXKKoO nokasatu, uwo Bi (In x) € L° 3aymoBu — B X = 0(1) npu x —m+00, TOOTO 3a
YMOBU

In flc-1(g4§8[F]j8(x))
=0(1
X
npun x — + 00, Aka piBHOCU/bHA YMOBI
TX~'M =0(1), .-»+ « (5)

B~Xx! Qafi[f])



. * . N
8, IHWoro 60KY, OCKIIbKU Ci%x)\ — X, TO ymoBa B_.l(,gX-_l(&) —:l+%o) ONA KOXXHOro

¢ € (0, +00) piBHOCUNbHA YMOBI  ----- > —(* —m+00), TO6TO ansa p = £q,p[T] piBHOCUNbHA
YMOBI

In a_1(x) I, Y

rl_l/\/e/\l/l) "o B*_L[ ]l LA (,

Ockinbku 3 (6) Bunameae (5), To 31emu 1 BUNAMBaE HacTynHa nema.

Nema 2. Hexalh pyHKUii@ € INn3 Taf € LOHenepepBHO andepeHyiioBHi i G [F] € (0, +00).
Togi3aymoB (6)ilnn = o(An) (n —00) NpaBu/bHA PIBHICTb

TG,P[P} = r'{'—%D. A"
+A; A

HacTynHa Teopema y3aranbHIoe Teopemy b.

Teopema 2. Hexai dpyHKuUii@ € 143, B € LO HenepepBHO AN epeHLiioBHI, BUKOHYET bCA
ymoBa (6), oc(x) = (1 + o(1))Inx npu x — +ooilnn = o(/l,) (M -> 00). Hexai BCi pagu
Aipixne (2) maloTb 0gHaKOBUI y3aranbHeHun nopagok QN[Fj] —p € (0, +o0) i Tunu Tar[Fj] €
(0, +00). MpunycTUMO, UL0 KoedilieHTNpAay Aipixne (1) 3a40B0JIbHAOTb YMOBY

AN T+ 16))H10R)  (si(rmhira)) 7

m
npun —yoo, ge g — gogaTHi uicnai X wi—1 Toai, AKwo a,4 ~ 0gna Bcixn > Moi
/=i

*(Ehra)*(HaM £tara)' - > @

ANs BCiX2 < ; < m, Topag Aipixne (1) mae y3aranbHeHnii nopagok pAB[F] —p i Tun TAB[F] <
m

n TNFjP.

/=i

AosegeHHA. Ockinbkm a(x) = (I+o(l))In x (x -* +00), 10in a- 1(x) = (1 + o(1))x (x — +00)
i3(7)3o0rnagy HaymoBy 3 € L° oTpUMYyeEMO

KEIH) =i ok £15)" "

Tomy

3iHwWoro 6oky, 3ornagy Haymosy (8)

— iFl = Mo OiAR) G@IB & In TAndly + E20iB (T 1IN Nmj\I)J

< N —t— ( oo\ f + (1+0(1) TA;B f in Nl
n—=oo0n(J1n) P anﬂ \<or| % ( )1—2 B vl 7 ) p
HapewTi, 30ornagy Ha nemy 2 i ymoBy (7)
TW, - e~ *" (w +1 nn))
(44 4 14 14
¥ “AAP +€ )
jle—>(D y Imyld J3J y Ta,B[f)]
m
T067TO T,,B[P] < M To,B[FjIWj- O
/1
Akuwo Bmbepemo a(x) = Inx i /Ax) = x gnsd X > X0, TO 3 03Ha4YeHHA TaM[F] BunamBae
03HaueHHA R-Tuny Tr[F], a 3 TeopemMun 2 OTPUMYEMO HaCTyMNHe TBEPAXKEHHS.
Hacnigok 3. Hexahn Inn — o(An) (n — o00), a BCi pagn Aipixse (2) MaloTb OAHAKOBWIA
R-nopsapok pk[A] = p € (0,+00) i R-Tunu TA[Fj] € (0,+00). MpunycTnNMO, W0 KoedilieHTN
m
papy Aipixne (1) 3agoBosibHAINOTbL yMoBY \a,\= (1 +0(1)) M ‘enj\w' npun —>o00,4e — A0-
/=
m 1 1
paTtHi uncnai X w] — 1 Topgi, akwo ary ¢ 0gna seixn > wiln 4—r< (1 + o(1)) In §—r
j=i Nnal

npm mn -> oo ANd BCiX 2 < j < m, TopAag Aipixne (1) mae R-nopagok p i R-tun Tr[F] <
m

M TR[FjP.
=1
3 HacnigKy 3 BUNAnMBaEe HaCTYMHUIA HacNifoK.
@ a
Hacnigok 4. Hexan f(z) — I akGa lUni dyHkUii/,(z) = ~ Zk (2 < j < m) mMaloTb
k=0 0
oaHakosuii nopagok p[fjl — p € (0,+o0) i Tunu <jffy] € (0,+00). MpunycTumo, wo |a] =
m L
I+ o0(1) M anp npun -> oo, Ae w; — gogaTHi uncnai £ wi = 1. Topgi, akwo a,i ~ 0
7=1 /=i
ana scixn > Moiln F—-r< (1+ o(1)) In —-rnpnn —moo A4NA BCIX2< j < W, TOp[/] = pi
n,jl lana]
YA < NTOATTTAC
/~1

3ayBaxkumo, uwo akwo o] > |s.41//78i715.4 |), oe | — noBinbHO 3MiHHI QYHKLUiT, TO

1 1

In/;(x) = o(ln Xx) nppu X  +00 |, ODKE, In 2—j< (1 + o(1)) In 44— npnn "™ oo0.
an,jl Ning |
Tomy 3aymoB N = 2i = 1/2 3 Hacnigky 4 sunnveae Teopema b.



3 Lini pagn [ipixne ckiH4UeHHOTro MoaAM}pPiKOBaAaHOTIO y3aralfbHeHOroO NopaagKy

HenepepBHOI andepeHLiMoBHOCTI (PYyHKLUIM cTaf i ymoB Ha noxigHy yHKUIT B_1(ca(x))
y A0BefeHNX BULLE TeOpeMax MOXXHa Nno30yTUCh, AKLLO Aelo MmogudikyBaTu y3aranabHeHi no-
pAgKN.

dna @« € Li B € L mogndikoBaHUMN y3aranbHeHUMU R-nopagkomMm Q/N[F] i HUXKHIM

R-nopagkom A of3[P] uinoro pagy Aipixne (1) Ha3BalOTbCA BENNUYNHU

p JF] = Tit — /InM(”~FA AKBM = lim —U -a :
n o™N+°0fB(0) v o ) J a”+toof(a) \ 4 )

B [2] oTpMaHo HacTynHWIA pe3ynbTarT.

Nema 3. Hexaiabo o € £[Bi 3 € LO, aboax € LOi B € Ln3/i gna kKoxkHoro ¢ € (0, +00)
BUKOHYeTbCA In n = o(AnB~1(ca(/in))) (n — 00). Foai ~[F] = kaMF], a kW0 KpiM 4boro

W0l 2 10 Al g +QOnpuib < n -a ooiB—NﬂeX—()‘—m—l)) -» 1npm n-> 0o ToNasF =
nn+i-n r B 1(coi(\,)) pi
K.B[P}:

Ona mogudikoBaHUX y3aranbHeHUX NOPSAAKiIB NpaBuUibHa HACTyMHa TeopeMa.

Teopema 3. Hexan abo @ € Ln3~ € LO a6oa € LOi B € In3, auini pagn Aipixne (2)
MalTb MoAandiKoBaHi y3arasbHeHi nopagkm par[Fy] € (0,+00) i Inn = o(AnB~i(ccc(\n)))
(n -> 00) ona KoXkHoro ¢ € (0,+00). MpunycTnMmo, W0 KoedilieHTn yinoro pagy Aipixne (1)
3a/10BOJIbHAIO Tb YMOBY

KiTu) EQOIArR e o

m
e & — gogaTHi yncnai £ = 1 Toai:
7=1
Jakwo onA\> Oi

In B lT 1r] | '4 J- (1+ 0(1)))Inp {T~ TV|~nlB|} ;= 2,3,...,m, (10)

npu n — oo, To

litT r_I1~Ima(''5_M ~» ]J=1 (11)
o—>t00 In B(0) \ o
In \atj\-In \m+1/1\ - B- 1(cu{\n+1
2) akwo Xe---=---T 1+00n|p|/|l'b< n—o0oi r —>1lnpun-> 00
A, +i-A, S-1(c«(A,))
aAna kKokHux ¢ € (0, +o0) Taj — 1,2,..., m, a pyHKuyii F; MarOTb perynspHe moaudikosa-
He O-3pocTaHHsA, TooTo AAB[R] = (\[Fy], TO PyHKUia F mae perynsapHe mogundikoBaHe
m

op-3pocTaHHs ipaJF] = M Ke[FjP:
7=1

AoBsefeHHs. Ockinbku p., JFA € (0, +00), TO lim r— Inacf
P11 ¢->+o00 IN [3(0') \ o

akwo h € L°, To h € RO-3pocTato4oto pyHKUieto [4, c. 86], To6To anda Ko>xHoro | € [1, +00)
i BCIX X > X0 npaBunbHa HepiBHicTb 1 < h(Ix)/h(x) < M(1l) < +00, 3BiAKN BUNINBAE, L0
Inft €In3-Tomy,BukopuctoBytoun nemy 3 3 Ilna i lInf 3amicte @i B, 3a ymoBu Inn =
o(1,/3_1(ac(/1n))) (n —* 00) ana KoXkHoro ¢ € (0, +00) OTPUMYEMO PIBHICTb

N N Bigomo [51, wio
)

i mam "M (e D A,

ANna Ko>XHoro /= 1,2,..., m,a3ornagy Ha (9)
lim — At 1= lim
n—too 1N d(_g h JhJ y—’tDln

3iHwWoro 60ky, 3ornagy Ha (10)

nw T-A"Nin - 1
n->00 In a(u) n \fl,, n lan

= Mooy FTOUINBLL I gy * 2, 07MB{f N 1,1

1 m /i i \
< lim -—-- a; — In - —1,
n=>00In oc(n )Jq g (7 \}-An |mnp,|/)
N Ina(n),,
T06TO liMm ------ —y = 113anemor 3 npasuibHa piBHIcTbL (11).

InBU Inki.
Aani, ocKinbku 3 ymoBu Inn = o(AnB 1(a°(An))) (n -m oo) AnA KoXkHoro ¢ € (O,+00)

BunamBae ymosa In n —o(/in/3 1(ca(/1,))) (n — 00) gna KoxxHoro ¢ € (0, +00), To 3a nemoro 3
3 (9) maemo

Aad] n->00 OC(M) \nn 14.1; n- >9:0 Xe&(n) ynan o)

m
=m0 y«(n) yn, 1arly/ =1 \?ar[f7)V/
m
TO6TO OTpMMy€EMO HepiBHICTb pAB[F] < M QP[Pi}w - TBepa>keHHSA 1) goBeaeHO.
7=1 P

— /1 1 \
Ockinbku ANB[P]] = pan[F], To 3a nemor 3 Maemo ~y B(B yin 4— rJ B[Fﬁ npu
ynn p

n —Yoo gna KoxkHoroj —1,2,...,m. Tomy 3 (9) oTpUMyeEMO



3BiAKW 3a nemoto 3 BunamMBae, Wo PyHKLia F mMae perynsapHe moaudikoBaHe o/3-3pOCTaHHA i
T

npaBunbHa piBHICTb pat[F] = M QuB[pi]w: Teopemy 3 NOBHICTIO A0BEAEHO. O

Akuw,o sBuGepemo o&x)\ = S(X)\: In x, TO 7\ajngElr_:_ Illrr]nIn M(ct. F)

- —1= QR —1 e
A [F] Ha3uBaeTbCA norapud@mMivyHUM nopsagkom. 3posymino, wo pj[F] > 1, a PpyHKLii a(x) =
/3(X) = In X He 3a40BONLHAKTL YMOBM nemun 1 i 3acTtocyBatu Teopemy 1y uUbomMy BUNagky

HeMOXKIMBO. MpoTe, 3aCTOCOBYHOUYMN TeopeMy 3, MPURLEMO [0 HACTYMHOrO HaCNiAKY.

Hacnigok 5. Hexaii uini pagn Aipixne (2) maioTb iorapudmidHi nopagku Qi[Fj] € (1,+00) i
Inn = o(AnInAn) (n —y oo). MpunycTunmo, Wo KoediyieHTU Linoro pagy Aipixne (1) 3ago-
BOJ/IbHAKOTb YMOBY

In

m
ne ©f — pogaTHi uimcnai N wy; = 1. Togai:
i=i
1) sakwo |aa] > Oi

InIn ( In .Ii-@-l-)) > 1+ 0(1)InIn &AI/I In I’\-r]_l I, n-~yco, (13)

nascixjp=2,3,....m, 10 lim InInl n = 1i - 1< 1M E;F]- Do,
A i A [F] 0 eF - 1)
;| —In |awi/l A, ll
2);|Ku_|,01nl I I — /* +oonpuno < n —o0o0anna Bcixj—1,2,...,mi—4-‘---->1
1—An An
npuv m—y 00 a PYyHKUiT Fj MaloTb peryndapHe siorapnmivyHe 3pocTaHHsA, To PyHKLiA F Mae
m
perynspHe norapudgmivHe 3pocTtaHHA | P/[F] —1= I (Y/E/] ~ 1)w'.
.:1

Cnpasgi, 3ymoBu In n = o(Anin An) (T —Y oo) BUNAuBae ymosa In n = o(A,, exp{lnc An},

(m — 00), a3 ymoBu N’+1 —y 1 (n -» 00) — ymoBa

”

exp{c In An+1}

1, (A -=00),
exp{cln n,}

a ocKinbku p; [F] > 1, To piBHOCTI

ito 1"In In M(g.F) =1
tr->+00 minao

Iim — 2~ InInInM(~"F) =1
(~+oomiIno o

€ piBHOCU/IbHUMW. TOMY 3 TEOpeMU 3 IEFTKO OTPUMYEMO BUCHOBKMW HacnigKy 5.

Ao >k Bnbepemo a(x) = xiB(x) = In x, topa[] = T[F] =: lim —~T1~~" iAaN[F] =

i ,
i[Fj =: lim -———-emmmmeee ,a3TeopeMn 3 0TPUMYEMO HaCTYMHE TBEPIXKEHHSA.
cr—>-)-00 (71 (X

Hacnigok 6. Hexaih gna wnux pagis Aipixne (2) T[Fj} € (0,+00) i Inn = o(A2) (n -> 00).

MpunycTumo, Wwo KoediyieHTU LiNnoro pagy Aipixae (1) 3a40BO/IbHATL YMOBY (12). Togi:
m

2; akwo A+t - A, -» Onpun —Y oo,

1) akwo |a,i] > OiBukoHyeTbcaymoBa (13), Too/[F] = 1iT[Fl < N rnn "

|-
In |ﬂ,,A/I—In \on+i ;|

Ac+i —A,

t[Fj] = T[Fj}pnsa scixj = 1,2,...,m, Tof[F] = T[F] = ILIn T[F;p .

(1
(2]

(3]

[4]
(5]
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ON SOME GENERALIZATIONS OF BAER'S THEOREM

In this paper we obtained new automorphic analogue of Baer's theorem for the case when an
arbitrary subgroup A < Aut(G) includes a group of inner automorphisms Inn(G) of a group G
and the factor-group A/Inn(G) is co-layer-finite.
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Introduction

Let G be a group and A be a subgroup of Aut(G). The automorphism group A defines
some standard subgroups of G. Among these subgroups one of the most well-known are

CgOA) - {g € G]«(g) = g,Vcc € A},
[G/A] = (E~Ift(#) = M |I# € G,cce A).

We note that in general Cg(A) is not normal in G, but if Inn(G) < A, then Cg(A) <
Cc(lnn(G)) = £(G). In particular, Cg(A) is a normal subgroup of G. Clearly Cg(A) is
A-invariant. The subgroup Cq(A) is called the A-center ofG.

On the other hand, a subgroup [G, A] is normal for every subgroup A < Aut(G). In fact,
letg,x € G, a € A, and consider x~x[g, occ\x. We have

x~\g,a\x =x~1g~1loc(g)x = (gx)_la(g)x = (gx)_la(gxx_1)x = (gx)_la(gx)a(x_1)x
= [Ex,al(a(X)-1x = [gx,(x\(x~loi(x))~1 = [gx,o0i][x,0i]~] € [G,A\.

The subgroup [G, A] is called the A-commutator subgroup of G.

Denote by ix the inner automorphism, defined by element x, that is ix(g) = x~Igx for each
g €G. If A = Inn(G), then A-center of G coincides with usual center of G and A-commutator
subgroup coincides with the derived subgroup of G.

I. Schur was the first to study the relationships between the derived subgroup and the
central factor-group in finite groups [7]. In his paper I. Schur investigated the so-called Schur
multiplicator (all definitions see, for example, in the book [4, p. 14]). The following result
was proved: if G is afinite group then [G, G] N {(G) is isomorphic to a subgroup of M(G/£(G)).
Here M (H) denotes the Schur multiplicator of a group H. Later the construction of Schur
multiplicator has been extended for arbitrary groups.

R. Baer studied the case of infinite groups [1]. He proved that if G/£(G) is finite, then [G, G]
is also finite. But many mathematicians refer to this theorem as Schur's theorem. In connection
with this result, the following question arises: is there afunction f such that |[G, G] | < f(t) where
t = |G/E(G)]? J Wiegold has obtained here the best result. He proved that if t = |G/£(G)],
then I[G, G] | < w(t) = tmwhere m = \(logpt —1) and p is the smallest prime divisor of t [8, p.
347]. In the same paper J Wiegold proved that this bound is attained if and only if t = pn
where pisaprime [8, p. 347]. When t has more than one prime divisor the picture is less clear.

There are some distinct approaches for obtaining generalizations of the above theorem.
One possibility is to use the automorphism groups. P. Hegarty in his paper [3, p. 929] proved
thatif A = Awi(G) and G/Cq(A) isfinite, then [G, A] is also finite. The condition A = Aut(G)
is very strong. The finiteness of G/Cc(Aut(G)) in this case implies that Aut(G) is finite. In [2]
a more general situation was considered: Inn(G) < A and AZInn(G) is finite.

In the following we will show that it is not possible to extend the main results from [2,3]
on arbitrary automorphism group A. The following simple example shows this.

Let pbe aprime, G = (a) x K, & = pand K = Drne”(bn) be an elementary abelian p-
subgroup. Then G has an automorphism ctj such that ocj(a) = abj, Cij(x) = x for each x € K. It
is easily seen that every automorphism aj has order p and a subgroup A of Aut(G) generated
by Wjl) e N} is an elementary abelian p-group. Furthermore, Cg(A) = K = [G, A] so that
the factor-group G/ Cg(A) is finite, but the subgroup [G, A] is infinite.

In this example an automorphism group A is bounded and infinite. Therefore it is natural
to consider here the automorphism groups, which have unbounded and infinite factor-groups.
One of such types of groups is following.

A group G is said to be co-layer-finite if the factor-group G/G” is finite for all positive inte-
gers n. These groups were introduced in the paper [6, p. 500].

For such automorphism groups we obtained the following generalizations of the main re-
sults from [2,3].

Theorem A. Let G be agroup and A be asubgroup of Aut(G) such thatInn (G) < A. Suppose
that G/Cg (A) hasfinite order t. IfFA/Inn(G) is co-layer-finite, then [G, A] is afinite subgroup.

The inclusion Inn(G) < A implies that Cg(A) < £(G), and hence Inn(G) = G/{(G) is
finite. Therefore the fact that the factor-group A/Inn(G) is co-layer-finite implies that A is
co-layer-finite.

R. Baer [1] obtained the following generalization of Schur's theorem.

Suppose that the term  (G) having afinite number k of the upper central series ofagroup
G has finite index. Then the term 7*+i(G) of the lower central series of G is finite.

Starting from the A-center and A -commutator subgroups, we can define the upper and the
lower A-central series of G. Suppose that Inn(G) < A. Put {\(G,A) = Cg(A). If for ordi-
nal v we define £v(G, A), then put {v+1(G, A)/£v(G,A) = L1~ /T v~ ,A),A/0A(Iv™,A))).
Shorter last group we will write as £i(G/£,,(G, A), A). As usual, if v is a limit ordinal, then
£v(G, A) = Upcv {u(&> A). The last term £7(G, A) = £00(G, A) of this series is called the upper
A-hypercenter of G. The ordinal 7 is called the A-upper central length of a group G, which we
denote by zI(G, A).

The lower A -central series of a group G is the series

G = 71(G,A) > 72(G,A) > ... 7V(G, A) > 7v+i(G,A) > .. .y#(G,A)
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defined by the rule 72(G, A) = [G, A] and recursively 7v+i(G, A) = [7V(G,A),A] for all or-
dinals v and 7a(G, A) = TM~<n7>(G, A) for the limit ordinals A. The last term 7s(G,A) =
700(G, A) of this series is called the lower A-hypocenter of G.

An automorphic variant of the above Baer's theorem for the case when A/1Inn(G) is finite
was obtained in [2]. The second main theorem of this paper gives a very wide generalization
of this result.

Theorem B. Let G be agroup, A be asubgroup ofAut(G) and Z be the upper A-hypercenter
of G. Suppose that Inn(G) < A, zI(G, A) = m s finite and G/Z is finite. If A/Inn(G) is
co-layer-finite, then 7wHi (G, A) is afinite subgroup.

1 Preliminaries and lemmas

Let G be an abelian group, A be a subgroup of Aut(G) and @ € A. We define a mapping
d(oi) : G — G by the rule d(oc)(u) = u-1a(u) = [u,oc], u € G. We have

d(oc)(uv) = (uv”oc”v) = i> 1m-lama(r>) = M la(u)y_la;(u) = d(oc)(u)d(oc)(v),

and then d(&) is an endomorphism of G. Furthermore, Im(d(ct)) = [G,oc], Ker(d(oc)) — Cq(x).
Thus we have [G,a] = Im(d(oc)) = G/Ker(d(cc)) = G/Cq(9.

Let G be afinite group and suppose that |G| = p~lm... mp,nwhere p\ < ... < pnare primes.
Being nilpotent, the Sylow py-subgroup Pj of G has finite subnormal series whose factors are
of prime order. It follows that for each 1 < j < m the Sylow pj-subgroup Pj has at most kj
generators. It is not hard to see that G = (Pi,..., Pn), so that G has at most

ki+ ...+ kn=logPl |F] + ... + logpjPn 1< logPl |A] + .- + logPI\P,\
=1°8pi(\PI\ - \Pn\) = logp,\G\ < log2\X\

generators.

Lemma 1. Let G be an abelian group and A be a finite subgroup of Aut(G). If G/Cq(A)
is a finite group, then [G, A] is also finite and there exists a function & such that |G, A]\ <

6(\G/Cg(A)\,\A\):

Proof. Put \G/Cq(A)\ = t, WM\ = kand Z = Cg(A). As we have seen above [G,oc] = G/Cq(oc)
for every automorphism a € A. SinceZ < Cq(«), [G, a] is afinite subgroup and |G, a] |< t
Let M = {ol\,..., ag} be a set of generators of A. As we have seen above, d < log2(\A\) =
log2{k). Since I[G,ay]l < iforevery 1 < j < dand [G,A] — [G,0i\] m... . [G,ft"] (see, for
example, [5, Lemma 1.1]), [G, A] is afinite and |[G, A\ < td < tlog2(k) = O(t,Kk). O

Let G be an abelian group, Z be a subgroup of G and C be a subgroup of Aut(G) such that
Cc(Z) = C = Cc(G/Z). For arbitrary element g of G we defined the mapping :C —» Z
by the rule rlJg(xX) — [g<X\, a € C. Since a € C, cc(g) = gz for some elementz € Z, that is
z = g-1a(g) = 7g(ot). If B is another element of C, then

(aoB)(g) = a(p(9)) = a”n8(B)) = 6iE)a(ns(B)) = gvg(a)vatf),

and so

%(ao”) P)(g) = g~lgng(*)Vg(P) = vg(*)vg(fi)

Therefore 7gis a homomorphism. We have Ker(ys) = Cc(g). Furthermore,

[92<A = g~2<g2) = g~2<g X g) = g~2gVg{MgVg{ad) = (Vg(oc))2.

Applying induction, we obtain that [gn,a] — (yg(ct))n. In particular, if the element gZ has
finite order, that is there is a positive integer k such that gk € Z, then

(~(a))e= [g*/q = g~ke(«*) = g~kgk= 1.

In other words, Im”~g) is a subgroup of Z, having finite exponent \g\
Suppose that the factor-group G/Z is periodic, then MN(7ra(t/?)) C n(G/Z). We note that

ifg € Z, then ng(oc) = 1for each a € C. The equation fl*ec Gec(g) = Cc(G) = (1) together
with Remak’s theorem yields the embedding

C &> CrgeGC/Cc(g) = CrgeGlm~g).

The above inclusion TI(Im(ng)) C n(G/Z) for each g € G shows that C is an abelian group
such that M(C) C n(G/2).

Let G be a group and A < Aut(G). Suppose that K is an A-invariant normal subgroup
of G. For each automorphism a € A we define the mapping ax : G/K — G/K by the rule
od{xK) = oc(x)K for every x € G. Clearly ak is an endomorphism of G/K. Let x € G and
a,K(xK) = K, thatis K = oc(x)K and tx(x) € K. Since K is A-invariant subgroup of G, x € K and
xK = K. Therefore aKis an automorphism of G/K. Furthermore, if @3 € A, then

(@ oB)k(xK) = (@ oB)(x)K - aQS(x))K = s{B(x)K) = ak(Bk(xK)) = (ak o Bk)(xK).
Hence the mapping ® : A -> Aut(G/K) given by ®(a) = ax, a € A, isahomomorphism.

Lemma 2. Let G be an abelian group and A be asubgroup of Aut(G). Suppose thatG/Cc(A)
is afinite group oforder t. If A is co-layer-finite, then [G, A] is a finite subgroup.

Proof. PutZz = Cg(A) and C = Ca(G/Z). Clearly C is anormal subgroup of A. Since G/Z is
finite, from above remarked we obtain that C is an abelian group of finite exponent. Since G/Z
is finite, factor-group A/C is finite. Then Lemma 5 of the paper [6] implies that a subgroup
C is co-layer-finite. Being abelian group of finite exponent, C must be finite. Hence C =

I17i/ ---/7s} where s — |C]. As we saw above, for every automorphism a € A we have an
isomorphism [G,a\ = G/Cc(a). Since Z < Cg(a, [G,\is a finite subgroup and |G, a]\< t.
Since [G,C] = [G,71] -... - [G, 79 (see, for example, [5, Lemma 1.1]), [G, C] is a finite subgroup

and j[G, C]I < ts.

Put V = G/[G, C]. We note that a subgroup [G,C] is A-invariant. In fact, let g be an
arbitrary element of G, @ € A, 7 € C. Since C is a normal subgroup of A, @07 = 7! oafor
some 71 € C. Then

a(<?/7) =% _17(£)) = a("_Da(7U)) = Mg~D(~°m)(g) = % _D(7i°a)(£)
=a(E-D7iMs)) = (a(™))_171(a(™)) = Kg),7i] € [G,C].
Therefore [G, C] is an A -invariant subgroup.

Foreach a € A we define the mappingay : Vv -> ¥ by the rule ocv(x[G,C]) = oc(x)[G,C] for
every X € G. Since [G, C] is an A-invariant subgroup of G, by above remarked ocy € Aut(V)



and then there exists a homomorphism ® : A — Aut(V) given by ®(a) = ay. Put Ay =
P (A). If7€C,then7(9) = gg 'y(g) = g\g, 7], and hence

7V'Ne ,CJ) = 7(9)[G,q = g\x,l][G,C\ = g{G,C]

for every g € G. It follows that C < Ker(®). On the other hand, A/C is isomorphic to some
subgroup of Aut(G/Z). Since G/Z is finite of order t, A/C has finite order at most £. Hence
Ay is finite and \A\ < t\ Ifg € Z, then ay(g[G,C]) = a(g9)[G,C] = g[G,C] for every
ay € Ay. It follows that Z[G,C]/[G,C] < Cy(Ay). Thus V/Cy(Ay) is a finite group and
\V/Cy{Ay)\ < t. For this case we can apply Lemma 1. By this Lemma [V, Ay] is a finite
subgroup, having order at most S(t, £!). We have

[V,Av\= [G/[G,C],AV] = [G, A][G, CI/[G, C] = [G,A}/[G,C\.

Therefore [G, A] is a finite subgroup. O

2 Proof of Theorem A

Proof. Put \G/Cg{A)\ = t. Since Inn(G) < A, Cg(A) < Cc(inn(G)) = £(G). It follows that
G/£(G) is finite and |G/£(G)] < t. Then K = [G, G] is finite and |[G, G]] < w(t) = tmwhere

m — ~ 1) and P is the smallest prime divisor of t [8, p. 347].
Put Gab = G/K. For each a € A we define the mapping ae : Gab — Ga by the rule
aab(xK) = a(x)K for every x € G. Being characteristic subgroup of G, K is normal and

A-invariant. As above dab € Aut{G/K) and then there exists a homomorphism & : A —
Aut(G/K) given by ®(a) = aab. Put Aab= ®(A). Since G/K is abelian,

(*gU(*[G,G]) = Ig(X)[G,G] = g~Ixg[G, G] = x[x,9][G,G\ =x[G,G]

for each x € G. It follows that Inn(G) < Ker(®). In particular, A,{, is an epimorphic im-
age of A/ZInn(G). If x € Cg(A), then aa\,(xK) = <x(X)K = xK for each a € A, which im-
plies the inclusion Cg(A)K/K < Cc/K(Aab). Hence (G/K)/Cc/k(Aab) is a finite group and
\(G/K)/Cqg/k(Aab)\is a divisor of |G/Cg(A)].- Applying Lemma 3 of the paper [6] the factor-
group A/Inn(G) is co-layer-finite. Then by the same Lemma 3 of the paper [6] its epimorphic
image Aeab also is co-layer-finite. An application of Lemma 2 shows that [G&,, A & has finite
order. Furthermore,

[GabAdg - [G/[G,G],Ad] = [G,A][G,G]/[G,G].

If g, x € G, then
[9,X] = g-'x-'gx = g~Ixig) = \g,Ix}.
It follows that [G, G] < [G, A], because we have Inn(G) < A. Hence
[Gab,Aab\= [G,A]/[G/G\
And therefore [G, A] is a finite subgroup. O

Let G be agroup and H be a subgroup of G. Put InnB(H) = {ix]x € A}. Clearly Innc(H)
is a subgroup of Inn(G).

3 ProofofTheorem B

Proof. Let
1) =Zo< 2\ < ...<Zmj<Zm=Z

be the upper A-central series of G. Put |G/Z] = t. We proceed by inductionon m. If m = 1,
then 2\ = Cg(A) has index at most t in G. Application of Theorem A shows that [G, A] =
72(G, A) is finite.

Suppose inductively that the result is true for some integer m > 1 and let G be a group
satisfying the hypotheses of the theorem with zI(G,A) = m. Consider the factor-group L =
G/Z\. Then

(1) = Z\/Z\ < ... < Zm-i/Zi < Zm/Z\

is the upper A -central series 0iG/Z\. For each a € A we define the mappingoci : L -> L
by the rule oii(xzZi) = a.(x)2\ for every x € G. Since 2\ is A-invariant, by above noted a,l
is an automorphism of L and then there exists a homomorphism ¢ : A — Aut(L) given by
®(a) = ai. Put A1 = ®(A). Itis not hard to prove that Z/Zx < ™“m 1G/Zi, Ai). Hence
(G/Zi)/™"m_i(G/Zi, Al) is afinite group and its order is a divisor of |G/Z] . Clearly ® (A) =
A1l is an epimorphic image of A. Furthermore, Inn(G/Z\) = ®(Inn(G)), sothat AL/Z/Inn(L)
is an epimorphic image of A/Inn(G). Since the factor-group A/Inn(G) is co-layer-finite, by
Lemma 3 of the paper [6] its epimorphic image Ai/Inn(L) also is co-layer-finite.

Since zI(G/Z1,AL) = m - 1, by induction hypothesis K/Z\ = jmG/Z], AL) is finite.
Clearly D = 7w(G,A) < K. At once we note, that D is A-invariant. For every a € A its
restriction a]d is an automorphism of D and the mapping = : A — Aut(D) defined by the
rule =(a) = a]dis ahomomorphism of A in Aut(D). Moreover, Ker(E) = C~(D). By Lemma
2 of the paper [2] [Z,D] = (1), so that Innc(Z) < Ker(z). It follows that E(Inn(G)) is an
epimorphic image of G/Z, therefore S(7nn(G)) is finite and has order at most t. The factor-
group =(A)/=(inm(0)) is an epimorphic image of A/Inn(G), so that by Lemma 3 of the
paper [6] S(A)/S(Inn(G)) is co-layer-finite. Since \E(Inn(G))\ < t, Lemma 4 of the paper [6]
shows that = (A) is co-layer-finite. Clearly

Inn(D) = E(InnG(D)) < E(Inn(G)) < =(A).

The inclusion Z\ 1D < Cd(E(A)) shows that D/Cd(S(A)) is a finite group and its order is
at most IK/Z2\\. Hence we can apply Theorem A. The application of Theorem A shows that

[D,=(A)] = [D,A] = [Tm(G, A), A] = 7Tm+i(G, A)
is finite. 0O
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Introduction

For every partial order < on a set M, two types of transformations of this set arise in a
natural way. A transformation ¢ : M —aM is called order-preserving, if for every a,b € M,
a < bimplies <p(@) < cp(b), and order-decreasing, if for arbitrary a € M the inequality ¢(a) < a
holds. Both order-preserving and order-decreasing transformations form a semigroup with
respect to the composition of transformations. These semigroups are denoted by 0(M, <) and
(M, <) correspondingly (or just O(M) and T (M), if itis clear what the partial order is).

It is clear that studying of semigroups O0(M) and T{M) began from the simplest case,
when M is afinite chain. The semigroup Onof order-preserving transformations of m-element
chain appeared first in paper [1] and corresponding semigroup T nin the book [2].

Studying of these semigroups have been done intensively during last twenty years (see last
chapter of [3] and references). For other partial orders such semigroups have been studied
relatively small (see [4]).

We consider the boolean Bn— the set of all subsets of a «-element set N = {1,2,... ,n}
naturally ordered by inclusion. In [5] it is proved that order of a semigroup F{B n) is equal to
2"'2" \ We calculate orders of semigroups 0(B n) and C(Bn) —0{Bn) NF (B n).

Orders of semigroups O(Bn) and C(Bn)

For every subset A C N we can build a vector
xa = («i,«2/--m&n) € {0,1}", where ok —'i-"keA,
such that inclusion relation C on Bninduces partial order ™ on the set Bh= {0,1}” of boolean

vectors of length n. Recall that boolean function /7 : Bn— {0,1} is called monotone, if for every

X,Y € Bn,x di ¥ implies f(x) -<f(y). Denote by M nthe set of all monotone boolean functions
/ :Bn—{0,1}.
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Theorem 1. \O(Bn)\ = \Mn\.

Proof. Let @ € O0(Bn). For every k, 1 < k < n, consider a boolean function : Bh— {071}
defined by the rule
<PKxA) —1 ifandonlyif k€ @ (A).
It is clear that for every k function @kis monotone.
Consider the map

0(B,) —»M,, xMnx - XMnQ i—> (@1, 42,..., qn) A

It is obvious that this map is injective. It suffices to show that it is surjective, i.e. every collec-
tion (rpi, i, ... ,ipn) of monotone boolean functions corresponds to some transformation ¢ in
O (B n). It is not hard to build such transformation @. Really, for every subset A C N define

<p(A) = {k lpk(xA) = 1},
then, the transformation ¢ : Bn — Bnwill be order-preserving and for every k we will have
Ik = ipk O
Theorem?2. \C(Bn)\ =

Proof Since C(Bn) Q O (B n), similarly, as in the proof of previous theorem, for every trans-
formation @ € C(Bn) we can construct a collection (¢\, {2, smm, ) of monotone boolean func-
tions. Note that for order-decreasing transformation ¢, from k ~ A it follows that k £ Q(A).
Thus, if k A, then (pk(xn) —O0.

For afixed kthe set {A € Bn |k € A} is naturally identified with the boolean B(N \ {*})
(which is isomorphic to the boolean Bn-\) as a poset. After that, restriction gk of the function
gk to the set of boolean vectors {xg \k € A} we can consider as a boolean function of n —1
arguments

(Pki&lr - - - /&n—) — - fitfio—, UMt/ .. /As) (1)

Since for k £ A we have (Pk(xs1) — O, then the function gkis still monotone, i.e. gk € M ,,_
This gives us the map

CBn) —»M,,_i xM,,_i x ---xM,,_ 1, IP—>(0\,02,---,4n), 2
which, obviously, will be injective.

Show that this map is surjective, i.e. every collection (ipi, %2, ..., yn) of monotone functions
from M, _i corresponds to some transformation @ in C(Bn). For arbitrary k, 1 < k < n, and
a boolean vector x = (og, ...,<%) denote x™ = (ct\,..., oik-b afcH/ .- /an)- For every subset
A C N define

<p(A)= {kKeA lipkix®) = 1} . (3)

The fact that the transformation ¢ : Bn —Bn is order-decreasingfollows from (3). Now, let
A D B If A€ @(B), then YKk{x'*) = 1 However, xg ¥ X, and since ismonotone, it

follows that ipk(xA ) ~ 1. Hence, k € @(A) and @(A) D @(B). Therefore, transformation ¢
is order-preserving too and @ € C[Bn). Finally, from equalities (3) and (1) it follows that for
every boolean vector (aj,a2,:---,an-i)

(Pk(O\,OC2, mmm <X-n-\) — 1 wr2/ - ,«n-1) = I/

that is, gk — pk for all k. Thus, atransformation @ is a pre-image of a collection (ipi, Y2, mmm n)
with respect to a map (2).
Therefore, the map(2) is a bijection and \C(Bn\ = |M,_i |" O

From theorems 1 and 2 the next corollary follows.
Corollary. \O(Bn)\»+1 = \C(Bn+1)\n.

Note that the numbers |M,| are called Dedekind numbers. They arise in many problems of
algebra and combinatorics. In particular, the number |M,] is equal to the order of the free
distributive lattice of rank n completed with zero and unit. The problem of the computation
of these numbers is very difficult. For the moment there are neither known formulas nor
even algorithms, that are more effective than exhaustive search of monotone functions. One
can find estimates of different kinds (lower, upper, asymptotic) for these numbers in a serious
survey [6].
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Introduction

In this article we explore the fundamental solution of Cauchy problem (FSCP) or the diffu-
sion equation with inertia, which depends on the inertia of many groups of spatial variables.

In 1934 based on a particular tangent process, Kolmogorov A.N. derived the diffusion equa-
tion with inertia [1]. Using the Fourier transform, Hormander L. found the fundamental solu-
tion of the equation [2].

To construction of fundamental solutions of the Cauchy problem for ultraparabolic equa-
tions where involved many authors, among them Weber M. [3], Il'in, A.M. [4], Oleinik O.A. [5],
Eidelman S.D. [6], Ivasyshen S.D. [7] and their students. There were considered equations with
one, twospatial groups of variables on which there is degeneration of parabolicity as well as
equations having features on the time variable. Detailed analysis of thetheory of degenerate
parabolic equations in the appropriate time period is done in the works [8,9]. We consider the
equations which have the degeneration of parabolicity for arbitrary finite number of groups of
spatial variables. This research is a continuation of works [10,11].

1 Notations and problem statement

Let x . -117X\ - 79\n\r X2/ 227 - - 7 %22 - w7 XK XK2, - 7XKnKS- - 7 Xpl/ Xp2/ - - - 7 Xpnp/
Xqgi,.. ., Xml), g = p+ 1, ni > n2 > mm > np > 1, nke N, k= 2p,p €N, m > p,
\
5 nk+ m—p=n,x €R", T €R"”.Consider the Cauchy problem
k=1
P LU m
dtu (t,x) - X Z xkjdXkj+lu (t,x) = £ agr2 u (t,x), (1)
k=1j=1 v=l K
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u(i,x) t=T= Ug(x), O<r<t<T< -boo, xeR" (2)

where Mo (x) — sufficiently smooth finite function. Let us find fundamental solution of Cauchy
problem (1), (2).

2 Construction of the fundamental solution of Cauchy problem (1), (2).

The solution of the problem (1), (2) we will seek in the form of inverse Fourier transform of
unknown function v (£, (), so

u(t,x) = (2m)~% exp {i (x,{)}v (t, ) &&. (3)
Since dtu (t,x) = F (dtv (f, £)), and
XkjaxkjHu (t,x) - F (- & +1d&7(£,£)) / d2uU(t,x) = F (f,£)) ,

the problem (1), (2) is reduced to the problem

P nk m
btv(t,o - E X fy+iv™* ® = ' 4
( k=1j=I y k=1 @
0(1,§) \=1=v0({), O0<1<i<T< +00, CeR" (5)

The following system corresponds to equation (4)
dt = = ...=Nki-1="M2A= _ Gl _ _ aln _

(i2 (i3 ginx qit 2 K2
_~knk-1 _ &ipt _ _alPnp-1 dv (6)

m
2

k=1

Letusfind ¥ nk+ 1- P independent integrals of the system (6). From dt = /-\if“i‘ \ k= 1p,

k=1 iknk
we obtain
~knk—1 = TCknk ~t' cknk—r (7)
and from dt = k= 1,p, using (7), we obtain
£fcn*-2 — 2 bAnk + tdkmk- 1+ cknk- 2/ (8)

and soon. From dt = %«Tk']‘gl—lll we obtain

\% 0-1

iknk-j - jfiknk+ JIZ Tiy Cknk-1 ------e- h Cknk- 2- 9)

Analogically, fromdt= g, usingén = jO~ry&nk+ j~y C k,n + =+ ck2 we obtain

tnk 1 tn>~2
~nL = K + Jnk- 2)\CQrk~1 4— + ck + ckl (10
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i - dv . .
Let us consider dt = and find the integral Cknk—j+2 + - '+ ]\ knk)  E/cn*~(/+l)  ~Aknk—j “b 2\knk-1+2 + * *+ NZ/ZTJji knk—
(U (Liy-"+> - ¢c> 1 (-1)'-"' - C2,+I (-1 "-1-———-- Cp;+1(-1)1 +
- . ~% - - -
VvV = . ) 1 ‘('|+|y+| nk(o+¥)-|!'1_(-|+|y+|’WhereCJ:/\p’/eNU{O}.
(Bq ino( + ok <F) P2 tH &-((' -[)} We have established (15), hence (14) is correct. Using (14), the formula (13) is reduced to the
(11) form
with i > 1. The initial condition implies m t P/
{ Esic- v-j BE@i+ ¢3- )+ umms (B - i)
vV (i -Dlglni + (Mi-r)to1"!- 1M T2+ 1" - + cl1al-1/?1ng; fo=I T fe=lv
o i b2 e 2+ C2li -+ ilin2+ c2 Son2) i (e Y
(M- DL b2+ n2-2!@2n2— H------- brtc22+ C2li---;1{in2+ ¢2nv - b2n2)---i (n~1}\Lp nP ((nfc-1)0 A+ (t- 0 E2 L1 1 Tin2i2e (1 —1) "
+ ("M2)\CPnp-1+ -+ Tcp2+ Cpi; £p+1i; £p+2 /- -/tin |) — c> QI S—— - (y 12y ?21«a/--/~1c-1 + (1T _ 0 \nv Q\nANZ2\ + (1 - i) "~22+ ...
(12) (@B RNY /24T (T ) 2«2 (T 0'--"pl+ (T i)™ p21----
therefore (t-O -
( m Pt («p-1) PR/ /Epnp-l+ (T 0 Lpnp, Lpnptlpr 1/ -/Em 1
v=exp{- E &(«-1)- X - 1+r V I d I - 2)h~"
m  fe=l fe=l1 From (16) we find
+ omt OAN + cn)2 I N Iy N - A((n, - D)Y)-1+ "E " ((itt - 1- /))_1c m ot/
m(*.£)- E 4 (‘- + E 7 ((™- O0"-1((»*-1i)i) 1
r*'-1-'....... T?1,1+c1,2i;ffL,);...;fp,,r"'-1 ((n ,-D)1)* 1+ "E  ((«,, - 1- i)!)-1 fo=l Jic=IT 4
/=1
Cpp-/TnP 1 ,...,xzenp + Cpup-i; £pnp; £p+11/ ... /EmI) + (fi - ((¢t - 2))"1+ .-+ (B- f)& a + ?2H)2<i/l koiin a7
Replace Cuu-\, C20-b = mc2\)mmm cpp-b with their values that are found + (T - 0A12 Hoooeee f £in! (1 - 0”1 1((nt - 1)0-17--~Afni-1 + (T ~ 0 Linv ZinA, - =
from thesystem offirstintegrals, k = 1,p; b+ (1 - i) + m+ (T- 0" 1((np- 1))-1,...,Epslp-i + (T - () LPnp, EPnp,
(p+11/ -/ 1) 4¢
— ~knk+ cknk—\r
Guyn— = AKLW—AT” Mnk—2/ Let us make the change of variables in the integral (17)
-1
giid + (T - ) k23 (r- a4 1 nk-
O<nk— — j\~knk “b (j—yj-ktik—L+ "' -+ “cku~]+\ ~bcknk—/ e ( )¢ ( ) ¢ ((
£kj + (T ~ 0 ?fc/+i H-— b(r - t)nk 1 ((cit - 1)0 1= *Kj
{n= ("rbp&n* + + ...+ icfc2+ Cfci.
€knk- 11" (1 — 0 CJoUh = Rk« —V/ (18)
Therefore Cknk\ = (knk\ ~ liknk/"knk—2 = (knk—2 “knk=+  2\knk> - Let Kknk/
Zp+l1l — ap+1 1/
- SRR O )
(-knk— = Qknk—jtbknk—j+1 r ' <"t § bknk- (14)
.?ml = aml, k=1,p.
Let us show that
From (18) we have
(-f)y/+ T 15
cfonjt—0+1) = -(/'+!) — ~ knk-j H + Q _L-q, ifcn*. ( ) Cknk—1 — &KnK-\ ~ ~ t) AKWr
t-ji
. o T A Cknk—2  &knk—=2  (t 0 <knk— + g/z{ &knkr
Indeed, since ckrlk (™. (}-HD)".f Bren i\Lknk-\" .. (/—/+11 cknk~l  ILknk-jr
using (14), we have
(knk— — %knk-j ~ (t ~ 1) Kknk-j+ 1+ "* AN\ N &knkr
cknk-(j+\) — Zknk-(i+\)  (j*+\y~knk JT ~“knk-1 (/—1+1)! {%knk-1  ~knk~I+1

~\~JjEknk-1+2 + 2~ Qui<-1+p + ' -+ NN~Cknk \ — - - — n*—/+1 2! £kl afal t)af@+ -+ knkr k — I, p.



Therefore

M f (p k1 (. (t—Tel \
u(t,x) = (27r)-2y exp £ ixklj YCKlj + (t- T)ock2j+1 + -m-+ (nk_jy Zknk)
m P m P r/ /mm
+ £ xxfcaw + E ixkn&nk- E au(*-1)- E / ((B~1)4~ (K - 1I)- u }
fe=p+l fe=lI fc=p+l n
+ (B~ Mk 24-kn™-1 ((nk—2)!) - +«A;n) d/sj Vo(cc)doc.
Since 00(a) = (27y)~2 / exp {-r(y,a)} uo(y)dy, then u(t,x) = f G(t - 1,X,{)n0o({)al/where
Rn R
G(t —r1,X,¢&) is FSCP. Hence, from (20) we obtain the formula G(t —T, X, {).

3 The fundamental solution of Cauchy problem

Fort> 1, x €IR”,{ € IR" from the formula (20) we have

G(t- 1, %x,¢) = (2n)~n /exp J— E r[(*fci - &i) Ui+ (*ki ~ &2 + (t ~ 1) xkl)
R I k=l

K2 He—+ (*Kj - CKj + XKj-1 (t - T) Heeoeoeee b '(/-1)! P —

+ xknk-2 (i —1) + -+ Nj{~zyrxnl1” <Xkk-1 +

xknk- 1H b A(n*-N)! *n 1) + E *(*u-£n)ali
fc=p+I
, t/ -..-1 N2
- X 4A\(1~T1)- Ey + (B- 1) flif2+ o4 A j g da.
In order to find (21), consider the integral
Ikit-t,0i) := " laki+ p -pare+ PFHET L pa X 22)

Making the change of variables © = jzr®, we have

Ik(t-T,0i) = (t-1) jf +0(f- 1)

1 2iu-l
In (21) let us replace nka (t-t1) 2= akl/...,ockl (t-1) ’ (nk- 1)) = aktk k = 1,p,

akl(t —1)~2 = ak, k= p+ 1, m, and al = « then we obtain

—1)(21)

G(t- 1;x;¢) = (2m) n expj- E i[(xki~{n) «*v(i- 1) ™+ (xfc2- ~ 2
+ ([ —T) x/)ak2 (t —1) 2H-—-—+ (x*/ —C¢ + (t —1) xK- \H-—-—-- + Xfdl)
2/1 / (t —x)rk~l \
gyinr-T) - b + (i- t)4nki H-——-- b xkiJ
N1 _ . 1 .
<knk (t-T ) i-(«k-i)! - £ (KKIi-€EkOaunn-1r2- E
fc=p+I /c=p+l
P AN, \2 1 P «fl
— E J  yXki nafe2+ m-m+ Ok ~&Kknk) d6 \doc(t —t)' E M * °
JicA fc=l fe0
> K-12
where gy = j + ————--
Let us calculate the integral | = fj (txkl + 6ade H-— + 9k 10K 266\
2 ay A UL oo
AL+ -f +-f + + + A\42 + . 12°G00d + 1 2°GXkrk +
2nk- | I nk
*Kj*Kj+) L Dk—da knk
2j+v—1 nk- 1
After making perfect squares in (24) we obtain
= r “WM |
M r) +3tS 7 1TT+1r. =3 7(/ + 1)(/ + 2)
2 '
nkla(j-1)...(J3-k0+ I)\
ik 7@+ 1)---(7+ A0 —1) I + ---+ " nfc Vot (2 «*-1).

Using (25), let us make the change of variables in the integral (23)

4
E *f = «,
=1 1

O 77+ - K

V i go0-1)-(;-fco+l)

jtho 70+0)-(/+70-1) ~ '

YUniw- 1!

a:—(zu:*—i) skn’ k=1,p,
kvd = Sd/ k=p-\xIlm.

(23)

(24)

(25)



Solving the equation (26) with respect to a, we obtain

afd = sfd —3sfi2+ 56jt3 — 7skd H—--- F(—1)"* 1(2nk—1) skik

23 = 2~ 5siS+ A fsd—Afnst5+ AP A sIB%-—-f N,A~2)"4'5 ... st (2nk —1) Sait,

A/5)°pl-i) = s4- W +1) A+l + - 202+3P +54 +3

+XK TTW X 2i5i/+4+ ...+ H T 'B o4 N K N i N +...
(- J)*"2/(2/+J) (W*/ 2(2du-J
(nk-j))\ knkr- - -/
A4 «tar i(«*-1"
(nk—)...2nk—=3) - Skk1 (2nk 1) sknk/ m(n*+1)(2n*-1) ~ k— 1,p,
S*1=«*1/ fc= p+ I,m.

From this system we find aj (j —I)\,j = 1, p, and substitute it in (23). Therefore G (f —T1; X; ()

has the form
G(f- 1-,x,0 = 2n)~n[ exp( - £ £ (2*- 1)sZke- (£ (-1)*"1(2k- 1)svg
Jw I v=11™M 4=i

I (Xvl - ¢W\) (*- 1l 2- 3Z (- tF 2 (*u2- £V2+ (t- 1) XVl) (sv2 - 5sv3 + fs v4
- / AN\M2 \ X4
-y -Svs-————-- nNa2nNn4-5...N 2nv—1)swryj ---------- k... 2k —1) (f —T) i

(swk- (2k+1) svim + 2-~ s vk+2- N - £ N Syt+3+ .-

Q L ||\)/ *bV]ch(zfc+|)...(/+(f -%gZI-I)A

+ N )(2 g +2)("°
(—4) i2fc(2fcH)... (" -—2)( 27 —)
_ (v

NE OXvk— My AL 1) .. .(2nv 1) (i — t) 2~ *svh,

/-1 Y m m i
- E Xwjdr- -Qv E Sfei+ rE (XM - t- 1) * Us
(4y:0 j4) Zn)fcp I CIO+( (n) SK\(t- 1) Y
(t-1)-* N ft*(fc+ 1)...(2k-1).
v=Il;=1

In (27) we group the similar terms with respect to svj, we obtain

r ( Vv f 3
G(t- 1, % & = (2n) n exp - i £ svi(t-r) 2(*vl- Evi)+sv2(i- 1) ?3
*'®n I v=l

(*v2 — v2 + (*vlI + £vI)(f—T1)2_1) + 3/3(1: —r)“23 .4 -5*1/3 — (V3 + (xY2+ (vT)
(t- 1)2~1+ (*,i - £,0)(i - 1)212 1) + svA(t - T)~$4 ' 5:6-7(xv4 - ™
+(MU3+ ive) (N —T)2 1+ (Xv2—(v2)(T —T1)210 1+ (i —T1)2(XLt+ ¢v1) 120 1) + ...

+nv(nv+ 1) ...(2nv-1)svn( X Xyuw -Ne - qunu- 2 1(i - 1)

N ;:O 'm
( 7 y->2 xvnv- 1~i(*-1)" < \ /. T\2(My-~ Xp-T~ir~1) X /-2
n \I/E j! un,-1J + (i ~Vi_o r- CvnO—ZJ 2;11L2r

+ (—=l)n°-c(K - fo)!)_1 (i - x)n*~k2k (2k + 1)... @}fc+ (nv-k)-2)

2k+ 2(nv- k) - )(nv... (2nv- 1))-1( E' XkIfr ~ * _ + ...+ (_i)ae2

([ - T)c=--2(\,2- A2+ (i - t)*vi) (2(n, +1)... (2nv- 3) )71+ (-1)"~ 1

(i = DRNXN—W)(v... (2nv—2) 1)1)1 = E B (2715 2k

AN IRV [ (o= |

i 7

(27)

("®)

m
E
v=p+I

Analyzing (28), we obtain that G(t

transform of the function s

r 1L "P . m AN | P
2n)_ 'exp.J - E IEk (2c—1) sjj. — E ls;,}(f-T)-
=p+

thus

( m
G(t- 1, x Q) = (2y/n)~neXp\|- ZI bvi —MARA~LG 1) - E|3 w2 2
V= V=

+ (X + VD) (t—t) 2. 1] (t —r) 3+ 10X —Tv3+ (Xy2+ v2) (t—t) 2.1
+ (Xy\ - &A) (t- 1)212-112(t - 1)-5+ 25200]x,4- (v4+ ("v3+ (V3) (t - r) 2~T

+ (Xv2- qv2) (t- 1)210-1+ (XVi- qv1) (t- r)3120-12(t- T)“7H—+ (k —I)2

k-1 . ) , k=<2
k2...(2k-3)22k- 1)(t- 1)-~-7 g Iy g
/=0 v/=0

(-D7™-2At=-n) (") (M 2-9\2+ (ET)y) | (-D)*-1(F-T)(*D)

n .
SVl “ I(xvi- tv\)Svl(t- 1) 2 Jds (t—T)" pn_ftfc(fc + 1)...(2 fc-1).
v=1fc

N M*Ne + 1)-(2*r-1),
J=Ifc=

r,x () forf > r, x € R", » € )" is the Fourier

('/eoi Sul) + -+ 2(fcH)...(2*-3) ...(2k—2) 29)
(L1- 2vl) + . -m+ (n,- N2 (nv+ 1)2... (2n,- 3)22nv- 1)((- 1)-12"'"" 1]
/Eoll\ A~ - e (i -yr) 2-1( "'f2,-;-|;/(,~r)i -+ (i-1)2
. " Xvk-j(t-T))

A a-~-nAl~-0/- ?.._2 tooo+ (FD)'m-*(p T Kt

(t- Tk 2k (A k-D) (Y T Xuk-iEY  x \ - v B-t)n-2(xve- 2w+ (1-1)X L)

(nv-k)!'  nv..2nv—=2) \ ~Q J bvkj-t- + 2(¢,+1)...(2«v-3)

+(']) IX 39M ~’?|’)|_|I ( )~" n I‘I k(k+ 1) - - (2fc—2)(2k —1)- 1.

Formula (29) shows shifts on the variable x. Reducing similar members, we obtain
n ¥ v 1
Gt-1, x,0) =2-nu~t N N k(k+ 1)... @k- 2) (k- 1) (i- r)"'1
v=Ifc=l
exp{- E V- vie(t- 1) X4 s Ls 2 —qv2+ (*vl+ vi) (t~1)2 12
I v=l v=|

(i —T1) 3+ 180PpAB—"3 + (x\2+ (v2) (i—T1) 2-1 + + (xvi —(W) (t —r)212-1
(t —1) 5+ 25200 A4 —"MA+ (xv3 + v3) (t —T) 2-1 + (Xx\2—2w2) (i —t)210-1
+ (*V1- QUN) (t- r)3120-¢ (t- 1)-7+ -+ (t- T)-(2fc 1) (k- 1) 2k2... 2k- 3)2 (30)

(2k- 1) pafc - + (t- r) (Xyfc-i - Mvjt-i) 2-1 H----+ (xMc_ ;- (-1)7

(i_ Ty (/+ 1)... (fc+:-2) (0'—1)1) 1 ((fc —1) *- --(2A- 3))” 1+

+ (xvi- (-1D)fcdqvi) (t- 1)*"1(2 (k- 1) k... (2k- 3))"12+ - -+ (nv- 1)2n2..
(2nv- 3)2(2nv- 1) (t- t)-" -1 |xVv- + (i-r) (X,vi-"_j)2"1+ ...

+ (xvi- (-TF “4vi) (t-T)mv-1(2(nv-1)...(2nv-3)y 1v j,

wheret—1 > 0, x € M", £ € 1R".



Remark. The results can be transferred to the Kolmogorov systems [12,13].
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MPO HEMEPEPBHICTb KC-®0YHKU I/ 31 3BHAYEHHAMW B MAOWMHI CIAPA

MokasaHo, wo nnowmrHa (Figpa M — ue 0-MeTPU30BHUN NPOCTIP, AKNI HE Mae PO3BUHEHHS. Y
KO>XXHOI KBasiHenepepBHOT PYHKLUIT/ : X — M MHOoXMHa C(/) TOYOK HeENepepBHOCTI 3a/IMLLKOBa
B X. [ocnig>keHo MHOXUHY C(/) gna dyHKUin / : X x Y — M, aKi KBa3siHenepepBHi BigHOCHO
nepLloi 3MiHHOT i HernepepBHi BiAHOCHO APYroT 3MiHHOI.

KntouoBi cnosa i hpasn: HemnepepBHICTb, KBasiHenepepBHicTb, KC-thyHKLiS.

Yuriy Fedkovych Chemivtsi National University, 2 Kotsjubynskyi str., 58012, Chemivtsi, Ukraine

BcTyn

MnowwunHa Cigpa M, wo 6yna BBegeHa k. Cigpom [2, npuknag 9.1] i yzaranbHeHa B rnpa-
ui [10], — ue BUYEpMNHWIA | HEMETPU3OBHMUI NMPOCTIP. B ocTaHHI POKN aKTUBI3yBanocs BUBYEH-
HA MHOXXNHW C(/) TOYOK HeMepepBHOCTI HapPi3HO HenepepBHUX Bif06pPaXkeHb 3i 3HAUEHHAMMU
y npocTopax, 61n3bKnx 00 METPU3OBHUX (AMB. [8] | BKa3zaHy Tam niTepaTtypy), OTOX Hagiiina
yepra i oo Bigo6paXkeHb 3i 3Ha4YeHHAMM B M. Tak y [12] 6yno gocnig»XeHo MHOXUHY C(/)
ONA Hapi3HO HenepepBHUX BigobpaXkeHb / @ XX X .. X X, M, BM3HayeHUX Ha J00YyTKax
3B'A3HUX TOMOMOriYHUX NPOCTOPIB. 3acTOCOBaHWI TamM MeTo[ MofsraB y TOMY, LLLO Ha OCHO-
Bi 3B'A3HOCTI 06pa3y f(X\ x .. x Xn) goBogunocs, wo / HabyBae 3HayeHb B OAHIli 3 KOMMO-
HEHT 3B'A3HOCTI NpocTopy M, a BCi BOHM FOMEOMOPHI YNCNOBIM NpAMii R. Mi>k Tum, npu
[OCNig>KEeHHI MHOXXUHU C(/) y Hapi3HO HenepepBHUX Bifgobpa>keHb 3i 3Ha4YeHHAMU B R, 4un 3a-
rasbHilwe, B METPU30BHUX NPOCTOpax Z, cno4vyaTKy BMBYaKThb 1T Ans Tak 3BaHMX KC-(hyHKL i
/ X XY — Z, aKi KBa3iHernepepBHi BiAHOCHO nepLuoi i HerepepBHi Bi4HOCHO APYrol 3MiH-
HUX, a NoTiM po3rnagarTb PYHKLUio f(X\,...,xn) Big N 3MiHHNX AK yHKLUito fix, y) Big ABOX
3MIHHUX X = (XX, ..., XIFi) 1y = XN, af>Xe 4acTo Hapi3HO HenepepBHi BiJOOPa>KeHHS BUSAB-
NAKTbLCA KBasiHernepepBHUMWU. TOMY MPUPOLAHO BUHUKNO NMUTAHHA NP0 MHOXWHY C(/) anda
KC-dyHKLi / : X XY -4 M, Aike i gocnig>kyeTbea y LUih npayi. Kpim Toro, go6pe Bigomo [13],
Wo y KBasiHenepepBHUX (PYHKUiA / : X —> Y 3i 3HAYEHHAMN B METPU30BHOMY NpocTopi Y
MHO>XM1Ha C(/) 3annmwkoBa B X. ToMy nocTano nuTaHHA: un 6yae C(/) 3aMLWLKOBOK MHOXWU-
HOW | ANdA KBasiHenepepBHUX BigobpadkeHb / : X -> M? 3 [ONMOMOrow BAacTUBOCTI 3/iYeH-
HOCTI NaHUXXKIB UM iHakwe BnacTtueocTi CycniHa [11], [3, c.KO3] My foBOAMMO CTPYKTYPHY
TeopeMy ANA KBasiHenepepBHUX BifobpaxkeHb / : X —> M, 3 AKOI N1erko BUBOAUTLCA 3a1u-
LUKOBICTb MHOXMHN C(/) AnA Taknx BigobpadkeHb. LLA >X BnacTUBICTb Biirpae BaXk/inBy posb
i B AOCNIA>KEHHI Ha CYKyMnHYy HernepepBHIcTb ICC-doyHKLin / : X x Y — M. MNMonepegHi Bepcii
oTpUMaHNX TYT pe3ynbTaTiB 6yn1n aHOHCOBaHi B Te3ax [9].

(C) MacntoueHko B.K., MupoHuk O.4., 2014
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Y npaysax [5-7] 6ynn oTpumaHi 3arajsbHi TeOpeMn NPo CYKYMNHY HernepepBHICTbL HAPi3HO He-
rnepepBHUX Bifo6paXkeHb Ta iX aHanoriB 3i 3HaYeHHAMUN B CU/IbHO 0-MEeTPU30BHMX MPOCTOopax,
a-MeTPU30BHUX NpocTopax Ta npoctopax Mypa. W06 HUMKU cKkopucTaTUCA, NOCTaNo NUTaHHSA:
y AKMIA 3 UMX Knacie BXoauTb nnowmHa Cigpa? TyT My 3'dcoByemo, Lo naowmnHa Cigpa M €
(7-MeTpM30BHMM NPOCTOPOM, ane He Mae PO3BUHEHHSA, 0TXKe, He € NpocTopoM Mypa. NMuTaHHA
npo Te, Unm 6yge M cuUNbHO 4-MeTPU3OBHUM 3a/IMLLIAETLCA BiAKPUTUM. 3 TOro, wo M — ue 9-
MeTPM30BHUI NPOCTip, BUnaveae [5], Wo AN AOBINbHOIO TOMOMOTIYHOINO NPOCTOPY Y KOXXHOIO
KBa3iHenepepBHOro BifobpakeHHsA / : X —* M MHo>kunHa C(/) byae 3alMLLKOBOIO.

1 KeasiHenepepBHi PyHKLUIil 3i 3HaueHHamun B M

dyHKLUIA / : X — Y Ha3Ba€ETbCA KBa3iHENEPEPBHOIO B TOULI Xqg, AKLL0 A1 LOBIIbHOIO 0KONY
V Toukun /o = /(x0) ¥ npocTtopi Y i gna gosinbHoro okony U Toukun *o B X iCHYe Taka BigkpuTta
HEeNOpPOXXHA MHOXUHa G B npocTopi X, wo G C U i/(G) C V, i NpocTo KeasiHeENepepBHOLO,
SAKLW,0 BOHA € TaKO y KOXXHIi Touyi npocTtopy X. MHOXMHY A B TOMOAONiYHOMY npocTopi X
MU Ha3uBaTUMEMO KBa3iBiAKpUTOI, AKW0 A C intA.

HacTynHe TBep)KeHHS € XxapaKTepu3auicelo KBasiHernepepBHOCTI.

TeBepaXXeHHsA 1.1. dyHKyiaf : X — Y 6yae KBa3iHENepPEepPBHOK ropii Tinbku toai, konu MPO-
o6pasf -1 (V) AOBINbHOIBIAKPUTOImuosxunu V BNPOCTOPI Y e KBA3iBiAKPUT O MHOXXWUHOI B
npocTopi X.

AoBefieHHs. HeobxigHicTb. Hexali / — KBasiHenepepBHe Bifobpa)keHHA, V — foBifbHa BigKpu-
Ta MHOXXUWHa B npocTopi Y. NMoknagemo A = /_1(Y) i NnokaxkemMo, W,0 MHOXXWUHAa A € KBa3iBia-
KpuTolo B npocTopi X. Ana uboro 3'acyemo, wo A C intA. BizbMemMo X0 € A i nNoka>kemo, W0
*0 € intA. AcHo, wo yo = /(*0) € V. OcCKiNbKU MHOXXUWHa V BigKpUTa, TO BOHA € OKOJ/IOM
TOYKU yo- Hexan U — foBiNbHUIA OKiN TOUKKM X0 B X- 3 KBasiHenepepBHOCTI YHKLUIT / BUNAN-
BagE, L0 iCHYE Taka BigKpunTa HENOPOXKHA MHOXXMHa G B npocTopi X, wio G C Ui/(G) C V.
OcKinbKn MHOXXUHa G BigkputaiG C / r(¥Y) = A, T0 G C intA. OTke, 0 ¢ G C U NMintA.
3 Toro, wo U — [oBiNbHUIM OKin Touku XQ oTpumyemo, WO Xg € intA. OT>ke, MHOXXNHa A
KBasiBigKpuTa.

AocTaTHicTb. Hexaii / : X — Y — Take BigobpakeHHs, W0 ANA AO0BINbHOT BigKpUTOI
MHOXXMHWU V B npocTopi Y Ti npoo6pas /~1(\V/) € KBa3iBiAKPUTOIO MHOXXUHOIO B npocTopi X.
BisbMeMo A0BiflbHY TOUKY *0 € X i goBegemo, L0 / KBasiHemnepepBHe B To4Lli *o- Hexailt V —
[OBINbHUN BIAKPUTUIA OKIN ToukM Yo = /(x0) B NpocTopi Y i Li — A0BiAbHWI BigKPUTWUIA OKIN
TOYKU Xg e NnpocTopi X. 3anpunyleHHAM, npoobpas A = /_1(Y) — KBasiBigkpuTa MHOXXMHa
B npocTopi X. Ockinbkn yo € V, 10 Xq € A. MHOXXMNHa A KBasiBigkputa, To6To A C intA, a
3HauUnTb, Xq € intA. Tomy U MintA ¢ 0. Moknagemo G = U INintA. MHoxxuHa G BigKkpuTa,
HernopoxkHsA, G C Ui G C intA C A, a omxke, /(G) C V. Tomy Bigo6pa>keHHs / KBasiHene-
pepBHE B TOULI Xg. O

Mwn 6ynemMmo BUKOPUCTOBYBAaTU HACTYNMHMI aobpe Bigomnia pesynbtat 3 [13].

Teopema 1. Hexalh X — TononoriyHnii NpocTip, Y — MeTpPU30BHUIA NpocTipi/ : X — Y —
KBasiHenepepsHe Bigobpa>keHHA. Toai C(/) — 3a/1MKoBa MHOXXNHA.

Harapgaemo, wo niowuHow Cidpa M MU HasmBaeMO TOMOMOTiYHUI NPOCTIp, WO cKnajae-
TbCA 3 TOYOK niBnowmHM R X [0, +00), TonosoriyHa CTpPyKTypa Ha SKOMY BBOOUTLCA Tak:
MHOXXMHa W 6yae oKOJIOM TOYKM p = (X,y) 3y > 0B M, aAKwo icHye Take € € (0,y), Wwo
We(p) = {xX} X (y —&,y+ €) C W, i oKonoM ToUKN p = (X, 0) BM, aAKUWL,0 icHye Take € > O, w0
Wp) = ((x-g.x +¢€ x[0,e) \({x} x (0,e)) CW.

MosHaummo Mx = {x} x (0, +00), ge x € IRi Lo = R x {0}, i 3ayBarkumo, L0 Bigobparke-
HHA @ : R — Lo, gna akoro @(x) = (x,0), i Bci Bigobpa>keHHs ipx : (0, +00) — M x Taki, Wo0
Wx(y) = (x,y), eromeomopdizmamu. B [12] 6yno nokasaHo, uio niowmHa Cigpa M nogaetbca
y BUrnagi

M~AoUIjM* (D
XEK
ON3'IOHKTHOro o6'eqHaHHA CBOTX BiAKPUTO-3aMKHEHUX 3B'A3HMX NignpocTopiB M X Ta 3aMKHe-
HOTr0 3B'A3HOro NignpocTopy Lo, AKi € pa3om 3 TUM KOMMNOHeHTaMm 3B'A3HOCTI nnowunHu Cigpa.
Ham 6yae noTpibHe TaKe NpocTe TBEPA>KEHHSA.

Nema 1.1. HeXa|7| (A,,)"‘:]./(B,,)"‘:l i (C,,)"“:l— TPURocnipoBHOCTIiNIAMHOXVH TONONOTIYHOTO
(e o]
npocTopy X, NpuyoMy X = LI ANigns koxrHoro N BAKOHYHOTbhCA HACTYMHiymoen Cn C Bn C
n=1
An, ATN\NBI— Hige He WifibHi MHOXXUHU B X, a MHOXXUHUK C,, 3aNnLLIKOBI B Brn. ToAi MHOXXUHA
a

C = U Cne3annwkoBot B X.
n=1

AoBefileHHs1. 3a YMOBOI /19 KOXXHOro n pisHuusa B, \ Cle MHOXXWHO nepLiol KaTeropii B Bn,
a

a 3HauunTb, i B X. ToMy i MHOXXKMHa L = (J (Bn\ Cn) — ue MHOXWHa nepuioi KaTteropii B X.
) n=i
IHWwe ob6'egHaHHA M = (J (A, \ Bn) — ue TexX MHOXXMHa nepLuoi KaTteropii B X. 3po3ymino,
n=1
00 00 00
woX = U At —LJIJ BauM = UC,ULUM=:CULUM, npuyomy L UM — ue MHOXXUNHa
n=1 «=1 n=1
nepwoi kateropii B X. Tomy C — 3anuuikoBa B X. O

Ka>kyTb, W0 TONONOriYHUM NpocTip X Mae BMacTUBICTb 3/1IHEHHOCT i /TAHLIIOXKKIB UM iHaKLLe
BnacTwuBiCTb CycniHa, AKLLO0 A0BiNbHA AU3'TOHKTHA cUCTeMa BiAKPUTUX HEMOPOXKHIX MHOXXWH
npocTtopy X € He 6inbLU, HiXK 3Mi4YeHHa.

Teopema 2. Hexalh X — TOMOAOTIYHMI NPOCTIP 3 BAACTUBICTIO 3/1IUEHHOCTI JTAHLIOXKKIB i
/ : X -> M — kBasiHenepepsHe Bifobpa>keHHA, Aun = /-1(ML) ana kKoxxHoro u € R,
B=/7~(L0o), G = intBiGu= intA,. Togai:

(i) mHOKMHA E = {u €R : Gu d 0} He 6inbW H>K 31i4eHHa, MHOXKMHaA W = G U ( (J Gu)
uekE
BiakpuTa i 3anmwkoBa B X if(G) C Lg af(Gu) Q Mupansa KoXKHorou € R;

(ii) mHo>kuHa C(f) sanumwkosa B X.

AoBefieHHA. (i) OCKilbKN MHOXUHW M U BIigKpuUTi B M, TO 3a TBepa)KeHHsAM 11 A u— KBasiBijg-
KpuTi B X. MHOXUHWU Gu BigKpuTi, i ocKinbkn f(Gu) Nf(Gv) C MulNMv = 0 npuu ¢ v,
To GUC\GV = 0, akuwo u ¢ v. Kpim Toro, Gu C Au C Gu. 3ayBaxkumo, wo Au ¢ O Toai i
TinbKW 1041, KON Gu @ 0. OCKINbKN MHOXXUHM GU YTBOPIOOTL CUCTEMY BiKPUTUX MOMapHo



OVN3'TOHKTHUX MHOXXUWH B X, a NpocTip X Mae BNacTUBICTb 3NiYEHHOCTI NaHLIOXKKIB, TO MHOXXU-
HAaE= {n ER :Gu@ 0} He 6inbL HI>XX 3Ni4eHHA.

NMoka>kemo Tenep, wo G C B. Ak6u ue 6yno He Tak, TO iCHyBaB 61 Takmini eneMeHT Xo,
wo Xo € Gixo Il B. Togiyo = /(x0) | Lg A 3Hauutb, YO € M,0 09 geskoro uqg € R.
MHO>XXU1Ha M L, BigkpuTa B M, 0T>Ke, € OKO/IOM KOXXHOT CBOET TOUKU, 30KpemMa, TOUKN yo- Tomy,
OCKilbKU MHOXXUHa G € 0OKO/1I0M TOUKU X0, a (pyHKL A / KBasiHenepepBHa, iICHYE Taka BigkpuTa
i HEMNOPOXKHA MHOXXUHA A, Wwo Mmictutbca BGi/(H) C Mw,.3To0ro, uio 4 C G C B, Bunnueae,
wo A MNB ¢ O0.Ane ue HemoXknuBo, 60 /(A) C Mw, f(B) C Loi M,0MLo = 0. OTpumaHa
cynepeyHicTb nokasye, wo G C B.

I3 306pa>keHHsA nnowmHuU Cigpa M y Burnagi (1) sunameae, wo X = BU ( U Aun). MHOXMU-
NEE

HaW = GU (U Gu) BigkpuTa, 9K 06'egHaHHA BiAKPUTUX MHOXXUH.
NEE
3ayBa>knmo, uio

B\G C B\intB = frB i AnN\GuC Gu\Gu= frGu.

MHoO>XuHK frB i frGHHige He WinbHi K MeXXi 3aMKHEHOT i BIiAKPUTUX MHOXUH. TOMY i pi3HULI

B\ G ta An\ Gu— ue Hige He WinbHi MHOXKUHU. Ockinbkn X \W = (B\G) U (J (An\Gu)
NEE
i MHOXXMHa E He 6inblw HidXK 3nidyeHHa, To X \W — ue MHOXXMHa nepuwoi Kateropii. Takum

YynHom, W — BigKpuTa 3anMLLIKOBa MHOXMHa B npocTopi X. BkntoyeHHA /(G) C Lo Bunnusae
3 Toro,wo GC B=/_1(Lo), Takcamof(Gu) Q Mun, 60 G, C Am= /-1M,,).

(ii) OcCKiNnbKN MHOXXUHM G Ta Gu BigKpWUTI, TO 3BY>XeHHA g = /\g gu = f\cubyayTb KBa-

3iHenepepBHUMUK pasom 3 /. Mpu ybomy g(G) C Lo igu(Gu) C M,, oTkKe, g i gu HabyBatoTb
3HayeHb y MeTpMU30BHMX npocTtopax Lo i M n. 3a Teopemoto 1 mHOo>KMHa C(g) 6yae 3anvLLKoO-
BOl B G, a MHOXXUHKN C(gu) — 3anuwukoBi B Gu ansg Bcix 1 € E. Ha ocHosi BigkpuTocTi G i
Gu matumemo, wo C(g) = C(f) MG i C(gu) = C(/) NGupana KoxkHoro n € E. MNpun ybomy
MHOXXUHU B\ G i A\ GUHige He W inbHi, oTKe, 3a n1emMoto 11 MHOXXUHa
C=C(g)wmw (O C(gu))
NEE
€ 3anmwikoBoto B X. Ane
C=(C(/)nG)U(U (C(/)NGu) = C(/)nw c C(f),
NEE
oTXKe, i MHOXXMHa C(/) 3anmwkoBa B X. O

2 KC-®YHKUIT 3 BHAYEHHAMW B M

HaBegemo fesKi NoO3HaAYeHHS i 03HaYeHHSA, AKi HaM 6yayTb NOTPiIOGHI B LbOMY MYHKTI.

Ana pyHKUiT/ : X XY — ZiToukn p = (X,y) € X x ¥ noknagemo /x(y) = /y(x) =
/(X,y). PyHKUiA / : X X Y —* Z Ha3mBaeTbCcA KC-pyHKLi€0, AKLLO ANS KOXXHOrMo X € X hyH-
Kuia /* Y —* Z HernepepsBHa i ANA KOXHOroy € Y dyHkKuia /y : X —y Z KBa3iHenepepBHa.
CyKynHICTb yCiXx Takux oyHKL,ihi My no3Havaemo cumeonom KC(X x Y, Z).

Cuctema V HENOPOXKHIX BIAKPUTUX MHOXXWH Ha3MBAaETbCA MceBaobason TOMOOriYHOro npo-
cTopy X, AKLL0 419 KOXXHOT HEMOPOXKHbOT BiAKPUTOT B X MHOXWHU G iCHYE TaKuii enemMeHT
VEV, woV C G dkuwo y npoctopi X € He 6inbW HidK 3ni4eHHa ncesgobasa, To BiH cenapa-
6enbHUM, a KOXKHUIM cenapabenbHU NPoOCTip Mae BNacTUBICTb 31IYEHHOCTI NaHLOXKKIB.

Ham 3HagobuTbcA TeopemMa, Sika BUMNIMBAE 3 pe3ynbTaTis npaui [4].

Teopema 3. Hexaii X i Y — TononoriyHi npocTopn, Z — MeTPU30BHMIA NPOCTIp i
/ €EKC(X xVY,2Z). logi:

(I) AKWLO Y 3a0BO/IbHSAE NepLly aKCioMy 3/1IYEHHOCTI, TO 419 KOXXHOToy € Y MHOXXUHa
Cy(/) = {x € X :(x,y) € C(/)} 3anmwkoBa B X;

(i) AKWoO Y 3a40BOMIbHAE APYTY aKCioOMy 3/i4eHHOCTIi, To MHOXKUHa Cy(/) = {x € X
{x} x¥ C C(/)} 3anmwkosa B X.

Teopema 4. Hexaii X — TONOMOTYHWA NPOCTIp, AKN Mae He BinbLU HidK 3N1iYeHHY ncesaobasy,
Y — 3B'A3HMI 6epiBcbKunpocTipi/ : X X Y -* M — KC-(pyHKUisa. An= {x € X : /*(Y) C
Mu} gnaunm€IR B= /-1Lo), Gu= intAMi 4 = intB. lNogai:

(i; = /yol(Mw ana aoBiNbHOro yo € Y i KoXKHorom € R;
(i) B= A XY anapeakoimnoxunuu A CXid = GxY,ageG= intA, npuyomy 4 C B;

(iii) mHOKMHA E = {u € R : Gu d 0 } He 6inbL, HIXK 3/1i4eHHa, aMHOkMHa W = G U ( [J Gu)
ueE
BigkpyTa i 3amwkosa B X, npn ubomy /(G x¥Y)C Lo, af(Gux ¥Y) C M,, A4NA KOXKHOr0

ueEeg;

(Ty) aKWwo Y 3a40BOMIbHAE MepLuy aKciomMy 3/1i4eHHOCTI, TO A1 KOXXHOroy € Y MHOXXUHa
Cy(/) = {x € X :(x,y) € C(/)} 3anmuwikoBa B X;

(v) AKW,O0 Y 3af0BONIbHAE APYTY aKCiOMy 3/li4eHHOCTI, TO MHO>KMHa Cy(/) = {x € X
{x} xy C C(/)} sannwkosa B X.

AoBefieHHA. (i) Bisbmemo yo € ¥, u € R i goBegemo, wo Am= /"~1(M,,). Nokaxxemo cnepLuy,
LOA, C fy~(Mu). BisbMeMoO gessky TouKy X0 € A,.. Ana Hei/*°(¥Y) C M,,, 30KpeMa, /Yo(x0) =
fx°(yo) € JUM oTxke, xo € fy~{Mu). NMokaxxemo Tenep, wo fyd (Mu) C A,. Bisbmemo X0 €
/0L (My), Toni z0 = fyQx0) = /*°(yo) € />X(Y). PyHKuUia f X° HenepepBHa, NPOCTIp Y 3B'A3HUIA,

oT>Ke, obpas /*°(Y) € 3B'A3HO0I0 MHOXXUHOI. OCKIiNbKKN — KOMMOHeHTa 3B'A3HOCTi i z0 €
Mun/*°(¥), To 060B'a3koB0 MycuTb f X°(¥Y) C M,,. OTKe, X0 € An.
(i) Mokaxkemo, wo B = A x Y, ge A — pgeska MHoxuHa B X. CrnipaBgi, Hexaw po

(xo0,Yo) ™ B, Togi /(po) € Lo- MNepeBipumo, wo {xo} x ¥ C B. bygemo mMipkyBaTun Bif Ccy-
npPoTMBHOro. NMpunycTumo, Lo iCHye Taka Toukayi € Y, wo (xo,Yi) I. B. Togi /(xo,yi) ™ Lo,
a 3HaunTb, ICHYe Takuii iHOeKkc W, € R, wo /(xo,yi) € M,r OckKifbK1 M L, — KOMMOHEHTA
3B'A3HOCTI nnowmHm Cigpa M i M nfx(Y) d 0, a MHoXnHa f X°(Y) 3B'A3Ha, To 060B'A3KO-
Bo/*°(¥Y) C M,r Ane /*°(y0) =/(po) ™ LO, omxke, /X’(yo) | M, a 3HaunTb, /*°(Y) ~ MW,
o NpMBOAUTL A0 CyrepeyvyHocTi. Tenep 3po3yMmino, Wo AN MHOXUHU A = prx(B) 6yagemo
MatTn, Wlo A XY = B.TogiB= AXxYid =intB= Gx Y, ge G= intA.

Mokaxxemo Tenep, wo A C B. MNpunycTtumo, WO Le He Tak, TO6TO iCHye Touka po =
(xo/Y0) € A \ B. Ockinbkn po ~ B, T0 zo = /(po) |- Lo, a, oTKe, icHye iHAeKC M0 € R, Takuid,
wo Zo € M,,0. Ockifnbkn po € Hi MHOXXMHa A BigkpuTa B X X Y, TO iCHYIOTb Taki okonu ii i ¥
TOUOK X0 iyoy npoctopax X i Y signosigHo, uio U x ¥ C 4. 3 HenepepBHOCTI BigobparkeHHA
fxoy Touui yo i BigkpnTtocTi M vo B nnowuHi Cigpa BUNAMBAE, LLLO ICHYE TaKnii BiGKPUTUIA OKin
V Touku Yo B npoctopi Y, wo fx°(V) C MUWi VCV. Ockinbku /y(x0) € M ,0ansa KOXXHOro



y € Y, To 3 KBa3iHenepepBHOCTI /y y Touli Xo BUNIMBae, W0 419 KOXKHOroy € V icHye Taka
BigKpUTa HeNnopoXXHA B X MHOXMHa Oy, wo Oy C U i/y(Oy) C MWQ

3a yMOBOIO NpocTip X Mae He 6ifblw HidXK 3M1i4yeHHY ncesgo6asy U = {Un : n € IN}. Onsa
KO>XHOro HoOMepa N po3rigaHeMO MHOXUHMN

Bn={yeY :UnC Oy}

AcHo, wo U Bn—V, 60U — ue ncesgob6asa B X, a MHOXXUHU Oy BigKpuUTi B X. OCKi/lbKU Npo-
neN

CTip Y 6epiBCbKUiA, TO MOr0 BigKpUTa HEMOPOXKHSA MHOXXMHA V € MHOXXWUHOK APYroi KaTeropii
BY. TOMy iCHYE TaKuii HOMep T, W,0 MHOXXUHa BT gechb wWinbHa, To6T0 intBmd 0 . Moknagemo
y0= V IMintBmi Bo = Vgn BT. Ockinbkn Vo — BigkpuTa MHOXXMHa B X, Vo C BT, T0 Vo A BO.

Kpim Toro, MHOXXMHa Vm = intBmsBigkpuTta i HenopoXXHA BY i Vm C BT. Tomy Vm C VmI1 BT,
omke, Vmn BT ¢ 0. Ane BT C V, Tomy VMmN BT C Vmn V = VO, 3BigK1U BUNIUBAE, L0
MHO>XMHa Vb BigKpuTa i HEMOPOXKHA, a ToMy Bo @ 0 . Ao TOro > ficHo, wo Vo C V.
Moknagemo lio = Um. Ona KoxKHOroy € Bo 6ygemo matu, wo y € BT, a 3HauunThb, iio =
Um A Oy, 3Bigkn Bunnmeae, wo /y(iio) A fyiPy) 9 Mwo. Lle nokasye, wo /(lio x BO) C M Wy
Ana koxxHoro X € Uo BigobpaykeHHsA /X 1 Y — M HenepepBHe, 0TXKE,
/*(VOo) C/*(fy) C /Tl 9 /({x} xBO) C/(ii0Ox BO) C M, 0= M.
Tomy, /(Lio x Vo) = U fx(VO) C M,0. MHO>XXnHa O = UQx VQBigKpuTa i HEMOPOIXKHSA.
X€lo
B3saBLUM foBiNbHUM eneMmeHT y € Bo, My oTpumaemo, wo Uo = UmC Oy C U, amkey € BT.
Kpim Toro, Vo C V C ¥. Takum UmHoM, O CU XV CH QB . Tomy OTIB b 0, oTXKe, iCHYe
Touka p € O N B, ana akoi/(p) € Lo- Ane ue HemoXxnueo, 60 /(0) C M,,00aMWDLg = 0.
(iii) 3ayBa>kuMO, L0 BIAKPUTI MHOXMHMN GU AN3'TOHKTHI, 60 TaKUMWN € MHOXKUHU A 1, TOMY
MHO>XMHa E He 6inbLu HiXK 3ni4eHHa, afXke npocTip X Mae BNacTUBICTb 3NiIYEHHOCTI NaHLIOXKKIB,
60 BiH Mae He 6inbl HiXK 3M1i4eHHY nceBAo6asy. 3a yMmoBo Teopemn, Gu A Au Anst KOXKHOTO
MEEIf(AuxY) d My tomyf(Gux Y) Cf(AuxyY) CM,,. OckinbkkmnG xY =H C B —

AxY, 7T0/(G xY) C/(A xY) C Lg MHOkKMHa W = GU U GuBigkpuTa, 9K 06'egHaHHS
NEE
BiGKPUTNX MHOXXWH. 3ayBa>kKMMO, LLLO 3 YMOBU (i) Ta TBepA>KeHHA 11 BunamMBae, L0 MHOXXUHN

AU € KBaziBigkpuTumu, a Tomy A, C Gu. 3Bigcm maemo, wio AUNGU A Gu\Gu = frG,,.
MopgiéHum umHom, A NG = A \intA C A \intA = frA. Ockinbkun MHOXUHU frG,, Ta frA €
Hifle He WiNbHNUMU, TO TaKNMM XK 6yAyTb i iX NigMHOXMHN A N\ G Ta A\ GU A18 KOXXHOro

n € R. I3 306pa>keHHs nnowunHm Cigpa (1) BunamBae, wo X = AU ((J An. Tomy X \W =
nekE

(Au UAMN(GU U Gu) - (ANG) (I Ay \ Cu) — MHOXMHa nepLlol KaTteropii, AK
NEE nek nek
3ni4eHHe 06'eAHAHHA Hife He WiNbHUX MHOXKUH. OTXXe, MHOXKUHa W € 3a11LLIKOBOIO B X.

(iv) Hexaii npocTip Y 3a40BONbHSAE NepLUy akKciomy 3/1i4eHHOCTI. Po3rnsaHemo Bigobparke-
HHA gU — /|Ghxy Tag = f |gxY/ aki e KC-QpyHKLiAMUN, AK 3BY>KeHHA KC-hyHKUiTHa BigKpUTy
MHOXXUHY. Mpun yboMmy gu(Gu x ¥) C Munig(G x¥)C Lo, To6TO BifobparkeHHA g Ta gu Haby-
BalOTb 3HAYEeHb Y METPU30BHUX NpocTopax MuTa Lg. 3a Teopemotro 3 (i) MAEMO, L0 MHOXXNHU
Cy(gu) Ta Cy(g) € 3anmwkoBnMm B Gu Ta G BiAnNoBigHO. MHOXXUHN Gu Ta G BiAKPUTI, 0TXe,
Cy(gu) = Cy(f) n Gui Cy(g) = Cy(f) N G. Ockinbkn MHOXXNHU A \ G Ta Au\ Gu € Hige He
WinbHUMN, To 3a femoto 11 mHoxkuHa C = Cy(g) U ( léE C/(gu)) € 3annwkosoto B X. Kpim TO-

n

ro,C= (Cy(f) NG) U (U (Cy(f) NGu) —Cy(f) MW, omke, C C Cy(f). 3Bigcu Bunnmeae, w0
NEE

MHOXMHa Cy(f cama € 3a/lMWKOBOIO B X.

(v) Hexaili npocTip Y 3a40BO/bHSAE APYTY akKCiOMy 31i4eHHOCTI. PO3rnsHyBLUM Ti XX Bijg-

obpaXKeHHA gu = /|g,xY Ta g = f\cxY, gaki € KC-dpyHKLUiAMUN, AK 3BY>KeHHA KC-hyHKLiT Ha
BIAKPUTY MHOXXUWHY, | MipKYHOUM aHaNorivyHo A0 AoBefeHHSA BnacTmeocTi (iv), Ha OCHOBI TBep-
D>KeHHS (i) TeopemMu 3 MO>XXHa LOBECTU, L0 MHOXXMHA Cy(/) € 3annMWIKOBOKO BnipocTopi X. O

3 MnowwuHa Ciapa icr-meTpU3oBHI NpocTopu Ta NnpocTtopu Mypa

Haragaemo, wWo TOMNONOTiYHWIA MPOCTip Z Ha3MBaeTbCA 0-MeTPU30BHUM (CU/IBHO C-
MeTPU30BHNM), AKLLO ICHYE Taka 3pocTaioyva MNOoCniJAOBHICTb MOro 3aMKHEHUX MeTPU30BHUX
@
nianpoctopiB Zn,wo Z = U Zn (i 4ns KoxHOT 36DKHOT B Z MOCNI4OBHOCTI TOYOK zfc iICHYE
n—1
Take n, wo {zk: k € N} C Zn). Taka nocnigoBHIiCTb NignpocTopiB (Z,)~=1 Ha3NBaETbLCA BU-
YyepryBaHHAM 0-MeTPU30BHOIO UM CUNbHO N-METPU3OBHOIO NMPocTopy Z.

Teopema 5. MnowuHa Cigpa M — ue 0-MeTpPU30BHUI NPOCTIP 3 BUYEpPNyBaHHAM Zn —
{(x,y) €EM :x €ERiy = Oaboy > i}.

AoBefieHHA. Po3rnsaHemo nignpoctopu Lg = R x {0} i M XM = {x} x [i, +00) nnownHn Ci-
apa M. O4eBUAHO, W0 NPOCTIpP Lg roMmeoMopdHUin go R, a npoctopu M X1romeomopdHi Ao
[A, +°°)/ oTKe, 9K Lo, Tak i M X1— ue MeTPM30BHI NpocTopu. ACHO, W0

wh= Lou | j MX]
KeK
MPMYOMY 3 0O3HAUYEHHS TOMONOTIYHOT CTPYKTYPU NpocTopy M nerko Bunnmeae, Wo Zn — ue
npama cyma npoctopiB Lo i M XM ge x € R. Ane npaMa cymMma MeTPU30BHUX MPOCTOPIB TeX
6yae MeTpM30BHUM NMPOCTOpPOM [3, c. 384, Teopema 4.2.1], 0T>Ke, BCi NignpocTopun Znnpoctopy
M meTpu3oBHi. KpiMm TOro, BOHW, 04eBUAHO, 3aMKHeHi i Zn C Z,+1 Ans KOXHoro n. Taknum
UMHOM, NOCNIAOBHICTb (ZnN)~=1 — Le BUYepnyBaHHSA 0-MeTPU3OBHOIo nNpocTopy M. O

3ayBaXkumo, L0 nobygoBaHa B TeopeMi 5 nocnifoBHICTb MPOCTOPIB Zn He 6yae Bu4yepny-
BaHHAM M K CU/IbHO Cr-mMeTpu30BHOro npocTtopy. Cnpasgi, Nerko nepesipuUTy, L0 NocnigoB-
HicTb To4oK zk = (1,1) 36iraeTbca o To4kn 0 = (0,0) B M, ane {zk: k € N} ~ Znana
KO>XHOro HoMmepa n. ABTopam HeBigomo, 4u 6yge M CUNbHO G-MeTPU30BHUM NPOCTOPOM.

3 TeopemMu 5i Teopemu 2 cTaTTi [5] HeraiiHoO BUNAMBaE TakKnii pe3ynbTaTt

Teopema 6. Ans KOXXHOro TOMNOoJ10Ti4YHOro NpocTopy X y AOBi/IbHOT0 KBasiHenepepBHOro Bifj-
ob6pakeHHAf : X —M MHo>XunHa C(f) 3anuuwkosa B X.

Harapgaemo, 110 po3BUHEHHAM TOMOAONIYHOIO NPOCTOPY Z Ha3MBAETLCA TaKa MocnigoBHICTb
ioro BigKpUTUX NOKPUTTIB Wn, LLO AR KOXKHOro z € Z nocnifoBHICTb MHOXWH

stw,(z) = |IJ{W :zeWGW,}
yTBOpto€E 6a3y OKONiB TOUKK z B Z. [MpocTip Mypa — Le perynapHuii NpocTip 3 pO3BUHEHHSM.
Teopema 7. MnowmHa Cigpa M He Mae po3BMHEHHSA, 0TXKe, He € NpocTopoM Mypa.

AoBefeHHA. CnipaBgi, M sK BUYepnHUiA raycaopdoBuii npocTip [2] 6yae napakomnakTom [1],
a KO>XXHUI napakoMnaKT € KONeKTMBHO HOpManbHUM npocTopom [3, c. 453, Teopema 5.1.18].
AKO6MYy M 6yno po3BMHEHHS, TO 3a MeTpuM3aLiiHuM KpuTepiem Binra [3, c. 488, Teopema 5.4.1]
npocTip M maB 6u 6yTU METPU30BHUM, a Le He Tak [2,10]. O
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AROUND P-SMALL SUBSETS OF GROUPS

A subset X of a group G is called P-small (almost P-small) if there exists an injective sequence
(gn)neu) in G such that the subsets (gnX)new are pairwise disjoint (gnXr\gmX is finite for all distinct
n,m), and weakly P-small if, for every n € to, there existgo,...,gn € G such that the subsets
gOX, mm/gn X are pairwise disjoint. We generalize these notions and say that X is near P-small if, for
every n e w, there existgo,... ,gn € G such that g(X MgfX is finite for all distincti,j € {0
We study the relationships between near P-small subsets and known types of subsets of a group,
and the behavior of near P-small subsets under the action of the combinatorial derivation and its
inverse mapping.

Key words and phrases: P-small, almost P-small, weakly P-small, near P-small subsets of a group;
the combinatorial derivation.
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Introduction

Let G be agroup with the identity e, [G]<w denotes the family of all finite subsets of G.
A subset X of G is called

e largeif G = FX for some F € [G]<a;;
e small if L \ X is large for each large subset L of G;

« P-small if there exists an injective sequence (gn)neu; in G such that the subsets (gnX)new
are pairwise disjoint;

e weakly P-small if, for every n € w, there exist go,---,gn € G such that the subsets
goX, ..., gnX are pairwise disjoint;

e almost P-small if there exists an injective sequence (gn)new in G such that gnX,...,
gmX is finite for all distinct m, n;

e near P-small if, for every n € w, there existgo,...,gn e G such that g,X NgjX is finite for
all distincti,j € {0,.,.,n};

e thin if gA T A is finite for for every g € G\{e};

e gparse if, for every infinite subset ¥ of G, there exists a non-empty finite subset F C ¥
such that flgeF & X is finite.

YOK 519.51
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The terms large and small subsets appeared in [2], P-small subsets were introduced unex-
plicitly by Prodanov [7] and explicitly in [3, § 2.1]. Every infinite group G can be generated by
some small and P-small subset [4] and contains weakly P-small not P-small subset [1]. Each
almost P-small subset of a group can be partitioned into two P-small subsets [6]. For thin
and sparse subsets see [6]. We recall that a subset X of an amenable group G is absolute zero
if p(X) = 0 for each left invariant Banach measure p on G. It is easy to see that each near
P-small subset of an amenable group G is absolute zero. By [6, Corollary 5.1], each absolute
zero is small. Hence, each near P-small subset of an amenable group is small. By [6, Theorem
5.3], each countable amenable groups contains a small subset which is not absolute zero. On
the other hand, we take a free group FA in the alphabet A, |A P 1, choose a € A and consider
a subset X of all group words in A starting with s or a-1. Then X is P-small but X is large, so
X is not small.

In this note we introduce near P-small subsets generalizing weakly and almost P-small sub-
sets. All results are exposed in section 2. We study the relationships between modified P-small
subsets and thin subsets (Theorems 1 and 2), and the behavior of near P-small subsets under
the action of the combinatorial derivation and its inverse mapping (Theorems 3 and 4). The
combinatorial derivation, the main tool in this note, was introduced in [9] and studied in [5],
[10], [11]. Some necessary auxiliary statements on the combinatorial derivation are arranged in
section 1 In section 2 we also show that a near P-small subset needs not to be neither weakly
nor almost P-small (Theorem 5) and partition every infinite group G into No P-small subsets
(Theorem 6). For partition of a group into Ho small subsets see [8].

1 The combinatorial derivation

For a group G, V q denotes the family of all subsets of G. A mapping A :Vq V g defined
by A(A) = {g € G :gA NA isinfinite} is called the combinatorial derivation. Clearly, A(A) =
O if A isfinite and e € A(A), (A(A))-1 = A(A) for each infinite subset A of G. An infinite
subset A is thin if and only if A(A) = {e}. We denote Symc = {XC G :X = X-1, e € X}
and use the following auxiliary statement [10, Lemma 2.6].

Lemma 1. For every subset A € Symc there exist two thin subsets X, ¥ such that

A(XUY) = A.

Lemma 2. For every countable group G and every non-empty subset A € Symc, there exists a
subset X ofG such thatA(X) = A and G = XX-1.

Proof. We enumerate G = {gn: n € w}, put Fn = {go/ -. -, £ «} and write theelements of A
in a sequence (an)new (if A is finite, all but finitely many an are equal to €).Then wechoose
inductively a sequence (Xn)n<wof finite subsets of G of the form

Xn = {¥n/gn, %n0r AOMO/ X nl,<"\XnV - - - r Xnn, d4nXnn }
such that, for each n € w,
(8) Fn+iX-n+i M F«+i(Xo U ---U Xn) = 0;

(b) Fn{yn,gnyn}nFn{(Xni,aiXni} = 0,i € {0O,.,.,n}

(c) Fn{xnilaiXni} M Fn{(xnj,ajXn} = 0O, for all distincti,j € {O,... ,n}.

After w steps, we denote X = \Jneu) X nmBy the choice of (Xn)new, we have G = XX-1 and
A C A(X). The conditions (a), (b), (c) guarantee A(X) C A. O

2 Results

Theorem 1. For every infinite group G, the following statements hold
(i) every thin subset ofG is almost P-small;
(ii) there exists a thin but not weakly P-small subset ofG.

Proof. The statement (i) follows directly from corresponding definitions. To prove (ii), we
consider two cases: |G F Noand |G p Ng. If G is countable, we enumerate G = {gn :
n € w}, put Fn = {gon, m -,gn} and choose inductively a sequence (xn)new in G such that, for
each n € w, Kn+1{xn+l,gn+ixn+1} NMKn{xi,giXi :i < n} = 0. Then the subset X = {xn,gnXn :
n € w} isthin butgX fl X ¢ 0 foreachg € G so X is not weakly P-small. If | G |> No,
we denote K=1G | enumerate G\{e} = {ga : @ € K}, put Xo = {e}, choose Xo € G such
that xo0,goXo | Xo and construct inductively a k-sequence {xK:a € k} in G and a k-sequence
{Xa:d € k} of subgroups of G such that, for each @ € K,

(a) xo, gaxal Xa;

(b) Xa+1 is a subgroup generating by Xaand {g a, xa};

(c) Xu= (Jj8<a Xp for each limit ordinal a € k.

After k steps, we denote X = {xaguXu :a € k}. By (b), gXf]| X @ 0 foreachg € G, so
G is not weakly P-small. To verify that X is thin, we take an arbitrary g € G \ {<?} and use
(b), (c) tochoose 7 € ksuch thatg € X7+i\X7. Since g(X M X7) C X?+1\X7,by (a) and (b),

we have Ig(X M X7) pX] < 2. Ify € g(X\X7+i) f] X theny € {*/1/£*n, for some
Ajp > 7+ 1L Thus, |g(X \X7)MNX |< 4. By (a) and (b), | X M (X7+i \X7) |= 2. Hence,
IgX M X I< 8and X is thin. O

Theorem 2. For every infinite group G, there exist two thin subsets X, ¥ of G such that X, Y is
not near P-small.

Proof. We use Lemma 1to find thin subsets X, ¥ of G suchthat A(X UY) = G, so X UY is not
near P-small. O

By [6, Lemma 2], the family of all sparse subsets of G is closed under finite unions. Since
each thin subset is sparse, Theorem 2 gives a sparse but not near P-small subset X UY of G.

Theorem 3. There exists a P-small subset X of the group G = Q2such thatA(X) is not near
P-small.

Proof. We use the Cartesian coordinates in G, put X = {(x,y) € G | x | + 1} and
note that (0,2z) + X M (0,2¢') + X = 0O for all distinctz,z' € Z. Hence, X is P-small.

We observe that A(X) contains the subset Y = {{x,y) € G : — | x| <y<]|x]} and
A(Y) = G, so A(X) is not near P-small. O



We recall [10] that a family T of subsets of a group G is A-complete (V -complete) if A(X) € T
foreach X € T (A(X) € T implies X € T). By Theorem 3, the family of all near P-small
subsets of a group G need not to be A-complete.

Theorem 4. For every infinite amenable group G, the family of all near P-small subsets of G is
V -complete.

Proof. We assume the contrary and choose a subset X of G such that A(X) is near P-small
but X is not near P-small. Then there exists the minimal natural number n such that, for any
F C G, | F |= n, there exist distinct x,y € F such that xX MyX is infinite. By the minimality
of n,thereisH C G, |H F n —1such that xX f] yX is finite for all distinct x,y € H. Given
any g € G\H, there is hg € H such that gX f] hgX is infinite. If follows that hglg € A(X),
G\H C HA(X) and A(X) is large. Hence, A(X) is not absolute zero and A(X) could not be
near P-small. O

We do not know whether Theorem 4 holds for non-amenable groups.

Theorem 5. For every countable Abelian group G, there exists a near P-small subset X which
is neither weakly nor almost P-small.

Proof. Suppose we have a sequence (Sn)neus of finite subsets from SymG such that \Sn \> n
and

(a) Sk sjsj = {e} foranyi,j,k €w,k<£ {/,;}:

We apply Lemma 2 to find a subset X of G such that A(X) = G\ (Jneo; and G = XX-1.
We note that, for any distinctg\,gi € G

(b) ifg”™gi € SnthengiXpl™X is finite;

(c) iIf<A\?22  Unea; Sn then £iXf] gIX ISinfinite.

The condition G = XX-1 implies that X is not weakly P-small. Since |Sn |> n, by (b), X
is near P-small. We assume that X is almost P-small and choose an injective sequence (xn)new
in G such that x,X f) XjX is finite for all distinct € w. Since XoX f] is finite, by (c), there
exists i € w such that XqIX\ € S.. Analogously, for n > 1, there exist k,j € w such that
X~Axn € SK Xii1xn € Sj. We note that XqIx\ = (xqixn)(xnixi)> X\IXn = (xf1xo)(~o ~n),
Xglxh = (xO0'IXi)(“rLx)- Thus, we have got

*0 N S, f') SkSj, X] xn€ Sjf) SjSk, Xg xn € Sk]"ISiS;j,
and, in view of (a), i = j = k Hence, (x1x,,) € S, for any n > 2 that is impossible because S:
is finite, so X is not almost P-small. To conclude the proof, it remains to find (Sn)new satisfying

(a). Since each infinite Abelian group contains either infinite cyclic subgroup, or the Pruffer
p-subgroup, or the direct product of No finite groups, the late is a routine exercise. O

It should be mentioned that initially above construction appeared to find a weakly P-small
but not almost P-small subsets of G.

Theorem 6. Every infinite group G can be partitioned into No P-small subsets.

Proof We take an arbitrary countable subgroup H of G, decompose G into right cosets by H
and choose some set R of representatives of cosets, so G = HR. Then {hR : h € H} is a desired
partition of G.
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MpoTacos I.B., MpoTtacoBa K.A. HaBkono P-manux nigMHoXWH rpyn // KapnaTtcbki matem. ny6n. —
2014. — T.6, Ne2. — C. 337-341.

NigMHO>XMHa X rpynn G HasmBaeTbes P-manoto (maiike P-manoro), AKLLO0 iCHYE iH'EKTUBHA No-
cnigoBHIcTb {gti)n€ur B G Taka, Wo NigMHOXUHU {gnX)new nonapHo He nepeTnHaroTbesa (gnX MgmX
CKiHYEeHHI ANn4 BCiX Pi3HUX M, T), i cnabko P-mani, AKLW,0 415 KOXKHOrFo N € w, iCHYTbgo,-..,gn € G
Taki, Wo MiAMHOXWHU goX,...,J,, X MOMNapHO He NepeTMHAaIOTLCA. Y3aranbHEeHO Ui NOHATTA: nia-
MHOXXUHa X Ha3nBaeTbCcA 6NM3bKO P-Manolo, AKL0 ANs KOXKHOro N € ® icHyloTb go,...,d,, € G
Taki, wo giX MgjX ckiH4YeHHi ansa BcCix pisHux i,j € {0,.,.,n}. [ocnig>XeHo cniBBiAHOLLIEHHSA Mi>XK
611M3bKO P-manmmu NigMHOXXMHaMKM i BigOMUMKW TUNaMn NiAMHOXXWH Tpyn, AOCAIAXKEHO MOBeAiHKY
6113bKO P-Manmx NigMHOXXUH Nif gieto KoM6iHATOPHOT NoxigHOT Ta i 06epHEHOro Bifo6parkeHHs.

KntwouoBi cnosa i dpasn: P-mani, maii>ke P-mani, cnabko P-mani, 6n1m3bKo P-mani nigMHOXNHMN
rpynu; KombiHaTtopHa noxigHa.

MpoTtacos W.B., NMpoTacosa K.A. Bokpyr P-manbix NogMHOXeCcTB rpynn // KapnaTckme matem. ny6..
— 2014. — T.6, Ne2. — C. 337-341.

MogmHo>xecTBO X rpynnbi G HasbiBaeTca P-manbim (MouTtn P-manbim), ecnn cyuiecTByeT UHb-
eKTUBHasA rnocnegoBaTenbHOCTb (gn)new B G Takasd, 4To nogmHoXkecTBa (gnX)new rnonapHo He ne-
pecekatoTcs (g,,X MgmX KOHeUHbI ANs BCex pa3NyHbiX 1, T), n cnabo P-manbi, ecnn gna KaXkaoro
n € o, CywecTByT ¢go,...,gn € G Takme, 4To nogmHo>kecTBa g0X,.. mgnX nonapHoO He nepece-
KaroTca. O606LLEHbX 3TV NOHATUA: MOAMHOXXECTBO X HasbiBaeTca 611M3K0 P-ManbiM, ecin AN Kadk-
[noro n € ® CywecTBYHT ¢go0,...,gn € G Takue, 4To g,X M gjX KOHeudHbie ANA BCeX pas3NNYHbIX
i,j €{0,..., n}. N3yueHbi COOTHOLLEHUA MeXAY 6/TM3K0 P-ManbiMu MogMHOXXeCTBaMU M U3BECTHbI-
MW TNamMmn NOAMHOXKECTB Py, N3yyYeHo noBeAeHne 61M3K0 P-ManbixX NOAMHOXKECTB Noj AeNCTBU-
eM KOMOGMHAaTOPHOW NPOU3BOAHON N ee 06paTHOI0 OTO6paXkeHUS.

Kntouesbie cnoea 1 opasm: P-manas, noutn P-manas, cnabo P-manas, 6nmM3ko P-manbie nogMHO-
>KecTBa rpynnbi; KoMbHaTopHas NPon3BoAHas.
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Mykanbcekuin |I.4.

SA0AYHA 3 KOCOHIKO MNMoxXigHoOK AndA MAPABONIHHNMX PIBHAHDb 3
IMIOYNbCHUNUMIN YMOBAMW | BUPOOXXEHHAM

3.40M0OMOro APUHLUMAY MaKCUMYMY i anpiopHUX OLLIHOK BUBYAETLCA 3a7a4a 3 KOCO NOXiAHO
ONA NiHINHOTO NapabofivHOro piBHAHHSA 3i CTeNeHEBMMM 0COBAMBOCTAMU B KoediLieHTax 3a npo-
CTOPOBMMU 3MIHHUMMW Ta IMMYNbCHUMW YMOBaMM 3a YacOBOK 3MIHHOIO. Y refbepoBuUX rnpocrtopax
3i CTeNeHeBOIO Baroko BCTAHOB/EHO iICHYBaHHSA Ta €AMHICTb PO3B'A3KY NOCTaBNeHOT 3a4aui.

Knwouosi cnosa i hpasun: KpairoBa 3agada, iMnynbCHa yMOBa, BUPOAYKEHHS, 0COGIMBOCTI.

Yuriy Fedkovych Chemivtsi National University, 2 Kotsjubynskyi str., 58012, Chemivtsi, Ukraine

BcTyn

MaTemMaTuUyHe MofentoBaHHA 6aratbox (PisYHUX Ta XIMIYHUX ABULL NPUBOLAUTL A0 3ajad
3 BUPOOYKEHHAMU Ta 0COGNMBOCTAMMU AN PIBHSAHb i3 YHACTUHHUMU NOXiAHUMUN. 30KpeMa, y piB-
HAHHI WpeaiHrepa, sike onncye ctaH KBaHTOMEXaHIYHOT cucTemMun, KoedilieHTN BU3HaYaloTb
MoTeHLiaNbHY eHeprito i MaloTb CTerneHeBi 0CO6MMBOCTI NMpU MonoAwmnx noxigHux [1]. Aocni-
J>KEHHS MTaHb ICHYBaHHSA | AKICHMX BNacTUBOCTEN PO3B'A3KIiB KpaioBUX 3a4a4y 415 PiBHAHb 3
BUPOA>KEHHAM NpoBeAeHi Yy npausax [2-4].

BrBUYEHHSA CMCTEM 3 PO3PUBHMMU TPAEKTOPISAMM NOB'A3aHO 3 PO3BUTKOM TEXHIKU, B AKIl iM-
MynbCHI CUCTEMU KepyBaHHSA BifirpatoTe 3Ha4YHy ponb. baraTo 3agay Teopii oNnTUManbHOro Ke-
pyBaHHS, Teopil A4epHNX peaKTopiB, AMHaMIYHNX CUCTEM NPUBOAATL A0 NMepPioANYHMNX Kpaiio-
BMX 3a4a4 Anda gmdepeHuianbHUX PiBHAHb 3 iMNYbCHOMO Aieln. 3agadi Anst CUCTEM 3BUYAMHMNX
andepeHyianbHMX PiBHAHb 3 iIMOY/NbCHOK Ai€0 IMMO60K0 BMBYeEHI y npaysax A.M. CamoiineHka
i O.M. lMepecTioka [5,6] Ta iHWKWX aBTOPIB.

MTaHHA icCHYyBaHHSA NepioguYHUX PO3B'A3KIB PIBHAHHSA i3 YACTUHHUMU NOXIAHUMW Tinep-
60nivHOro TNy 3 iIMNYNbCHOO Aielo BUBYanmca y npausax [7-9]. Mobypnosi Teopii KOPEKTHOCTI
3agadi Kowi gna napaboniyHUX CUCTEM 3 iIMMY/NbCHOK A€ Y MaKCUMaibHO LUUPOKUX NPO-
cTopax [liHi NpMcBAYeHO Apyrui po3ain moHorpadii [10].

Y uiii cTaTTi po3rnsagaeTbCca 3aga4a 3 KOCOK NMOoXigHOo ANA NiHIMHOro napaboniyHoro pie-
HSAHHSA i3 CTeNeHeBMMMN 0COBINBOCTAMM A0BIIBHOIO NOPAAKY B KoeduiLlieHTax piBHAHHA | Kpa-
MoBIV YMOBI Ha AeAKIA MHOXXUHI TOYOK Ta iMOY/NbCHUMM YMOBaMM 3a 4acoBOK 3MIHHOM Yy BU-
3HayeHi MOMeHTU 4Yacy. Ofep>KaHo iCHyBaHHSA Ta BCTaHOB/IEHO OLHKU MOXigHUX PO3B'A3KY
rmocTaB/ieHOl 3ajadi y renbAepoBmMX NpocTopax 3i CTeNneHeBOO Baroko.

© Mykanbcbkuii 1.A4., 2014

1 [ToctaHoBKka 3apgadi i OCHOBHUWN pe3ynbTaT

Hexaii D — obme>keHa o6nacTb npocTopy R" 3 mexeto 3D, dimD = n, Q — gesdka obme-
»XeHa obnactb, Q C D, dimO < n—21 BobnacTi Q = [io”™N+i) x D po3rnaHemo 3agavy
3HaxXoMKeHHA (PyHKLUIT ME, X), askanput ¢ t\, A € {1,2,... ,N}, x € D \Q 3a70BO/IbHAE
pPiBHAHHSA

(Lw)(i,x) = dt- ]P Aij(t, )dXdX + = Ai(t, x)aX + AO®i,x) u(t,x) = 7(f,x), (1)

ij=1 i=1
YMOBMU 3a 3MiHHO10 f:
u(to+ 0,x) = <po(x), 2
w(iA+ 0,x) - u(t\  0O,x) = xp\u(t\ —0, x) + X), (3)
i KpalioBy yMOBY
X_I>i|21é|dD(B|/|- g)(t,x) = X_I>izemdD Li\ilbiit’\’\’\u + boitrXn-g~n) =0, (4)
geio< h < h< - < tu< tfj+i-

O3HaunMmo nNpocTopu, B AKUX BUBYAETbCA 3adada (1)-(4). Hexanm Q® = [figijt+i) x D, K €
{0,1,..., N}, Bi, Y, q | — pgivicHi uncna, B = {B1,...,Bn}, B{ € (-00,00),y > 0,q>0,/7> 0,
P(i,x), PL(i(D,x (D), Hj(t(I\xW), Ri(t(2\ x(2) — poBinbHi Toukn i3 XK\ i € {1,2,...,«},
X() = X™ XM x ), X@ = (3D X {AINXI2ZAN XL x 7)) P = IXx—2O\

s(/3,-X) = p<npup < 1iB(Bi,x) = 1npup > 1.
Mo3Haunmo yepes Cl(y; B;q; Q) — MHOXMHY PYHKLIM U, AKi MalOTb HeENepepBHi YaCTUHHI
noxigHi npn t g t\, x £ Q, surnagy o\gru, 2i + X\ < [l], 4N AKUX CKiHYeHHa HopMa

W\ 7,/30;Q|P= sup{sup|ul} = [wQ]IO,

k Q (k)

\\u;rfi;q)Q\\i -sup{ =2 \\u;r™;qj; Q{kVEIN\ + <u; 7; M ; Q (fo>/}
k  2i+r]<[/]

eesuP { £ sup s(q+ (2i + \r\)j,x)\d\dku(P)\ [ [s(—;/%y,X)
k  2i+\r\<[I]PeQ(k) =1

+ S 1 sup s(q+ /7,x) fjs (-r A9,x)Jata X P 1) - d\drku(HV)\
2i+\ =[|! (Px,HV)cQ (k> M
X X —xi2)l {fis(-{/}£.,.x)

+ sup BN+ T, XTYIBI-T1Ri,x)™ -Ne\ i*} \AN\Ku(Rv) -g\aru{Hy)]]\,
(R,,H,)c QW j=i

Ae I =rxX———-Yrnl = [+ {7}, s(q,x) = min{s(q,x"),s(q,x").
LW ono 3agadvi (1)-(4) BBaXkaeMo BUKOHAHUMW YMOBMU:
a) ANA OOBINbHOIO BEKTOPA = - (s« ..., £ .» BUKOHYETbCA HEPIBHICTb

MTER < £ Av(™X)8(Bi+B;'X)Til; N mi\\2
7=1
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Ti\, T2— cpikcoBaHi gogaTHi ctani, s()3 + x)Ay € Cil(7;B; 0;Q), s(p,, x) N, €C“(7;/30; Q),

s~ 0,x)Aa0 € C“(7;)6;0;Q),infAQ(i,x) = 80> 0,a € (0,1), u{> O po> 0O;/ €Ec~r~., B;u0o)Q),
Q

@o € C2+a(7;)3;0; D);

fi _1/2

6) BeKTOpU = {"N5g),..,,bis), = s, x)bj i = {ei,...,e,},ej =

1=1
YyTBOPKOKTb 3 HANPSAMKOM 30BHILWHbLOT HOopMani N go 3D B touui P(i,Xx) € ' KyT MmeHLWWiA 3a
£, = Mn+i) x3D,3D € C s~ xty- € Cl+a(7;3;0; Q), s(5,x)bo € Ci+a(7;£;0; Q),

bO(i/*)Jr > O, &> 0, £ € Cl+a(7;jS;J;QW), m_(BeO- g)(to,x) = O, [g(iIA+0,x)~

x’\lziedD
g(h- 0,x)JaD = [WAE(*A - 0,x) + B<Pa(*A/*)]3¥ <Pa € C2+a(7;]B0;Q N (i = iA), 7 =
max j max(l + /3,),Tax(pr—p1), ~, |-

MpaBunbLHa Taka Teopema.

Teopema 1. Hexain gnsa 3agadvi (1)-(4) BukoHaHi ymoBu a), 6). Tofi iCHye €AUHUIA PO3B'A30K
3afadi (1)-(4) i3 npocTopy C2+a(7,3; 0; Q) i cnpaBoKYETbCA HEPIBHICTb

E FNK 1+ NeA)(|19*-1;7;0;0;(2n (t = i*_i)||2+=a

c=IA=fc
+ H/;7;y37°0; Q (fe-1)IU + 1s;7;0;*;Q (k_1) lli-f*) (5)
+ HNwv)7/B10;Q n (f = £n) [12+n
+ I/Ar ftw; ONIK+ te 7;i; i; QW lli+} m

Ana pocnig>xeHHA 3agadi (1)-(4) BcTaHOBMMO criovaTKy KOPEKTHY PO3B'A3HICTb MHOXXUHM
KpanoBux 3agad 3 rnagkmmm koedpigieHTamu. 3 MHOXUHW O04ep>KaHUX POo3B'sA3KiB BULITNMO
36>KHY MiANOCniA0BHICTb, FPaHNYHe 3HA4YeHHSA AKOT byae po3B'a3kom 3agadi (1)-(4).

2 Ouyinka po3B'A3KiB KpalioBUX 3agad 3 rnagkKumMmm KoegigientTamm

Hexan= Q) I‘Ij (t,x) € QW p(x) > —j, m > 1— nocnigoBHOCTI obnacTei, sKi npu
m —> 00 36iraroTbca 4o QK\

PosrndaHemo B o6nacTi Q 3agavy 3Haxom>KeHHS PYHKL i um(t,x), sSKi 3a40BONbHAOTL NpU
t b t\ piBHAHHA

_ n n )
(Li«m)(i,x) = dt- E aij(t,x)dXdX¥ + E ei(f,x)d*, +ao(t,x) um= fm(t,x), (6)
ij=1 i=1

YMOBMU 3a 3MiHHOIO t:
um(fO+ 0,x) = <p$(x), (7)
Um(iA + O'x) - um(iA - 0,x) =rp\Um{t\ - O,x) + A *A/*)/ (8)

i KpalioBy ymM0OBY

(BiM/a-gm)(i,x)|r = E N(*™*)3*iM + M f/*)Mm~gm(t,x) =0. (9)

i=I r

KoediyieHTn ay 5., 0, hbyHKUiT/w @3\ YN\ gm Bob6nacTi Q $ cniBnagaoTs 3 An, A, Ag,
f> @0, (p\r g BignoBigHO, a B 06nactax Q \ Q $ € HenepepBHUM MPOAOBXKEHHAM KoeiLiEHTIB
An, A,, Ao, tbyHKLi/, @o, YX, g i3 0bnacTeii Q $ Bob6nactb Q \Q® i3 36epe>kKeHHAM rnagKocTi
i Hopmu [12, cTop. 82].

[Ana po3s'a3kiB 3agadi (6)-(9) cnpaBeannea TeopemMa.

Teopema 2. Hexai um(t,x) — Knacu4dHuii po3B'a30K 3agadi (6)-{9) B obnacTi Q i BUMKOHAHI
ymMoBU a), 6). Togi gna um(t, X) npaBunbHa ouiHKa

IMf <k;E1§\-Ar=-Ik(1+ IfcIXIft  ;Bn(( = i|jo+ WASB T4 a0

+ oV ZQ>_DlIo)} + HwQn (t= s)llo+ k»v ZQNIb+ 114“0"; QN llo

AoBegeHHA. Hexarh max um(t, x) = um(Ri). Akwo R\ € Q(K\ To B TouLi R\ BUKOHYIOTbCSA CNiB-
QW
BigHOLLIEHHA

dtUm(Ri) > O0,dXjum(R\) —O0, A aij{R\)dXibx.um{R\) < O (12)
7=
i 3340BO/IbHAETLCA PIBHAHHA (6). 3 ypaxyBaHHAM (11) i piBHAHHSA (6) B Touui R\ npaBuibHa
HepiBHICTb

WERY) < sumf tlod). (12
Qw
Hexat minum(i, x) = umR2) Akwo R2 € Q™k\ To B TouLi R2 BUKOHYETbLCSA chniBBigHOLLIE-
HHS oW
3fIMM(R2) < 0,3xumR2) = O, aij(P-2)dXid§Um(R2) ~ 0 (13)
7=1

i 3800BONbLHAETLCA PIBHAHHA (6). 3ypaxyBaHHAM (13) i piBHAHHSA (6) B TOULi R2 maemo
M A2 > iN (N5l (14
QW
Akuwo Ri € [ijt, ifc+i) x 3D, To BUKOHYeTbCA YMoBa (9). OCKiNbKun r\ug/\ 1™ > g (BekTOp
e
3a10BO/IbHAE YMOBY 0)), To 3piBHOCTI (B\Um —gm){RI) = 0 maemo

Um(RI) < sup(gmhQl). (15)
QW

Akuwo R2 € [tic, ijt+i) x dD, to dUrg(’\ 2l < 0. BpaxoByluu KpaiioBy ymMmoBY (9), Maemo
e

Um(Ri)> miigmhol). (16)
Q

Y BunagKy, ko R\ € D, a6o R € D 3 noyaTkoBol yM0OBU (7), O4EP>KMMO



Bpaxosytoumn HepiBHOCTI (12), (14), (15), (16), (17) npu K = 0O, o4ep>XUMO

IK;Q (0)]b< lI/mfloL; Q (O)llo+ \\gmK1' Q{0)No+ IkLO);D]]O. (18)

Akwo R\ € Qil(f = iA), abo P2 € QN (E = ig/ A > 1, To BpaxoBywuun ymosy (8),
04ep>XNMO PeKYPEHTHI cniBBigHOLUEHHA

HIMeQn (i = iAllo < (i + [MANIMMQ(A_L)Jb+ IKLA);Qn (t = iA]O. (19)

O6'egHyt0uMn HepiBHOCTI (12), (14), (15), (18), (19), oaep>XMMo HepiBHICcTb (10). O

3HaligemMo OuiHKM MoXigHMX po3B'A3KiB um(t,x). Beegemo y npocTtopi CI(Q) Hopmy
| Ikm;7; O;fl;Qllz, ekBiBaneHTHY Npy KOXKHOMY (piKCOBaHOMY T refib4epoBiii HOPMI, Ka BM3Ha-

YaeTbCA TaK camo, AK i ||h;7:/5<7;Q| 1/, Tinbku 3amicTb PyHKUi B(Bi,x) 6epemo BignoBigHO
a(Bi,x): a(Bi,x) = T a X), T~"), akwo Bt > 0i a(Br,x) = mm(s(Sj, x), AKLW,O0
B, <o

Teopema 3. Hexali BUKoOHaHi ymoBu Teopemu 1L Togi 4nsa po3B'a3Ky 3agadi (6) — (9) npasunb-
Ha ouiHKa

(N N
1 7;8;0;QI2zta < c< £ { TKL1+ IMaD)(]IM-i;7;7;0;Q M (t = **-i)l12+4«
=1 A=fc
+ 11/7;7;770;Qfc 1)U+ 1g;7;£,<S;Q(c 1 |fi+a)} (20)
+ lI<PN;7;£;0;0Qn (t = ™) 112+«
+ W78 QU+ IH7;8; 5Q(N) Ni+a
AoBefieHHs. Ans 3HaxoykeHHSA ouiHku (20) B o6nacTi Q(K) po3rnaHemo 3agavy
(L\NUmM)(t,x) = fm(t/ x), [BIUm grn){f, x) IrM = ik + 0,x) = GnjAifc, x), (21)
pelr« = [tk/tk+]) x 3D, (to,x) = <p$(x),x € D, G A\tx,x) = (1 + M"A)[ttm(fA- 0,x) +
e \h,x)], xeQf)(t= t\), AE{1,..., N}.
B ob6nacTtax pO3B'A30K KpanoBoi 3agadi (21) icHye i egauHmnin B npoctopi C2+a(Q (K1)

([4, cTop. 364]). 3HailgemMo MOro ouiHKYy. BMKOpMCTOBYOUM 03HAYEHHSA HOPMUW Ta iIHTepnons-
UiliHi HepiBHOCTI i3 [11], maemo
UmM)7;B3;0; Qfoll2+A < (I + €a) (««;Y,B)0; Q(fc) 2+a + c(e)] Junt Q (fo) I,

Ae € — poBinbHe giicHe uncno i3 (0,1). ToMmy AOCUTb OLIHUTU NiBHOpMY (um; 7;f3; 0; Q) z+a-
13 BU3HaueHHA NiBHOpMU BUNAMBae icHyBaHHA B Q™ Touok Py, Hv, Rv, ona akmx npasunbHa
ofHa 3 HepiBHOCTEM

1

Mluw;7:/73;0,Q(fc)JP+a < Ep,  p € {1,2}, (22)
e

B=2 |41}-4 2] “d((2+ 0i)1,x)& (—xBv. X) Y Y & (—v1B],x)\3\3L0 Mi(H v) — a\arRnT(P\)\,
2i+\r\=2 j=1

E2=  X] IfD- i@)F2d(2 + a)7,x)] [ii(-r 13/f) | 3F3™Wm(H Y - 3f3 > m(P V)],
2A+UN=2 /-1

d(7,x) = min(d(7 ,x(1*),d(7 ,x*2V).

Akwo [ xN —xi2 1> n 1d(y —Bv,x ) = Tx, € — [oBinbHe giicHe uucno i3 (0,1), To
Ei <2 £ |Wm7;i6;0;Q¢«] | 2. (23)
€2

Akwo \Ne —f(2] > d(27,x)-1’€\5 = T2, 10

£2<2 £ aljuw;7;M0;QW] | 2. (24)

3acToCcoBYyOUM iIHTEPMONALIVHI HEpPIBHOCTI 4o (23), (24), 3Haxoanmo
Eu < ea|jur;7;B; 0; [R+a + c(e) \um; IP. (25)
Hexaihn \x, —Xy \< Tx, tW —i(2y < T2. bygemo BBakatn g, —yv\> 4Tx,y € 3D i

d(7,x) = d(7,x\)), Px"~,x"1) € fc€ {0,1,...,N}. BobnacTti Q(§ 3anuwiemo 3agauy
(21) y Burnapgi

3t £ *y(pi)3*n- Wwv— arf )] 3,3
<7:1 «7:1 (26)
Y~lai(P)AXiUm 0 (P)wm + /i (t/X) — F(t,X, Um),
i=l
Um(ffc+0,x) = Gj?(Efc,x), (27)
> > (pf) - - ~o(P)um+gm (P
~ (2 > (pD) (Pum+gm (P)} ., 28)

— 7~ m(f; Zwm)lr(x:)-

Hexan YT — o6nactb i3 QM VT = {(i,x) € QR\\xj —x~\ < 1Tx, /7 € {1,...,n},

[i —i(X] < t2T2}. B 3agaui (26), (28) 3pobumo 3amiHy um(t,x) = vm(t,y), yj = G&(B], x™)xj,
oAep>X1UmMo

(L2vm)(t,y) = dt- ;_1aij(piN9 r +£/7'*())ar/A/ ~ = F(t,Y}Vm), (29)
Mffc + O,Y) = Gtk Y), (30)
(B2vm){ty) Ifig = [E~(PXx)N (7, X (1))3Ywif VAV -4 31

"i=l
aeyY = (LLEBXXD)XX - - AT, X (D)X0)-

Mo3sHaummo 4epes yjI* = & (B, X)X M\ = {(t,y), i —£ < 1272 ly; —yi™l <
To/Tr} i BisbMeMo Tpuui gudpepeHuirioBHy thyHKLito (T, y), sika 3a0BO/IbHAE YMOBU



Toai pyHkuUia am(t,y) —vm(t,y”(t,y) 3a40B0ONbHSAE KpaoBy 3agavy

(L2om)(ty) = 1 aa(piMBi + €/.x (1)) {3y.6m3)yT+ Chivimohtf + virehickd]
ij=1 (32)

+ nF(t,Y;vm) = Fi(t,y,vm),

wmfe + 0(y) = G$(tk Y~ (tky), (33)

A2 (*,y) I« = {7(1,y)0(1,Y;r?m) — 1)i’l“f(‘:f(Pi)d("f,*JZI.))ayii/} @ NiLTIN).

I«
(34)

Ha nigctasi Teopemun 5.3i3 [4, cTop. 364] ana po3B'sa3Ky 3agadi (32)-(34) i 4OBiINbHUX TOYOK
(Mi, M2) C Yy2cnpaBO>KyeTbCA HEPIBHICTb
dr*(Mi, M2)\d\ckvm( M i) - d\drvm(M 2) |
(35)
- eI (VAN) + Hom AM)We2k((vENN{t=tR) + bW

2i+ Irl= 2,d(Mi, M2) — napab6onidyHa BigcTaHb Mi>K Toukamuy M\ i M2,
Bpaxosytouu BnactmeocTi yHKyii J/(i,y), 3Haxogmmo

lipillc-('<;>) - cd(_(2 + *b>*1ALW ™M ;r1ir.0 » + K ; V$llo + IK;7;0;0; P,

IG» )'/llc«(ven((=i,)) s crf(-<2+ «) 7™ (L)I]CIL;7;0;0; V™ n (I = i4)]J]2+«,

lih ™ lci+*(v,(Ibnr<d) - crf(_ (2+ a)7 .T(1)(Ilin; 7;0; 7; V¥ illi+« (36)

+ \\vmvEN\o + | ]?«7;0;0;v$] ]2,
MigcTtaBnaum (36) y (35) i noBepTaroymnchb A0 3MIHHUX (t, X), OAEP>XUMO HEPIBHICTb
Ep < (ea(n + 2)+ £1Cn2)| WM 7;™N0; QW] |2+a + (|I1/m7;0;27;QW] ] a
+ QM li+a + [1GMN 7,0, QM) M (i = tK) [R+a + \\m Q7] | o)

BpaxoByloun 3Ha4YeHHSA BUpasy Gr(nk) (tk, x) npmn k = 0, maemo

11G0):7:j8:0:Q (°)n(i = fO)|2+ = i r/ "0 ; D\2+a. (38)

O6'egHytoun HepiBHOCTI (18), (25), (37), (38) i BUGMpaKUn €, €1 4OCTaTHLO ManuMun, oaep-
XXMMO

[[wm; 75050 5Q (o)lR2+a < c(f1/mi7; /5,70;Q (0)1V
+ A 7,00, DlJ2+e + [IBn 7:B; & Q(O) [iL+e).

Akuwo k> 1, To BpaxoBy4un 3Ha4eHHA Bupa3y G $ (tk x), og4ep>XMMO HePIBHOCTI

IGShrrfMQW n (t = Q|2+« < (L + I1Mjk DI17;  O:Qife- 1} P+«
+ A, 7;£;0;Q M n (i = ¥)12+«

O6'egHytOUM HepiBHOCTI (19), (22), (25), (37), (38), (40) i BUBUparoUu g, X 4OCTaTHLO MaIMN,
0ePXXUMO HepPiBHOCTI

I «m;vBTO0;Q{K 2+« < (|I1/m 7;Bi poi QK IU+ ligm; 7;Bih Q(K | |+a)
+ (1 + NpANWTG T, Ne B(M] ] 24+ \\gpWT,B;0;Q « M (t = tk [R+R).

(41)

OCKiNbku
H/m7,y3/°0 Q(fo) |k < cl1/:7:/B70; Q(foIU, IISm7;y 3 ;Q(foll+a < c||g;7;0;i;QW] |i+e/

N i]i1iBIO;QW N (t =tk [Rra<c | | 7;B;0;Qw I (t = tk) \R+n,

TO 06'egHaBLUU HepPiBHOCTI (39) i (41), ooep>XUMO OUiHKY (20).

PosrnaHemo Bunagok [|xe~ —y,| < 4Ti,y €3D, v € {1,2,..., n}. BBaxkaemo ans npocTtoTu
v = n. Hexaii K(P) — kynsa pagiyca Rq, Rq > 4(Txn -f T2) 3 ueHTpOM B gesiKin Touyi P €EM®,
AKa MICTUTb TOUYKU Pi, Hj, Rj. BUKOpUCTOBYIOUM 0OMEXKEHHA Ha rmagkicTe Mexxi 3D, MOXKHa
posnpamutn 3D MK(P) 3a40MoMoror B3aEMHO OJHO3HAYHOro nepeTBopeHHA X = Y({) i3 [12,
cTop. 126]. B pe3ynbTaTi TaKoro rnepeTBopeHHs obnactb Q(Y MK(P) nepeiige Bo6nacTs M, gns
TOYOK AKoi {n > 0.

BBadkaemo, wo um(t,x), Px, Hj, Rj NMpu uboMy MNepeTBOPeEHHI NMepexoAsTb BiANOBIAHO B
vm(t, {), Mi, zj, Oj.Mo3HaunmMo KoediLieHTU andepeHLuianbH1UX Bupasis Li, Bi B o6nacTi I
yepes an(i,f), a,(i, ¢), 30(i,£)/ h(t~)> fa(t,C)- Togi Om(f,£) 6yae po3B'A3KOM 3agadi

- av(MI3ft3iyl>m - Ea/(i,i)3ftl,

7=1 i=l
-0B(KE)YOM+fm (t,nfc)),
Vm(to+0,£) = GS)(ifg7T(*)),
En,(Mi)3e.rw = { E[lAi«(Mi) ~/i,(f,M)]3%i;w-i4 O(i,~ w1 +gm¢(i,7r(")1]
1= GO =1 *
?H=0
MoBTOpPHOOYM MIpKYBaHHSA, HaBefeHi NPW 3HaX04>KeHHI OLLIHOK pPo3B'A3KY 3ajadi (21), i Bu-
KOPUCTOBYHOUM NPU LLbOMY TeopeMy 6.1 i3 [4, cTop. 364], onep>X1Mo HepiBHICTb (20). O

AoBefileHHA TeopemMun 1. [NpaBa YacTuHa HepiBHOCTI (20) He 3aneXXnThb Big T. Kpim Toro, nocni-
posHocTi {vi,0)} = {uT}, (ME}} = {<iI(7-0i/*)3*fkm(t/*)}/ {w 2)} = {~(2?;") dtum(t,x)},
{Lii3)} = {d(21 -fii-fij,x)dXdXjum(t, x)} piBHOMipHO 06Me>KeHi i PIBHOCTEMNEHHO Hernepeps-

Hi B o6nacTax Q(K\ 3aTeopemoto Apuena icHytoTb nignocnigosHocTi {UNN}, piBHOMIpHO 36i-

XXHi B ao {Uq¥} npu m(j) — oo, p € {0,1,2,3}. Nepexonaum o rpaHuyi npn m(j) —
00B 3ajadvi (6)-(9), ogep>xmmo, wo u(t,x) = — €AVHUI po3B'sA30K 3agadvi (1)-(4), n €
C2+*(7:jS;0;Q). O

3 BuncHoBKU

Jocnig>xkeHo 3agayy 3 KOCOK MOXiIAHOK Ans NiHIMHOIo NnapaboniyHoro piBHAHHA 3i cTene-
HEBMMW 0CO6/MBOCTAMMU AOBIIbHOIO NOPAAKY B KoeuiLiEHTaX Ha AeAKii MHOXXWHI TOHOK Ta
iMMNY/IbCHUMW YMOBaMU 3a 4aCoBOIO 3MIHHOIO.

B renbaepoBux npocTopax 3i CTerneHeBOK Barok A0BeAeHO iCHYBaHHSA, €ANHICTb Ta oAep-
»KaHi OLiHKM NoxigHMX Po3B'A3KY NOCTaB/eHOT 3aadi.



(1]
(2]

(3]

[4]

(5]
(6]

(7]

8]

E]

(10]

(11]

[12]

References

Seitz F. Modern solid state theory. Phys. Mat. Lit., Moscow, 1949. (in Russian)

Bazalii B.V., Shelepov V.Yu. Variational methods in a mixed problem of thermal equilibrium with afree boundary. In:
Leifman LJ. (Ed.) Amer. Math. Soc. Transl. Ser. 2. Eleven Papers on Differential Equations, vol. 126, 77-92.

Eidelman S.D., lvasyshen S.D., Kochubei A.N. Analytic methods in the theory of differential and pseudo-
differential equations of parabolic type. In: Ser. Operator Theory: Adv. and Appl., 152. Birkhauser, Basel,
2004.

Ladygenskaya O.A., Solonnikov V.A., Uraltseva N.N. Linear and quasilinear parabolic equations. Nauka,
Moscow, 1967. (in Russian)

Samoilenko A.M., Perestyuk N.A. Impulse Differential Equations. World Scientific, Singapore, 1995.

Perestyuk N.A., Plotnikov V.A., Samoilenko A.M., Skripnik N.V. Differential Equations with Impulse Effects:
Multivalued Right-hand Sides with Discontinuities. Walter de Gruyter Co, Berlin, 2011.

Perestyuk N.A., Tkach A.B. Periodic solutions of a weakly nonlinear system of partial differential equations with
pulse influence. Ukrainian Math. J. 1997, 49 (4), 665-671. doi: 10.1007/BF02487331 (translation of Ukrain. Mat.
Zh. 1997, 49 (4), 601-605. (in Ukrainian))

Bainov D.D., Minchev E., Myshkis A. Periodic boundary value problemsfor impulsive hyperbolic systems. Com-
mun. Appl. Anal. 1997,1 (4), 1-14.

Asanova A.T. On a nonlocal boundary-value problem for systems of impulsive hyperbolic equations. Ukrainian
Math. J 2013, 65 (3), 349-365. doi:10.1007/sl1253-013-0782-x (translation of Ukrain. Mat. Zh. 2013, 65 (3),
315-328. (in Ukrainian))

Matiychuk M.I. Parabolic and elliptic problems on Dini spaces. Prut, Chemivtsi, 2010. (in Ukrainian)

Pukalsky I. Boundary problems for irregularly parabolic and elliptic equations with degeneration and pe-
culiarities. Prut, Chemivtsi, 2008. (in Ukrainian)

Fridman A. Partial differential equations of parabolic type. Dover Publ., Mineola, New York, 2008.

Hagiiwno 24.10.2013

Pukalskiy I.D. The problem with inclined derivativefor a parabolic equations with impulse conditions and
degeneration. Carpathian Math. Publ. 2014, 6 (2), 342-350.

By application of maximum principle and apriori estimates it is studied the inclined derivative
problem for a linear parabolic equation with power singularity in the coefficients with respect to
space variables and impulse conditions respect to time variable. It is established the uniqueness and
the existence of the solution of the stated problem in Holder spaces.

Key words and phrases: boundary problem, impulse condition, degeneration, peculiarities.

Mykanbckunii .M. 3agaHa ¢ Kocoii Npon3BoAHOlM AnA napabonnyeckux ypaBHeHWA ¢ UMNYNbCHLIMM yCno-
BUSIMM U BbipoxaeHnem // Kapnatckue marem. nyon. — 2014. — T.6, Ne2. — C. 342-350.

C NOMOLLLbIO MPUHLMNA MaKCUMyMa 1 anpropHbLIX OLLEHOK M3yYaeTcs 3ajadva ¢ KOCOM NPon3BO/A-
HOW ANS NMHEMHOro NapabonnyecKoro ypaBHEHMS CO CTEMEHHbLIMM 0COGEHHOCTAMMU B KO3(hpunumeH-
Tax No NPOCTPAHCTBEHHbLIM NEPEMEHHBLIM N UMMY/ILCHLIMW YCNOBUSAMMN MO BPEMEHHO NEPEMEHHON.
B renbfepoBUX NPOCTPaAHCTBaX CO CTEMEHHbLIM BECOM YCTaHOB/IEHO CyLleCcTBOBaHWE N eANHCTBEH-
HOCTb peLLeHNs NoCcTaBNEHHOW 3a4a4n.

KnioueBbie cnoBa 1 hpaser: Kpaesas 3agada, UMMNYNbCHOE YCNOBUE, BbipOXKAEHME, 0CO6EHHOCTU.

Carpathian Math. Publ. 2014,6 (2), 351-359 KapnaTtcbki maTem. ny6n. 2014, T.6, Ne2, C.351-359

doi:10.15330/cmp.6.2.351-359

Symotyuk M.M.1, Tymkiv I.R.2

PROBLEM WITH TWO-POINT CONDITIONS FOR PARABOLIC EQUATION OF
SECOND ORDER ON TIME

The correctness of the problem with two-point conditions on time variable and Dirichlet-type
conditions on spatial coordinates for the linear parabolic equations are established. The metric
theorem about estimate from below of small denominators of the problem is proved.
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Introduction

The problems with two-point and multipoint conditions with respect to the time vari-
able for partial differential equations were studied in many scientific papers (see, for exam-
ple [2-5,7-11] and the references there). In particular, the correctnes of multipoint problems for
evolution equations in unbounded domain was investigated in the works [4,5]. The solvability
of multipoint problems for partial differential equations in bounded domains is frequenly re-
lated to the problem of small denominators. In the scientific works [3,7,8,11] metric approach
have used for estimate from below of small denominators and it was proved that the conditions
of solvability of such problems are satisfied for almost all (with respect to the Lebesgue mea-
sure) vectors which coordinates are the coefficients of the equations and interpolation nodes
values.

The results of scientific works [3, 7,8,11] were generalized in the papers [2,9,10]. The
correctness of problems with multipoint conditions holds for almost all (with respect to the
Lebesgue measure) vectors which components are the interpolation nodes values (see [9,10]).
The conditions of solvability of the problem with two multiple nodes for factorized equation
for almost all (with respect to the Lebesgue measure) vectors constructed by the coefficients of
the equations (see [2]).

In the present work, we established the conditions of correct solvability of local two-point
problem for factorized, parabolic operator (by Petrovskyi sense) in cylindrical domain which
is a cartesian product of time segment and special multidimentional parallelepiped and we
prove that such conditions are true for almost all (with respect to the Hausdorff measure)
vectors constructed by coefficients of the equation.

@ Symotyuk M.M., Tymkiv |.R., 2014
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1 Statement of the Problem

In the domain Qj = (0, T) x 'P, Mp= (0, m)p,we consider the problem
n (ft+ E gLi+Agq(Lb u (t, x ) =0 (t,X)e QF, @

u(ii,x) = o1(x), u(t2,x) = 02(x), O0<ti<t2<T, x= (x\,..., Xp) € MNp, (2)

L-"u(£,x) = L)"'u(£,x) =0, me {O0,I,..., b-1}, €({1,.., /7?}, (3)
;::O fb"'-
wheresa? > 0 ,€{1,...,p}, q€{1,2},

NAl4....L,)= E AIL\K..LS, Ale C, g€{1,2}, be N,
Isl<b

Yy := (py(xy)alT) +qj(xj)-, pi € C2~1][0, 1r], ify € CZb_2[0, ] are real-valued functions,
Pj(Xj) > poj > 0,qj(xj) > 0,j €{1,..., p}.

We denote via A; = {A*.., K E N} and {Xfe(x;),kf EN}, j € {1,..., p}, theset of eigen-
values and the system of responsible eigenfunctions (we suppose that | X™.(x;-)]2dxj = 1) of
such problem

LiX(xj) = AX(xj), X(0) = X(tt) = 0. 4)

It is known [6] that for each j, j € {1,..., p}, the eigenfunctions of the problem (4) make the
total orthonormal system in the space L2(0, ). Under the set of conditions for Pj(xj) and qj(xj)
the next estimates

Cxtf < Afc < Ca2tf, (5)

omax  Xk\xj) <Njkj, re€{01....2b}, KEN, /€{,...,?},

are true for all kj € N, where C\, C2 N\,..., Np are positive constants; in addition to that the
system of functions
{Xk(x) = xkI(*!)... Xkp(xp)rk = (kit...,kp) e W }
is a total orthonormal system in the space L2(rF).
Denote A = {At = (Atl,...,Akp,k € iNi'J, P§j] = A*+...+ A b EN , 0= (B,,mmp 17

R'. ) = B<+ ...+ M v » € R, I € RP is a space of functions @(x) =
> (XK(X), gk € €, k € N p, with finite norm

= J E kfcl2wjt(a;/3;b), wi(oc;$;b)
ViteNf

IAElaexp (B,A%);

C" ([0,T];e0O is space of functions u(f,x) = uk(t)Xk(x), uk(t) € C"[0,T], k € Ne , with
norm

2 Uniqueness of a Solution of the Problem

The solution of the problem (I)-(3) in the space C2 (JO, T]; E* Sj has the form of series
utx) = E M t)xkx) ©
iteNP

The coefficient uk(t),k € N p, is a solution of the two-point problem for ordinary differential
equation

M + A g(\KI,...,Atp™ Uk(t) = O, (7)
Wic(™) = Wji(i2) = (pXg (8)
where b N € NP are the Fourier coefficients (according to the system Xfc(x), k € N p) of

functions @1(Xx), 92(x) respectively. Let £ by aset {k €N p: L\(/IK = u2(4K}, where

NYAfc) = —E fl/Afc, —Aq(AKI...... Afp, q€{1,2}, Ae Ne .(9)
Y=i
The solution of the problem (7), (8) is defined by the formulas
" Di(ARQNi(Xrt+ D2(ARN(AL)/ LUkeNe\C,
D3(\KerX~ + 04AM)NiIN)(, ifkeC,
where Dj(Ak), ] €{1,..., 41}, is a solution of the following system of linear equations
i Dj&leWéto + D2AXKeM™Mh = nb
\ Dx{Xk)en 2+ D2(XKetofa)b - <qifc
i D3(Xke~aKh + D,(XKtle ~)h ~ nKki
\ D3(Xkje~k)t2+ Di(XKt2eMh)t2= pA>
Let's denote

( eR\fikt2HHfiIKEN L(w(Ajt)-M4))(i2-fi) _ i\ if jte NP \£
AAjt) = | F J' N (10)
| (t2 —ti)etil (5ic)(t+t2\ if ke C.

Theorem 1. Inorder that problem (1)-(3) have at most one solution in the space
C2([o, TI; ac € IR, B € Rp, itis necessary and sufficiently that the following condition be
satisfied

VkeW\NC VEe Z (n2(XK-m (XK)(t2-h) o 2nii. (11

Proof.The proof is carried out by the scheme used to prove theorem 5.3 in [7]. O
We get next result comes from Theorem 1and formulas (9).

Corollary 1. Inorder that problem (I)-(3) have the most one solution in the space
C2(jO, T]; @€ IR, BE€ 1RP, itis necessary and sufficient that for each (/q,..., kp) EN p\C
and each £ € Z atleast one of the equations

£ » - q)al + £ w.Al - AP)AIN... AT =0, £ Im (A] - AT)A{\... AZ
7=1 Isl<b Isl<b

doesn't hold.



Example 1. For the problem

a 4 . a2\ /a a4 . a2\ , . 4
- +an”N +lanj + AN+ «f,x) = 0, (fx) €Q¥ (12)
w(0,x)=0, u(T,x) —0, xe(0pn), (13)
d2mu (t, x) d2mug,x)l - o c ro 1( <144
dx2m " x=0 dx2m =0 me{o.d )
wherea > 0, a\,a2 € E,dAi ® a2 i2 = —1, the determinant A(AK), A € N, is calculated by the

formula
"H-aN+iaN2)Tei{a2-ai)K2T _

A(Ajt) =
(At T, ifk = 0.

So far as |AAY)] = 2e 'Mr]sin(fl2 —fli)fc2T/2], k ¢ O, then the problem (12)-(14) has in

space C2 ([0, TJ; only trivial solution, if number (a2 —a\)T/n is irrational. If number

(a2 —ai)T/n is rational, then the problem (12)-(14) has in space C2 N0, T])E~Sj countable

number of linear independent solutions

Ur(t,x) = e-i6r&kdf "AMjrVf _ edura2™ sin(2rnx), r € Z \{0}.

3 Existence of a Solution of the Problem

In what follows, we consider that the condition (11) is satisfied. Then for every k € Ne
there exists the unique solution uk(t) of the problem (7), (8) such that

A(N*)
uk(t) + (ewANfi+i<2(Atit _ eH2("K)h+H2™K)t"k r if k € NP \ £, (15)
A()%*) r(f2- £)MX¥H(i2+i)<m + (t- tijeP'&kW'+Vgfy iikeC.

We get from equations (6), (15) that the solution of the problem (1)-(3) can be represented by
the Fourier series
«(*/*) =E uk(t)xk(x) + E  ufc(OXfcW- 16
ieNP\£
The series (16) is, generally speaking, divergent, since the nonzero quantity A(A”) can take
very small for the infinite number of vectors A% € A. The following statement is true.

Theorem 2. Suppose that condition (11) is satisfied and there existw € IRand v € such
that for all (except afinite number) vectors A~ € A\ the following inequality holds

1209 > wik(-u>;-Vib). 17)
If Y\, )2 € E”where a0 = xc+ 0w+ 2 B0O= B+v- Bix,d = (dX,..-, o), 0 < & <
min{fl], a2}, j €1,...,p}, then there exists the unique solution of the problem(I)-(3) from

the space C2 N[O, T]; E* Sj, which depends continuously on the functions (p\, ¢2.

Proof. It follows from equations (9) that estimates

-(8.A\) < ReMXQ < -(w ), q€{12}, (18)
where ¢ = (fr,...,{p), {] > Tax{a], a2}, /7€ {1,..., p}, are true for all (except a finite number)
vectors k € Ne . So far as

IfyftOl < C3IKl, Je 1.2}, C3> max{ej.fl? :j €{l,.,.,p}}, (19)

then we'll get from estimates (18), (19) that

Vi> 0 [(*>N)*)(N] < CAWK(r,-0t)b), ; €{0,1}, q € {1,2}, r€{0,1,2}. (20)

Based on estimates (17), (20) we get from the formulas (10), (15) that

max w[r)(0 < C5E pgdwk2 + wV-fti;b), ke Np.
te[0,T] g=1

So

2 / \ /2
wC2([0,TIEjg) <£( E ~ IDOIX{(*?:&)
4 r=0VjteNPfei*Tl
2/ \!/2
<C6E E Wikiwl(* + b>+ 2,2 + V -6h;b)) (21)
<j=I'"fc6NP /

C6E|Ne £4A

<?=i
The proof of the theorem implies from the inequality (21). O
Remark 1. If the conditions of Theorem 2 are satisfied then for each fixed to € [0, T] the func-
tion u(to, x) belongs to the space Eb- 2 .
oc,p+0to
The next statement describes the equations (1), for which estimate (17) is true with properly
chosen indicesaieR andv = (vV\,...,vp) EW.

Theorem 3. Suppose thatfor eachj € {1,...,p} the following inequality holds
n>n. (22)

liw = 0,v = (fEi+ £ + V(h - t2), wheren = (nx,..., ne), 0 < /< 1 - /€{1,..., pl,
then the estimate (17) holds for all (except for afinite number) vectors Ak € A.
Proof. We get from inequalities (22) that for all (except for a finite number) vectors At € A the
inequality
Re (p 2(4fc) - m(Xfc)) > ("/Xfc) (23)
is true. It follows from the estimates (23) that the set C is not over finite. Let
M max|XI], if£~0,

N —< kec
10, ifE =0.
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Then, for all k € NP such that |JA]] > N, the determinant of J1(XK) is calculated by the formula

A(XK) = re(VRINK)-MNAK)(I12<b) A~ (24)

Since for any z € € such that Rez > { > 0O, the inequality ez —1] > —1is true, then based
on estimates (23) we obtain from equation (24) that

1A*)] > eRe(F1(")f2/<2Aj0)fi)

for |JXAY > N. Consideringthat & - 1>  for all { > 1, and the fact that for all (except for a
finite number) the inequalities (18) are satisfied, we obtain that the inequality

IAAN] > e-~ fl+f2)+7(fI-f2)'A)

holds for all (except for a finite number of) vectors K € N p. Theorem is proved. O

4 Metric Estimates of Small Denominators

Let's study the question of possibility for inequality (17). Let us provide some concepts
related to p-Hausdorff measure and Hausdorff dimension of the set M C RP, for the ease of
presentation.

Definition 1. A limit (finite or infinite)

@
dimp M = liminf~ (diam Sj)p,

where the infimum is taken over all coverings of the setM by the balls Sj,j — 1,2,..., such that
@

M e U Sjand diameter of each ball Sj is notgreater than §, diam Sj < §, is called p-Hausdorff
i=1
measure of the setM ¢ R p (this limit we denote by dimf) M).
Definition 2. A real number 3 such that
HMOB < p < p dimpM = 0,
2)Vp O0< p < BdimpM = oo,
is called the Hausdorff dimension of the setM C RP.

We will use statements, proof of which is contained in [1].

Theorem 4. The setM ¢ R phas zero p-Hausdorffmeasure if and only if when there exists a
@

covering by balls {S;}“ xof thesetM such that Z (diamS/)p < oo, and thatevery pointof the
7=1
setM belongs to an infinite number of balls Sj.

We denote Sn= (0,...,0,q,0,...,0), 7€ {1,...,p}, g € {1,..., b —1}, the multiindex of
4 1

J
the length p which j-th place is g and the rest places are zero;
y) = Im(AsS\ - A\qgi q €{1, ---,b —1},j €{1,..., p},

w =’ --ryp), g€ {1, —1;
G = [ci,d\] x ... x [cp,dp], ci.dj e R, cj < djfj e {1,..., p}.

Theorem 5. Letp € (p —1;pland q € {1,..., b—1}. The inequality (17) holds for almost
all (respectively p-Hausdorff measure) vectors ¢y € G and for all (except for a finite number)
vectors k € NP ifw > un(q), v = §&(ix + t2), where ¢ = (&i,.,.,{p), ¢i > Tax{al,n},

. A p/{2b) +1 -1 /b q r
Proof. Fixg€ {Il,..., b—I1}. Let
F.(Xt) = £ Im(Al- AHA*...N\£E - £ yYM .
l«l<* /=
Let's denote by v w(A)-(/m) a set of vectors ¢ € G for which the inequality
T ypTKj + Fq("k)r-m < Ne ®> 1= (h- h)/n,
;=1

is true for a fixed A~ € A and m € Z and by the set of vectors Y € G, which belong to an
infinite number of sets Vf(Xkm), Xk € A, m € Z. Obviously there exists the number C7 =

C7(p,b,ci,... ,Cp,di,... ,dp) > Osuch that forallme Z, |n] > C7}/"*11 the set vw(Akm) is
empty.
We now consider the case when Jm < C71 11= M(AK). Let A = max {A".}, and

V“(h,m,yl....... YA_XY\+y....¥y\) = {Y]QE R : (Y\....... yj) € V* (Xkm)}. I(V* (Xk/m) @
0, then there exist y\,.-.,y\_v Y-0+1, - - -, yj such that (Ab m,y\,...,yfp_vy?+l, ..., yj) is

not empty interval MMM ]wA” j . Then the set Vi{\ k;m) canbe covered by the balls Sr(Afgm),

r € {1,..., /(Ag-)}, of the radius (T]A£]wA™ ~ , amount J(\K) of which does not exceed

Ce(] XjTAj.) - Note that for q; > (i7) the inclusion
@ ® /(A
Nt = U U V¢ (X»,m) ¢ n U U U St(\,m) (25)

K=0 PX|>K O<|m]<M>gt)

is correct. Therefore, each point of the set vw belongs to an infinite number of the balls
Sr(Akm), r € {I,..., J(XK}, 0 < N\ < M(\K,Xk € A. On the basis of estimates (5) we
obtain from (25) that

K=0 XK OAM<MAK r=1

1&kK) / $K) /1 N\
2 2 (diamSr(At,m)) = £ £ £ (_L _)
fceNP O<|m|<M(Ajt) ~ o< w <M(AN) ATNAR (26)

< COtSp JAIIM,+7)(p-P+1)-b+l < CI0O™ p PFR((«<b+i)(p-p+1)-b+1)-

For w > —f ~e series (26) is converges, then by Theorem 4 the p-Hausdorff
measure of the set v w is equal to zero. To complete the proof of the theorem it is given that

[A(A9] > eRerCh)tz+ReM A~ Bin (iT (LR(XK) - pi(XK)(t2_ ij)) . KENP\C, (27)



and that

IT(u2(1lk) - pi(Ak))(t2

=R

sin (IT(L2(XK) - pi(AK))(t2- ilzl) >

(28)
=2 SMAT-A2BA\...AB- m
\s\<h

where 1 = (t2—ti)/n and an integer mis such that

172 < £ Im(Aj - ANTAl] .. ,nE - m< 1/2.
Isl<b
Based on the estimates (18), (27) and (28) we get that for almost all (respectively to the
p-Hausdorff measure) vectors y € G the inequality

JA(AfS)] > vika-(P/(2b)+1- 1/b)/ (0-P + 1)+~/be-(2 (tl+f2)~)

is true for all (except of a finite number) vectors \k € A. Theorem is proved. O

Let Hg' , ®w € IR, v € Rp, be a set of vectors Y € G, for which the estimate (17) is true.
From Theorem 5 the next corollary about the Hausdorff dimension of the set G\H”'Vfollows.

Corollary 2. Foreachq € {1,..., b—1} and arbitrary o > + 1— the Hausdorffdimen-
sion of the set G\H”" Vis less than p —1+ + h)-

Remark 2. Theorem 5 complements the results of[11].

5 Conclusions

The theorems of existence and uniqueness of the solution of the problem (I)-(3) in the
space of exponential type are established. The lower bound estimates of small denominators
for almost all (respectively to p-Hausdorff measure) vectors ¢ € G are established. A class
of problems with conditions (2), (3) for equations (1) for which there is no problem of small
denominators, is subscribed.

The results can be extended to the next problem

n + Ag(Li,...,Lp)" u(t,x) = 0,
u(tj,x) = (Pj(x), tj= je{,...,n}, to= T/(n —1),
where a) > 0, A,(Li,...,Lp) = E AgL\'...LZ,Ag€C,q€{1,...,n}.

\s\<b
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FINITE HOMOMORPHIC IMAGES OF BEZOUT DUO-DOMAINS

Itis proved that for aquasi-duo Bezout ring of stable range 1 the duo-ring condition is equivalent
to being an elementary divisor ring. As an application of this result acouple of useful properties are
obtained for finite homomorphic images of Bezout duo-domains: they are coherent morphic rings,
all injective modules over them are flat, their weak global dimension is either O or infinity. More-
over, we introduce the notion of square-free element in noncommutative case and it is shown that
they are adequate elements of Bezout duo-domains. In addition, we are going to prove that these
elements are elements of almost stable range 1, as well as necessary and sufficient conditions for
being square-free element are found in terms of regularity, Jacobson semisimplicity, and boundness
of weak global dimension of finite homomorphic images of Bezout duo-domains.

Key words and phrases: Bezout ring, duo-domain, distributive ring, stable range 1, square-free
element, adequate element, von Neumann regular ring, morphic ring, weak global dimension.
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Introduction

All the rings considered in the article are supposed to be associative with nonzero identity
element. In [21] it is proved that any right distributive elementary divisor ring satisfies the
condition: for any element a € R one can find an element b € R such that RaR = bR = Rb.
Moreover, in the same paper the authors have proved that such a ring has to be a duo-ring if
all its zero divisors are in the Jacobson radical. As a consequence we will obtain the following
result.

Theorem 1 ([21]). Any right distributive elementary divisor domain is a duo-domain.

On the other hand, in [11] the author has proved that for any elementary divisor ring, the
conditions of being right distributive, left distributive, right quasi-duo, left quasi-duo ring and duo-ring
are equivalent. Also the same author proves in [12] that a right Bezout ring is right distributive if
and only if it is a right quasi-duo ring, and aright distributive ring is an arithmetical ring, and if it is
a right duo-ring then the reverse inclusion holds.

Here we need to mention that the quasi-duo rings have been studied in [6,15], where the
reader can find the proofs of their basic properties and their connections to the classes of
regular and exchange rings. Furthermore, for the Bezout rings (as well as the arithmetical
rings) the quasi-duo conditions have tight connection to the right distributivity of lattice of its
right ideals.
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We are going to prove below in this article that the "duo-ring" condition in Theorem 1 is not
only necessary but is also sufficient in the case when R is a right quasi-duo Bezout ring of stable range
1 The latter means that condition of zero divisors being in Jacobson radical can be omitted.

All mentioned information will be applied to the finite homomorphic images of a Bezout
duo-domain R and some corollaries will be obtained for the ring R/aR in the case when a
is a square-free element. Actually, we will prove that s is a square-free element of a Bezout
duo-domain R if and only if R/aR is avon Neumann regular ring if and only if R/aR has zero
Jacobson radical if and only if the weak global dimension of R/aR is finite if and only if R/aR
has weak global dimension O.

Finally, from this fact we conclude that the square-free elements of the Bezout duo-domains
are elements of almost stable range 1.

We recall some definitions and facts thatwe will need below in our proofs. All other notions
can be found in [7,8,16,18-20].

Hyman Bass in [1] introduced the notion of stable range that became one of the main K-
theory invariants later. This invariant can be used for solving problems of matrix diagonal-
ization over rings [19] and their relations to other classes of rings. Its definition is left-right
symmetric due to [14]. Below we will use stable range condition for specific values of n, in fact
forn= land n = 2.

Definition 1. We say that a ring R is has the stable range 1 if for any elements a,b € R the
equality aR + bR = R implies that thereis some x € R such thata+ bx is an invertible element
inR.

If for any elements a, b, c in aring R the equality aR + bR + cR — R implies that there are
some elements x,y € R such that (a + cx)R + (b + cy)R = R then we say that the stable range
ofR is equal to 2.

An elementain aring R is called an almost stable range 1 element if the stable range of R/aR
is equal to 1.

Since in the duo-ring case every von Neumann regular ring is strongly regular, the stable
range of R/aR becomes equal to 1when R/aR is von Neumann regular duo-ring.
Here we gather some results concerning our topic.

Theorem 2. 1) A right Bezoutring of stable range 1is aright Hermite ring [18].

2) Foranyelements a, bin aright Bezoutring R of stable range 1one can find some elements
x,d € R such thata+ bx = d and aR-\-bR = dR [18].

3) Every matrix A over arightHermite ring R can be reduced to the lower triangular matrix
AU via the right multiplication by some invertible matrix U [5].

4)Ifall 2x2, 2x1 and 1x2 matrices over aring R admit canonical diagonal reduction
then R is an elementary divisor ring [5].

In [7] itis proved that the left morphic rings are the right P-injective. In addition it is useful
to mention that a pair (4, b) of elements of a ring R in the previous theorem is called a left
morphic pair and this fact will be denoted as a ~ | b. Similarly for the right case we use the
notation A b.

1 Right quasi-duo elementary divisor rings

Before proving one of the main results we need the following lemma.
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Lemma 1. LetRbe aBezoutduo-ring of stable range 1 If for any elements a,b,c € R such that
aR + bR + cR = R there are some elements p,q € R such that (pa + gb)R + qcR — R then R is
an elementary divisor ring.

Proof. According to Theorem 2 the Bezout duo-ring R of stable range 1 is a Hermite ring, so it
is sufficient to prove the statement for the matricesA = ~ ~ ,whereaR+ bR+ cR = R. By
given assumption there are some elements p,q € R such that (pa + gb)u + qcv — 1, for some
u,v € R. By Theorem 2 there are some invertible matrices P = (» j.Q = ( ) , such

that the element cy, of the matrix C = PAQ is equal to 1, and then obviously the matrix C (as
well as matrix A) admits canonical diagonal reduction. Thus R is an elementary divisor ring
as was desired. The lemma is proved. O

Theorem 3. LetRbe aBezoutquasi-duoring ofstablerange 1 Then R is an elementary divisor
ring ifand onlyifitis aduo-ring.

Proof. As itwas mentioned at the beginning and is proved in [11] being a quasi-duo elementary
divisor ring implies the duo-ring condition, so the necessity is proved.

For the proof of the sufficiency suppose that we have any triple a,b,c € R such that aR +
bR + cR = R. By Theorem 6 there are some elements z,h € R such that b+ cz = h and
bR+ cR = hR. So, aR + hR = R implies that there exists q € R such that a+ gh = g €
U(R), since st.r.(R) = 1. After the substitution we obtain ag-1 + q(b 4-cz)g~x = 1 and the
rearranging gives (a + gb)g~1+ (qc)(zg~1) — 1that means (a+ gb)R + qcR = R. By Lemma 1
above R is an elementary divisor ring. The theorem is proved. O

Corollary 1. A right distributive Bezoutring of stable range 1is an elementary divisor ring if
and only ifitis a duo-ring.

Example 1. For any Bezout ring of stable range 1 the rings of upper triangular matrices over
R satisfy conditions of Theorem 3. The same we have for aring R[[x]] ofaformal power series
over any strongly regular ring R. However, there are rings that fail the conditions of Theo-
rems. Thering offormal power series R((x,y)) over adivision ring R of two non-commuting
variables is a quasi-duo ring, but is not a right duo-ring, therefore cannot be an elementary
divisor ring.

2 Finite homomorphic images of Bezout duo-domains

The importance of the duo-ring conditions for the non-commutative Bezout rings was
shown in the previous section. Now our goal is to determine what properties of the finite
homomorphic images of the commutative Bezout domains are preserved in the duo-situation.
Below we give some analogues of the results proved in [8,13,17,19].

Theorem 4. If R is a Bezout duo-domain and a € R is some its nonzero element then R/aR
coincides with its classical ring of quotients: Q(R/Z/aR) = R/aR, and R/aR is an almost Baer,
P-injective, coherent, reversible morphic IF-ring of weak global dimension equal either to O or
the infinity, where the left and right morphic pairs coincide.
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Proof. For anyelement b € R the only possible situations are: eitheraR + bR — R oraR + bR —
dR. In the first case one can find some u,v € R such that au + bv = 1, and its image in R
R/aR isbv = \, and so bisright invertible in R. Since R isaduo-domain, Ra+ Rb = aR + bR
R and similarly we obtain that b is left invertible as well. Thus such bwill be invertible. In the
case when aR + bR —dR there are some X,y € Rsuchthata= dx,b = dy,xR + yR = R. Then
using the fact that R is a duo-domain bx = dyx = zdx —za € aR for some z € R. Hence bin
R is a left zero divisor. Similarly we can obtain that it is a right zero divisor as well. Thus the
localization that leads to the classical ring of quotients coincides with R/aR.

Let us show that R is a right almost Baer ring, that is we have to show that r(b) is a right
principal ideal for any b € R. Suppose thatt € r(b), that is bt — O, or it is the same as bt = as,
for some s € R. Suppose that bR + aR — hR. If hR = R then bis a unit by property 1 and its
right annihilator is a right principal ideal generated by zero. Suppose that hR ¢ R. Since R is
a Bezout domain we can state that a = hx,b = hy, xR + I/R = R for some elements x,y € R.
Hence the equality bt = as implies hyt — hxt, and, after the cancelation, yt = xs. Since x, y are
coprime, then x has to be a divisor of t, thatist € xR hence r(b) ¢ xR. For any xr € xR we
have that bxr = hyxr = yxhxr —yxar —ay2r € aR, for some y1, 12 € R. The latter means that
xr € r(b) and xR c r(b). At last we have obtained that xR = r(b), thus R/aR is aright almost
Baer ring. Similarly it is a left almost Baer ring.

Suppose thatwe have in R the inclusionr(c) C r(b). LetaR + cR = dR and thena —dx,c —
dy. As cx = dyx = dxyx = ayx for someyi € R, as it is a duo-domain. Hence cx = 0 and
X € r(c) C r(b), so bx — 0. The latter means that there is some k € R such that bx = ak. Since
R is a duo-domain, there exists h € R such that bx = ak = ha — hdx. After the cancelation we
obtain b —hd € Rd. Then b € Rd — Rc and Rb ¢ Rc. Thus R/aR is a right P-injective by [8].
Case of a left P-injective case is similar.

Finally, in [2] it is proved that a Bezout ring R is a right and left IF-ring if and only if it
is coherent and P-injective. By [3,10] we know that every IF-ring either has zero weak global
dimension or it is infinite.

Suppose that x € R = R/aR. Then by previous properties we have that there are some
Y,z € Rsuchthat I(x) = Ry = xR = rl(x) = r(y)
r(x) = xR == Rx = Ir(x) = r(z). Since R is also a duo-ring, xR = Rx and thus r(y) = 1(z).
Let us consider two homomorphisms f,g : R —+ R defined by f(r) = rx,g(r) — xr.
By the First Isomorphism Theorem, R/Ker(f) — R/I(x) = Rx,R/Ker(g) = R/r(x) = xR.
However xR = Rx and therefore R/I(x) = R/r(x) or R/zR = R/Ry = R/yR. Consider the
commutative diagram with exact rows,

0 >yR —- » R ———- >R/yR ——- » O

0 mzZR —-- » R ———- » R/ZR - >0

where there exists the unique isomorphism ; : yR — zR augmenting this diagram by [9].
Thus, we have: xR = r(y), r(x) =zR = yR, Rx —I(z),I(x) = Ry = yR = zR = Rz. Therefore,
by [7] R/aR is the left and right morphic ring. For proving that the left and right morphic
pairs coincide we need the following simple fact: if xR = yR in aright P-injective ring R then
XR = yR. Hence we conclude that yR = zR implies yR = zR, therefore the left and right
morphic pairs coincide. Since the right and left morphic pairs in R coincide, for any b € R we
can find ¢ € R such that 1(b) = Rc = cR = r(b). The latter equality means that R/aR is a
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reversible ring.

As we have proved that R/aR is an almost Baer ring, the only thing we need is to prove that
the intersection of any two right (and left) principal ideals is again a right (and left) principal
ideal. Consider the ideals bR,cR. Using property 2 we see that there are some x,y € R such
that bR —r(x),cR = r(y). Then TRdcR —r(x) Mr(y) = r(xR + yR) = r(zR) = dR, where
z, d are some elements in R. We conclude that R/aR is aright (and similarly left) coherent ring
by the definition. The theorem is proved. O

Gatalevych [4] was the first researcher who studied a noncommutative theory of adequate
rings and their generalizations. We are also making an effort to deal with this theory.

Definition 2. A nonzero elementain aring R is said to be right adequate if for any nonzero
elementb € R we can find two elements r,s € R such that the decomposition a = sr satisfies
the following properties: rR + bR —R and s'R + bR ¢ R, wheresR C s'R ¢ R.

Similarly, a left adequate element can be defined. In the case of a duo-ring these notions
coincide and we simply talk on adequate elements. At first, the examples of adequate elements
are the units, irreducible elements, and all square-free elements of aring. Here is the definition
of a square-free element.

Definition 3. A nonzero element ain aring R is called a square-free element if having any its
decomposition a = xy, where X,y € R, one can conclude thatxR + yR = Rand Rx + Ry = R.

It is useful to notice that there are rings without square-free elements, for example such is
the ring of all algebraic integers.

Proposition 1. All square-free elements of a Bezout duo-domain are adequate.

Proof Let a,b € R, where s is a square-free element. Then aR + bR — dR, a = dao, b —
dbo, aoR + b()R — R for some elements d, ag, bo € R. Since qais a square free element, aoR + dR =
R. The latter equality implies aoR -\-bR — R and the decompositiona = sr,wheres=d, r = [b
is the one that was desired. The statement is proved. O

Theorem 5 LetRbea Bezout duo-domain and a be some its nonzero element. The following
statements are equivalent:

1) ais asquare-free element;

2) R/aR is a von Neumann regular ring;

3)J(R/7aR) = 0;

4)w.gl.dim(R/fIR) =0;

5 w.gl.dim(R/aR) is finite.

Proof. 1 => 2. Suppose that a is a square-free element. Lety € R = R/aR be an arbitrary
element. If y is not invertible then by Theorem 4, y is a zero divisor, that is xy = 0 for some
element x in R. Then xy = ak' = ka, for some k k' € R. Suppose that kR + xR = dR —Rd, and
k = dko, x = xod, xgR + k"R = R, for some xq, ko € R. Hence dx*y = dkoa and cancellating by
dwe have Xoy = kga. Since xq and ko are coprime, ko has to be a divisor ofy, thatisy = koyo for
some yo € R. Since R is a duo-domain, there is some X € R such that xo™Yo = "o*iYo = a
hence s = xiyo- Since 4 is a square-free element, we can conclude that xX\R + yoR = R. Then
for some elements p,q,u,v € R we have xX\u 4-you — 1, xqp + kog = 1. Multiplying the first

Finite homomorphic images of Bezout duo-domains 365

equality by ko we obtain kOxiu + koyQr = ko and Xop + (xokou + yv)q = 1 The latter equality
implies xoR + yR = R- Since xoy = kOa, we conclude that x*y = 0. As xo0,y are coprime in R,
this is preserved in R. Therefore, there are elements m,n € R such that xqiti 4-yn = 1. The ring
R/aR is reversible by Theorem 13, therefore yxo = 0. Finally, ylWT + y2n = y implies y2n —y,
thus R/aR is avon Neumann regular ring.

2 =» 3. The proof is obvious as this is a property of each von Neumann regular ring.

3 => 1. Suppose that 1 = be, where band c have g.c.d. d @ 1 Then x € J(R/aR) if and only
if for any r,s € R we have (1 —rxs)R + aR = R. However the Jacobson radical is zero, thus
X € aR = Ra. The equality bR + cR = dR implies b = dbo, ¢ —dco, where bo,co € R. Suppose
that (1 —bodco)R + aR = hR. Then there are some a',x € R such that a = ha',1—bodco = hx.
Hence hR + (bodco)R = R. Since d(bodco) = ha', the element bodco has to divide a', namely
a' — bodcok, for some k € R. Furthermore, a = dbodco = ha' = hbodcok = hk'(bodco), for some
k' € R. Hence d — hk'. From the duo-ring condition we know that Rh + Rbodco = R and
there are u,v € R such that uh + vbodco — 1. After the right multiplication by k' we obtain
d = hk' = h(vbodcok' + uhk') = h(ud + wd) —h(u + w)d, for somew ¢ R. Thusd = h(u + w)d
implies h(u + w) — 1 and hence h is invertible. As a result a—bgdco is coprime with a, that
is bodco — ta = tdbodco, for some t € R. Al last we obtain td = 1 and d becomes a unit that
contradicts with our assumption. Thus, 4 is a square-free element.

2 -»4 . The necessity is straightforward as this is a property of each von Neumann regular
ring, and the sufficiency follows from the observation that R/aR is an IF-ring (by the Theorem
13) of zero weak global dimension [2].

4 05 . The necessity is again obvious, while the sufficiency follows from the fact that the
weak global dimension of R/aR can be either O or infinite. The theorem is proved. O

Corollary 2. The square-free elements of a Bezout duo-domain are the elements of almost
stable range 1.
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CopokiH O.C. CkiH4eHHi romomopdHi 06pasn gyo-obnacTen besy // KapnatcbKi matem. ny6n. — 2014.
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y CIallj noseneHo, W0 KBasi-Ayo Kinbue Be3y cTabinbHoro paHry 1e KinbLem eneMeHTapHUx
OiNbHUKIB TOAI | Avwe ToAi, KON BOHO € AYyO-KifbLieM. FK 3aCTOCyBaHHSA LbOro pe3ynbTtaTy noka-
3aHo, L0 CKiHYeHHi romomopdHi obpasn ayo-obnactein Besy € KorepeHTHUMU MOPIAHNMU Kiflb-
usamMm cnabkoi rno6anbHOT po3MipHOCTI piBHOT O a60 HECKIHYEHOCTI, Ta KOXKeH iH'€EKTUBHUI MOAY b
€ NNOCKUI Hag TaknMu Kinbusmn. Kpim Toro, BBegeHe NOHATTSA BiNbHOI0 Bij KBagpaTiB efieMeHTa y
CUTyaLii HEKOMYTaTUBHOIO KiflbLiA Ta MokKasaHo, Lo TaKi eneMeHTU € aileKBaTHUMUN efieMeHTamMn B
Ayo-obnactax be3dy. TakoXX oTpMMaHO KpUTepPIil perynsapHOCTi CKiHYeHHUX roMmoMopdHMX obpasis
nyo-obnacTter Besy B TepmiHax BilbHUX Bif KBagpaTiB eNeMeHTIiB, BUPOMKEHOCTI pagukany [>ke-
KOGCOHa Ta CKiHYEHHOCTI cnabKoi rnob6anbHOT pO3MipHOCTI.

Kniouosi cnosa i hpasn: Kinbue Be3y, noasiiHa obnacTb BU3HAYeHHS, AUCTPUOYTUBHE KinbLe,
cTabinbHICTb paHry 1, BinbHO KBagpaToBaHW eneMeHT, afeKBaTHWUI eneMeHT, perynspHe Kinbue
¢oH HelimaHa, MopgoiuHe KinbLe, cnabka rnobanbHa BUMIPHICTb.

CopokuH A.C. KoHeuHbie romomopdhHbie o6pas3n gyo-obnacTein besy // Kapnatckue matem. ny6n. —
2014. — T.6, Ne2. — C. 360-366.

B cTaTbe foKa3aHo, YTO KBa3u-Ayo Ko/bLOo Besy cTabunbHOro paHra 1 sBnsieTcs KoNbLLOM 3ne-
MeHTapHbIX AennTeneil Torga n ToNbKO TOrAa, Korga oHo SIBASIeTCS Ay0-KONbLLOM. Kak npuMeHeHue
3TOro pesynbTaTa NokasaHo, YTO KOHe4YHbie FoMOMOpPHbIe 06pasbi Ayo-o6nacTeii bedy sBnstoTCA
KOFepeHTHUMU MOPUYECKMU KOoMbLLaMK cnaboi rnobanbHOM pasMmepHOCTM paBHoii O nan 6ecko-
HEYHOCTUN, N KaxKablU MHbEKTUBHbLLL MOAY /b 6y,qu MNNOCKUM Ha TaKUMMU KOonbLUamMun. Kp0|v|e TOro,
BBeEeHO MOHATME CBOGOAHOIO OT KBaApaToB 3/eMeHTa B CUTyaluM HEKOMMYTATUBHOIO KosbLa, 1
MoKasaHo, YTO TaKue 31eMeHTU ABNAIOTCA afleKBaTHUMU 3NeMeHTaMM B lyo-o6nacTsx Besy. Takoke
MonyyYeH KpUTepUii perynsipHoCcTy KOHEYHUX TOMOMOP(HMX 06pa3oB Ayo-o6nacTeii Besy BTepMu-
Hax cBO6OAHbLIX OT KBaApPaTOB 3/EMEHTOB, BbipOXKAEHHOCTU paankana Oy)keKo6coHa M KOHEeYHOCTU
cnaboit rnobanbHOM pasMepHOCTU.

Kntouesue cnosa n hpasn: KonbLo Besy, ABoCTBEHHas 06nacTb onpeaeneHus, AUCTpPUBYTUBHOE
KONbLLO, CTAaBUNLHOCTb paHra 1, ceo604HO KBaapaTUPyeMuii 31eMeHT, aAeKBaTHUI 3N1eMEHT, pery-
NApHoe Konbuo hoH HelimaHa, Mmopduryeckoe KofbLo, cnaboe rnobanbHOE N3SMEPEHME.
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PARTITION POLYNOMIALS DEFINED BY PARAFUNCTIONS OF TRIANGULAR
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We research a wide class of partition polynomials that satisfy paradeterminants of sloping tri-
angular matrix with arbitrary first two columns.
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Introduction

Partition polynomials arise in many areas of mathematics: in differentiation of compos-
ite functions (Faa di Bruno's formula), in algebra, combinatorics (see [2, p. 1]), number the-
ory [1]. Partition polynomials are studied by many analysts: Beel [3], Riordan [4], Platonov [5],
Kuzmyn and Leonova [6,7]. They are usually associated with linear recurrence relations that
allow to generate them in an effective way. But for historical reasons the recurrence relations
and the corresponding partition polynomials were studied mostly separately. Due to the intro-
duction for triangular matrices in particular their parafunctions it became possible to construct
binary relations between parafunctions of triangular matrices, polynomial partitions and lin-
ear recurrence relations. Moreover it became possible to apply a unified approach to the study
of all partition polynomials, to introduce the concept of inverse partition of polynomials, etc.
In [8] a class of partition polynomials that are defined by parafunctions of triangular matrices
with arbitrary first column was studied. This paper describes the partition polynomials, that
are defined by parafunctions of triangular matrices with any first two columns.

1 Preliminaries and denotations

Let K be a fixed number field.

Definition 1.1. A triangular table of numbers from some field K

(AL, \
_ w2
A= 6
W Il an2 -'‘ ttnn/ n

is called a triangular matrix, and number n — its order.
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Note that a triangular matrix in the definition is not a matrix in the usual sense, because it
is triangular rather than rectangular table of numbers.

Every element an of the matrix (1) corresponds with the (i —j + 1) elements a,*, k= j,.
which are called the derived elements of the matrix generated by the key element on.

The product of all derived elements generated by the element an can be denoted {an} and
called thefactorial product of the key element an, i.e.

Lir

{*'/} = 1{% -
k=j
Definition 1.2. If A — is a triangular matrix (1), then the paradeterminant and the paraper-

manent of the triangular matrix are, respectively, the following numbers:

ddet(A) — X E (~1)" rF{mi+-+«Hci+-+“5i+i}’
r=1al+...+«r=« s=1
n r
pper(A) = £ b3 MK i+ it - T
r=l«i+...+«r=fis=l
where the summation is made by a set of natural solutions of the equation &\ + ... + ar = n.
Theorem 1 ([9]). For a triangular matrix the following equalities hold:
AL, (Ay - N2i) 'a22
1 A2 (Ay — A3i) - 432 433
2
An (Ay, ani) -an2 A,3 n-1
Ay (Ay + fA21) - A22
21 HA22 (Ay +4931) - 932 433
- 3
A1 an2 . Ay + 4,i) -4,2 WS - Ann_ n—1
Theorem 2. Let the polynomials yAx\, *2,---, *n),n = 0,1,..., be given by the recurrence
equation
yn = X\Yn-\ - X2Yn-2 + 2X,_iYi + ( )n-1Tn\Xnyo, (4)
= 1, then the following equalities hold:
/  TuXi \
T2 f Xi
y,, = ddet (5)
a Xl
\ *- ! .
- - rXi'Xo2 (6)
y» = E (-1)""1 " AjIATI - AL
/\|'|'2A2—|---4HA‘>\:H AillAr! ... A,,. 1 2

wherek = Ai + N2+ ... + A,,.

2 The main results

Theorem 3. Let the polynomials be given by the recurrence equation

yn = x\¥n-\ - *2¥n-2 + x3yn-3 - ...+ (~1)"_2T2Xn-iYi + (-1)”_1t,11,,2X"0, (7)

where yo — 1, then the following equalities hold:

ryXi
T2LH 2
312 = A
i - & A (8)
H-10x, 2 a1z X5 505 *]
Tl 7' OizLzl X2 .
7o xn-1 n2Xn-2 Xn-3 *1 «l
A(AT)
Y «= (9)
AL+2A2+...+nA,,=n AL s oo s A,
where
' 3 \ «—
N(A,T) AAL =1)TuT2+ E MAITUTI+HIRZ) {k—=2)! + ~ A+t +MT,+10 - (fo )
v (=2 / i=1
Proof
THXI
121§ T2X1
31 T32 *1
yn =, 2
. 52 Ep
n-1dx,, 2 AN %@_321 *1
- 2
»HIN 1«2 er1]_12 er1-3 *1 *1
TUXL - TAgj 2
THIXE-T3] )T 28 *1
iTniri T Xn-1 " x ’Xm-'i X 3 *1
i 4 1 ~r a2 rm3 on XK
: N N xn-2
(tuXi -T,, l-n_ﬁ TI'-IT%}Z n- 3 x *1 n—
n-1 (fc- 1)
) JAn—1
E (-1)" 1 *E Ae(THX1- T,+,IAT D T,4ig— ~ XAl A
A+ H), Ered A iz @
"t Ne -1)1 A+
E (-1)” 14Yn E AfTi+u - T
Nep.+ (DAL= T 1= AL A, T a1
I A-1 AFA nd
+ s AT T A, Y A A1 ey
Ve i=n—a

where Ai + Ar+ ...+ A, 1 = fc



The first sum after substituting A\ 4-1 = Aj, Ar = A2,..., A, — An = Owill have the form

E (-3 k((A- Jum2+ TUENea PE 577 v

\1+212+...+MJIn=n

and the second one — after substituting Ai = Ap.. .,A,_i = AMNA,  —1 = A Ar+i +1
A+1L,A+2= A+2,..., A, = A’'n= 0— will be in the form
/vl (fc'-1)!
_ 7 /\l_ :
E ( :I) =E1 m all....a;.l(a;.+1-i)la;+2!....a;! 1
T2+, AT (

Finally, we note that the expansion of the paradeterminant (8) according to the elements of
last range leads to the recurrence relations (7).

This theorem can be proved in a similar way.
Theorem 4. Let the polynomials be given by the recurrence equation
yn = N\Yyn-\ + X-i¥n-2 + x3¥n-3 + .-+ Xm—HYi + Tr*u-iYi + T™Mi'rme ~«Yo0/

where i/o = 1, and tn are some parameters, then the following equalities hold:

AW\
213 qvzd
T3 ™ Xi
Yn =
T X\ M2 xn3 :
n—'1 *n-2 17, d Xi
e i2rs Twd )
XM\ i 1 T2 xn-3 X 1
i E AA, 1A
N+ 282K 4"V
where
n-1 \ (fc—2)!
(Ai - D)TuT2+ E AA/TUT,-+ig 1 ---—-—-- O-j

na
+ EA_EI]-I—_Elﬂi_HZ (fc-1)!

i=l
3 Example

Let's find A(A,1) in the partition polynomials (9) for case when n = 15, Ai = 3, Ar
As = 2. In that case k = 6 and

A(A,T) =4! (3-2ruT2+ E 3A/Tm A2 345 ( E MNN\mir\ATT+1,2 J-

i=2 =1

Thus, the coefficient of * 1*2X5is equal to

3-2-4t 34l
(CDIOAT) = g gy W2 5 gy W2
3-2-41 1-5! 2-5!

3.2 3 1-21 3121

the
O

(t0)

(11)

(12)

h

(1]
(2]
(3]
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We investigate symmetric regularity of sums of symmetric tensor products of Banach spaces and
Arens regularity of symmetric tensor products of Banach algebras. An example for the Hilbert space
is obtained.
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Introduction

Let X and Y be complex Banach spaces and B : X x X - >Y b e a bilinear map. A map
B : X** x X** —Y** s said to be the Aron-Berner extension of B if it is defined by

B(x**,y**) = Ii& B(xn,yzﬁl),

where xXAand yp are nets in X which are weakly-star convergent in X** to x** and y** respec-
tively.
The bilinear map is regular if
limB(xa,y«) = lim B(xa,y« 1
imB(xay«) = lim B(xay() (1)
for all weakly-star convergent nets (x«), (y«) C X in X**. X is regular if each bilinear form
on X x X isregular. X is symmetricaly regular if each symmetric bilinear form on X is regular
(see [3]). If A is a Banach algebra, then A is called Arens regular if the bilinear map associated
with the algebra product (x,y) — xy is regular. In this case the Aron-Berner extension of the
algebra product coincides with the Arens extension [1].

In this note we examine Arens regularity of symmetric projective tensor products of Banach
algebras.

1 Regularity of sums of symmetric tensor products

Let us denote by V (nX) the Banach space of all continuous n-homogeneous polynomials
on X. A net (xa) C X is called n-polynomially convergent to a functional @ € V (nX)* if

o(P) = Iig] P(xa)

for every P € V(nX). (x«) is polynomially convergent if it is a-polynormally convergents for
some n.

YK 517.98
2010 Mathematics Subject Classification: 46G25,46MO05.

Theorem 1. Let (xa) and (y*) be polynomially convergent nets such that

limP lim P
(;rg (xa+ ya) & é;ﬂ (xa+ y«)

for apolynomial P € V (nX). Then the Banach space

>

L , A S
EX:=COXO0OX®FFXO0 ...0X®sn: -88TX

is not symmetrically regular, where the symbol 9¥# denotes the complete symmetric projec-
tive tensor product.

Proof. LetApbe the symmetric u-linear map associated with P. That is, Ap(X,..., X)= P(x).
Let us define a bilinear map Bp on X ” X by the following way: given w,u €EE” Xcan be
represented by w = wo + W\ + mmm+ wn, u = Ug+ W\+ ... + u,, where

k
WOlW € C, WK, nKE ®1,,X = X ®s, T - ®s,TX,
andwi=xX\EX, M=yi €Y,
O0OO0O @® ®
Wk = = E xk® ® xKj' vk =L ykf = E yk® - ® W-
j=1 j=1 & 4 ;:1y /:1yJ W

Then we set

Bp(lV,u) = E ApUQXnlf...,UXnn) + E nAp(yir X{n-\)j2 .- ->X(n-1)j,,) +
Nn M=n

+ (1) E ApYn'---"Yik'x)w '---'xin)+ E Apiwynn...... woynj,,):
Clearly that Bp is a continuous symmetric bilinear form on £ nX and
BP(1+x + ... x®x,1+ y+ ...y®n) = P(x + V).

Let v be the 'canonical' embedding v(x) = 1+ x+ ... + x®n, xaand ypbe n- polynomially
convergent nets. Then v(x/ and v(y«) are weakly-star convergent in (Z nX)**. Hence

limBp(v(xa),v(ye)) d lim Bp(v(xft), v(y"))
apB r Ba

and so Bp is not regular. Thus Z nX is not symmetrically regular. O

Foragiven x = Z,,=\ xnenin  the support of x is the subset supp x = {mE€N :xm ¢ O}.
Here {en} is the standart basis of i\.

Proposition 1. There exists a symmetric bilinear map B : t\ x i\ — C and there are nets
(xa) C I\ and (y”™) C t\ such that \vxa\= |WyY] = 1and

1) lima*B(xa,y/43 ® limBAB(x/\* B),

2) supp xullsupp y* = 0 forall xand (.
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Proof. 1) it follows from the fact that I\ is not symmetrically regular. To construct map B which
satisfy both 1) and 2) conditions we will use Example 11 in [5]. For simplicity we consider
£i(Z). Let L+ and L_ are in i\(Z)** such that L+ is a Hahn-Banach extension of functional

%p+(x) = Vﬂml)xn’

Xn € c(Z) and L- is a Hahn-Banach extension of

P-(x) = tl_lgz_rg)oxn.

Clearly L+ may by approximated in weak-star topology by (xa), xa € I\, |[M]|= 1,a > 0and
L-by NG lly"H = \,B < 0. Also in [5] it is shown that the Arens extension of the convolution
* on i\ is not commutative and

lim(xa*ya) ® lim(xa*ya).
a,p r B

So there is a linear functional /7 on t\(Z)** such that
lim/(xa* lim/(x« * .
4R (xa*y g & BO( «*yp)

We set B(x,y) —f(x *vy). O
Proposition 2. There exists a 4-homogeneous polynomial P on i2 such that

limP(xa+ y« limP(xa+ ya
: ( y«) ¢ ga( ya)

1

for some polynomially convergent nets (xa), ~B) C i2-

Let B(x,y) be a symmetric non-regular bilinear map on t\ and (xa) and ~[3) as in Proposi-
tion 1. We can write

ele) 00
Xc= ¥ XWen and VB = X YBIMYY
=1 w1

where en is the standart basis on 12 of the form za = Z “=1 \Ix&nen and T3 — ]£~=1 \/¥$nern
Clearly Iz11”2 = IDAIV, = 1and |ImIF2 = |ly/3lk = 1. By compactness reasons nets (z«)
and [tp) contains H™-convergent subsets (which are polynomially convergent as well) which
we will denote by the same symbols ([2]). Let us define the following polynomial oniir

;0 @
p(x) = X‘ﬂTI'E XBe,y
'n=1 n=1
where B is defined above. Since
@ @
E xpen€ I\ for everyx = JH xnen € ir,
n= 1 VE 1

P iswell defined. Since nets (x«) and (y”) have the disjoint supports,

@ @ @ @
p{l«+rB) = B( o zIn+ E r\rE in + E r%n)
n—1 n—1 n=1 n=1
= B(xa+ yB,xa+ YB) = B(xa,xa) + 2B(xa,y/3 + B(y4,yp).
So,
limP(za+ r«) = limB(xa,x«) + lim B(y«, y«) +2 lim B(xa,y«)
a,B r ap rora,

d limB(x«,xe) + limB(y«,y«) + 21imB(xa, y«) = lim P§2a+ r«).
a B r B,a B.ar

Corollary. 2 4£2 Is not symmetrically regular. Note thatin [3] it isshown that the complete
projective tensorproduct £2 7”2 is not symmetrically regular.

2 The case of Banach algebra

Let A be a Banach algebra. Then the complete projective tensor power ® A is a Banach
algebra tooand the symmetric tensor power (g)’ /1 is a Banach subalgebra of (g)"A. In [4]
was studied conditions of Arens regularity of A. Here we concentrate on <SsTA.

Theorem 2. Let (x0), {*B) be an n-polynomial convergent nets in A such that
limP(xa-ypB) ¢ lim P(xa- yfi) (2
a,p r )%,a

for an arbitrary P € V{nA). Then (£)",TA is notregular.

Proof If (xa), (yu) C A are n-polynomial convergent nets to @, € (V(nA))* respectively,
then nets ua = xaop... ¥xu, Vg = yB® ...®y[ are convergent in week-star topology to
@, € (®s,nA)** respectively, i.e. forall/ € (¥ Tr)*

= lig1/ (w)" $(/) = g i (vB)

Let Ap be a symmetric «-linear map associated with P and / is the linear functional on
8>"TA such that P(x) = /(X <Q)... <X).
Let us consider P(x -y) for arbitrary P € V (nA):

P(x my) = Ap(ﬁ.’l’_’_‘f_l_'i’__’_‘_'_}’-) = f(ﬁ_fé’_f?_'gle_l_‘_‘?’f__'!) = fluw) = Bw 1,

whereu= x(@>... 8§ xya=y® ... (9y and

X-y<8>...(8)X-y + ... + X-y(8)...®x-y

n
u ml7 = = X-y®...(g)X-y.
n - u
M
So, if
|ilg1 P(x« myp) b limP(x« -yp),
a, r
then
limB(ua,it) g limB(ua,ig).
GrB r B,Q r
Thus B is a bilinear map on nA and is not regular. O

Remark. In the case of commutative Banach algebra we can see that under conditions of The-
orem 2, ()" A is notsymmetrically regular.
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Timi§ I

STABILITY OF TRIPLED FIXED POINT ITERATION PROCEDURES FOR MIXED

MONOTONE MAPPINGS

Recently, Berinde and Borcut [11] introduced the concept of tripled fixed point and by now, there

Received 07.07.2014

Tapac O., 3aropogHioK A. PerynapHicTb 3a APeHCOM CUMeTPUYHUX TEeH30pHUX fobyTKiB // Kapnat-
CbKi maTtem. ny6n. — 2014. — T.6, Ne2. — C. 372-376.

Y po60oTi gocnig>KeHo CUMETPUYHY PErynsipHICTb CYyM CUMETPUYHUX TEH30PHUX A006YTKIiB 6a-
HaxX0BUX MPOCTOPIB i PerynsipHicTb 3a APEHCOM CUMETPUYHUX TEH30PHMX A06YTKIB 6aHaxoBUX a-
re6p. Po3rnsaHyTo npuknag ana BUNagKy rinb6epToBoro Npocropy.

KntouoBi cnoa i opasun: cumMeTpuyHa pPerynspHicTb, MynbTUNIHINHE Big0OOpa>kKeHHSs, MNOMIHOM Ha
6aHaxoBOMY MPOCTOPI, perynsapHicTb 3a ApeHCOM, TEH30PHNIA AO6YTOK.

Tapac E., 3aropogHioK A. PerynapHocTb Mo ApeHCY CUMMEeTPUYECKUX TEH30pPHUX npoussefeHnin //
Kapnatckune matem. nybn. — 2014. — T.6, Ne2. — C. 372-376.

B paboTe nccneayetcs cMUMMeTpUUecKas perynsipHocTb CYMM CUMMETPUYECKNX TEH30PHUX MPO-
n3BefeHni 6aHaxoBbiX NPOCTPAHCTB N PEryNsiPHOCTb MO APeHCY CUMMETPUYECKMUX TEH30PHUX MPo-
n3BefeHni i 6aHaxoBbix anre6p. PaccMoTpeH NpumMep Ans ciy4vasi r’Mnb6epTOBOro NPocTpaHcTBa.

KntoueBbie cfioBa 1 gypasbi: CUMMETpUYECKAs PErYNSAPHOCTb, My/bTUINHEeiHOe 0OTo6GpadkeHme, No-
NIMHOM Ha 6aHax0BOM MPOCTPAHCTBE, PErYNsIPHOCTbL MO APeHCy, TeH30pHOe NpPon3BeaeHMeE.

are several researches on this subject, in partially ordered metric spaces and in cone metric spaces.

In this paper we introduce the notion of stability definition of tripled fixed point iteration proce-
dures and establish stability results for mixed monotone mappings which satisfy various contractive
conditions. Our results extend and complete some existing results in the literature. An illustrative
example is also given.

Key words and phrases: tripled fixed point, stability, mixed monotone operator, contractive condi-
tion.
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Introduction

Banach-Caccioppoli-Picard Principle was applied on partially ordered complete metric
spaces by Ran and Reueings [34] and starting from their results, Bhaskar and Laksmikan-
tham [12] extend this theory to partially ordered produced metric spaces and introduce the
concept of coupled fixed point for mixed-monotone operators of Picard type, obtaining re-
sults involving the existence, the existence and the uniqueness of the coincidence points for
mixed-monotone operators T : X2 — X in the presence of a contraction type condition.

This concept of coupled fixed points in partially ordered metric and cone metric spaces
have been studied by several authors, including Abbas, Ali Khan and Radenovic [1], Berinde
[5-7], Choudhury and Kundu [17], Ciric and Lakshmikantham [18], Karapinar [23], Laksh-
mikantham and Ciric [24], Olatinwo [25], Sabetghadam, Masiha and Sanatpour [37].

Recently, Berinde and Borcut [11,16] obtained extensions to the concept of tripled fixed
points and tripled coincidence fixed points and also obtained tripled fixed points theorems and
tripled coincidence fixed points theorems for contractive type mappings in partially ordered
metric spaces. Research on tripled fixed point was continued by Abbas, Aydi and Karapinar
[2], Aydi and Karapinar [4], Amini-Harandi [3], Borcut [13-15], Rao and Kishore [34].

In the case of fixed points of an operator T : X2 — X, the stability of a fixed point iterative
procedures was first studied by Ostrowski [33] in the case of Banach contraction mappings
and this subject was later developed for certain contractive definitions by several authors (see
Harder and Hicks [19], Rhoades [35,36], Osilike [30,31], Osilike and Udomene [32], Berinde [8-
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10], Jachymski [22], Olatinwo [26,27], Imoru and Olatinwo [20], Imoru, Olatinwo and Owojori
[21,29] etc.).

On the other hand, adapting the concept of stability from fixed point iterative procedures,
Olatinwo [28] studied the stability of the coupled fixed point iterative procedures using some
contractive conditions for which the existence of a unique coupled fixed point has been estab-
lished by Sabetghadam, Masiha and Sanatpour [37].

Our aim in this paper is to introduce the concept of stability for tripled fixed point iterative
procedures and to establish stability results for mixed monotone mappings satisfying various
contractive conditions by extension from coupled fixed points to tripled fixed points of con-
tractive conditions employed by Olatinwo [28].

1 Preliminaries

Let (X, <) be a partially ordered set and d be a metric on X such that (X, d) is a complete
metric space. Berinde and Borcut [11] endowed the product space X3with the following partial
order

(u,v,w) < (X,y,z) <==> x>U, Yy<V, Z>W, (u,v,w), (x,y,z) € X3.

Definition 1 ([11]). Let (X, <) be apartially ordered setand T : X3 — X be a mapping.
We say that T has the mixed monotone property ifT(x,y,z) is monotone nondecreasing in X,
monotone nonincreasing in y and monotone nondecreasing in z, thatis, for any x,y,z € X,

*P<*2  => T(xi,y,z) <T(x2Yy,z), xi,x2eX,
y\<V2 =» T(x,yi,z) > T(x,y2,z), yX,y2 € X,
Zi < 22 =»p T(x,y,zi) < T(X,y,z22), z\,z2 € X.

Definition 2 ([11]). An element (x,Yy,z) € X3is called tripled fixed pointof T : X3-> X, if
T(X,y¥,z) —X%, T(y,x,y) =y, T(z,y,x) —z

A mapping T : X3 — X is said to be a (k, b, p)-contraction if and only if there exists three
constants k>0, y >0, p >0, k+ p+ p < I, suchthatVx,y, z, u,v,iv € X,

d(T(x,y,z),T(u,i>,u>)) < kd(x,u) + ya”n,v) + pd(z,w). (1)

In relation to (1), we introduce some new contractive conditions.

Let (X, d) be ametric space. Foramap T : X3 — X thereexist d\,02,a3, b\, bZkkn> 0, with
i + a2+ a3 < 1,b\+ b2+ b3 < 1, such that Vx,y, z,u,v,w €X we introduce thefollowing
definitions of contractive conditions:

(/) d(T(x,y,2), T(u,u, w)) < a\d (T(x,y,z), X) + b\d(T(u,v, w),u); (2)

(
(

d(T{y,x,y),T(O,u,0)) < azd(T(yrx,y),y) +b2d(T(v,u,v),v); (3)
d(T(w,y,x),T(z,v,u)) < ad(T(z,y,x),z) + b (T(zu,v, u),zv); (4)

(i) d(T(x,y,2),T(u,v,w)) < aid (T(x,y,z),u) + b\d(T(u,v,w),Xx); (5)
d(T(y.x,y),T(v,u,v)) < ad(T(y,x,y),v) +b2d(T(v,u,v),y); (6)
d(T(w,y,x),T(z,v,u)) < a3d(T(z,y,x),iv) + b3d (T(w,v,u),z). (7)

Let A, B€E (R) be two matrices. We write A < B, ifan < bijforalli= 1, m,j = 1,n.

In order to prove our main stability result in this paper we give the next

Lemma 1 ([8]). Let {an}, {bn} be sequences ofnonnegative numbers and h be a constant, such
that0 < h< land

an+l< han+ bn, n> O.
If lim bn= 0, then lim an —O0.
00

We also give the next result which extends Lemma 1to vector sequences, where inequalities
between vectors means inequality on its elements.

Lemma 2. Let{un}, {vn}, {wn} be sequences of nonnegative real numbers. Consider amatrix
A € M33(R) with nonnegative elements, such that

<Anm n> 0, (8)

with
(i) Iin>goA" =03

O 00O @®
) = < °°/ E h <00and E_ik < °°.
=0 =0 =0

If ( \L then lim
n_r;%[)\/7r|\l\3 VoJ o

Proof. For A = 0 € M p 3), the conclusion is obvious.

We rewrite (8) with n — k and sum the inequalities obtained for A= 0 , 1 , 2 After
doing all cancellations, we obtain
un+1 \ / WO \ n ( £ti-k \
Vn+l | < ~n+tl IO + X A4 5n_k . (9)

wn+\ J \LLI, J k=0 \ 7n-k J

From (ii) it follows that the sequences of partial sums {En}, {A,} and {I" ,}, given respec-
tively by E,, = O+ \ H—+ ¢, A, = 00+ 01+ mm+ Sn and Yn=70 + 71+ .-+ yn, for
n >0, converge respectively to some E > 0, A > Oand I' >0 and hence, they are bounded.

Let M > O be such that' IE \I < M- ( I:\I./I I,Vn > 0.By(i) we have that Ve > 0, there

exists N =N(e) suchthatAn< ~t7-3,Vn> N, M > 0.
We can write

n ( En—k
E/NM u
k=0 In-k

+ .+ /31 0
71
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Definition 3. Let (X, d) be acomplete metric space and
Fixt(T) = {(x*,y*,z*) € X3 I T(x*,y*,z*) - x*, T(y*,x*y*) = y*T(z*,y*,x*) = z*}

is the set of tripled fixed points of T.

Let{(Xxn,yn,zn)} c X3be the sequence generated by theiterative procedure defined by (10),
where (xo0,yo/20) ™ X3is the initial value, which converges to a tripled fixed point (x*,y*,z*)
ofT.

Let { (un,vn,wn)} C X3be an arbitrary sequence. Foralln = 0,1,2,... we set

for all n > N. On the other hand, if we denote A' —max {13, A,..., AN 1}, we obtain
c«-N+1 ZNn-N+1 En—d(un+\ T (Un, Vn, Wn)), on —d (Vn+X/F(Vn,Un,Vn)), 'Yn= d(wn+i, T (10n,Vn, Un)) =
' - --- ' -N+ +
N1 on-N+1 1+ tislbon <A on-Ne 1 Then the tripled fixed point iterative procedure defined by (10) is T-stable or stable with
Yn—N+1 . .
respectto T, if and only if
—E£«—N
=A j An A,.ar ,\Li_gao(sn,ér],’Yr]) = Ok3 imqlies that Iniinﬂgun,vn,wn) —(x*,y*,z*)./ \
rn-~
o . ] ) ] . Theorem 1. Let (X, <) be apartially ordered set. Suppose that there exists a metric d on X
As N isfixed, then limpEn =lim B = E lim Ang lip g v= 4 and lim Tn < such that (X, d) is a complete metric space. Let T : X3 — X be a continuous mapping having
nl_|>rp0 I, v =T, which shows thatthere exists a positive integer fcsuch that the mixed monotone property on X and satisfying (1).
If there exists xq, Y0, zo € X such that
En E«-n
(A,, -4, v 1 Vn > fo Xo <T(x0,y0,z0), yo>T(y0,x0,y0) and z0< T(z0,y0,x0),
F—r . v then there exist x*,y*,z* € X such that
Now, for m = max {k,N}, we get X* = T(X*ry*,z*), y*= T(y* x*y*) and z*= T(z*,y* x*).
vn > ra, Assume that for every (x,y,z), (xi,yi,Zi) € X3, there exists (u,v,w) € X3 thatis compara-
ble to (x,y,z) and (xi,yi,zi). For (xo0,y0,z0) € X3 let {(xn,yn,zn)} C X3 be the tripled fixed
/7 arr \ point iterative procedure defined by (10). Then the tripled fixed point iterative procedure is
and therefore, lim £ A* on-k = 0. stable with respect to T.
"M eeico Vv 7wjfc / Proof. From the suppositions of the hypothesis, Berinde and Borcut [11] proved the existence

Now, by letting the limitin (9), as |jm_A” = 0, we get . . . . .
ow, by fetting ©) M¥p g and uniqueness of the tripled fixed point and now, using these results, we can study the sta-

bility of the tripled fixed point iterative procedures.
Let {(xn,yn,zn)} ¢ X3, tn = d(un+IrT (un,vn,wn)), on = d(vn+i,T(v,,, u,,vn)) and
7n= d(w,+i, T (wn,vn,un)).
. Assume also that lim en = lim én = lim j n — 0in order to establish that lim un = x*,
as required. O M—>00 n—>00 n—>00 A—>00
lim vhn= y* and lim wn= z*
M—0o0 n—>00

2 Stability results Therefore, using the (fc, y, p)-contraction condition (1), we obtain
d(un+l,x*) < d(un+L4 T (u,,, vn,wn)) + d(T (un,v,, wn) , x*)
d(T (un,vn,wn) , T(x*, y*, {*))+€n (11)

kd(un,x*) + pd(vn,y*) +pd(wn,z*) + g,

Let (X,d) be a metric space and I' : X3 -> X a mapping. For (xo/yo/zo) € X3 the sequence
{(X,,Y.,2,)} C X3defined by

N

X,+i = T(xn,yn/zn), yn+l = T(yn,Xnmn,¥Yn), z,+i = T(z,,¥, X,), (10)

d(vn+i,y*) < d(vn+l,T (vnu,,vn)) + d(T (v,,,un,vn),y*)

d(T (vn,un,vn), T(y*,x*,y*)) + on (12)
kd(vn,y*) + pd(un,x*) + pd(vn,y*) + an,

withn=0,1,2,..., issaid to be a tripledfixed point iterative procedure.
We give the following definition of stability with respect to T, in metric spaces, relative to
tripled fixed points iterative procedures.

N



dwn\\Z ) 5 d({Vn+\, T (Wfi, W/ Mw)) "bd(T {wn,Vn, un) ,z )

= d[T (w,,0,,u,,) ,T(z*,y*,x*)) +7 (13)
< kd(wn,z*) + }id{vn,y*) + pd{un,x*) + 7
From (11), (12) and (13), we obtain
/d(un+bx*) \ [/ k V] p\ / d(un,x*)
d(vn+i,y*) < Md k+p O -1 d(vn,y*)
\d(wn+i,z*) J \p Y] k) \ d(w,,,z*)

/ K Y] p\
We denote A = Ilp k+p O Jwhere0O <k+ p+ p< 1, asin ().

VP u */
In order to apply Lemma 2,we need that An —>m0, as n ->00. Simplifying the writing,

/ &\ hci\
A:— 1 A\ /i J,wherea\ + b\+ QA= d\4e\x+ A\ =g\+ A+ \= k+ p+p < 1L
V gi bxhi J
Then
f k Y] p\ fKk Y] p
A2= 1| p k+p O J-1 p k+p O
\p v kj \p M k
/k+ py2+p2 2£0 + 2up 2kp\ / az bz C2\
= | 2kuy+ pp k2 + p2+ p2+ 2kp up = d2 ez h |.
\ 2kp +p2 2ky + 2pp k2+ p2 3 \ gi bz hz]j

where B+ b2+ C—dz + €+ fz —g2+ b2+ hz — (K+ p+ p)2Kk + py p< L
Now, we prove by induction that

1 bn h
dn en fn
gn bn hn

where
a,+ bntcn=dn+ en+f,,=gn + bn+thn= (k+ p+ p)n<k + p+ p<lI. (14)
If we assume that(14) is true for n,then since

an bn cn \ Ik V] p

Antl = [dn en fn Ji pk+p 0
gn bn hn J \p V] k
kan+ pbn+ pcn  pan+ kbn+ pbn+ ppn pan+ kcn
kdn+ ppn+ pfn  pdan+ ken+ pen+ p/, pdn+ kfn
kgn+ pK + pK pgn + kbn+ pbn+ pK pgn+ khn

we have

an+l+ bn+l+ cn+1= kan+ pbn 4-pcn+ pon+ kbn+ pbn+ pon+ pan+ kcn

(k+ p+pa,+ "+ p+ pbn+ n + P+ p)en
— (k+ p+ p)(a, + bn+t cnj= (k+ p+ p)(k+ p+ p)n

= N+ u+pn+tl <k+ p+ p<lI.

Similarly, we obtain
dn+i + cn+1+ frntl= gn+1+ brt1+ hnt1 = (k+ p+ p)n+l < k+ p+ p < 1.

Therefore, IinaDAn = 03 and now, having satisfied the conditions of the hypothesis of
Lemma 2, we can apply it and we get

so the tripled fixed point iteration procedure defined by (10) is T-stable. O

Remark 1. Theorem 1completes the existence theorem of tripled fixed points of Berinde and
Borcut[11] with the stability resultfor the tripled fixed pointiterative procedures, using mixed-
monotone operators.

Corollary 1. Let (X, <) be a partially ordered set. Suppose that there exists a metric d on X
such that (X, d) is acomplete metric space. Let T : X3 — X be acontinuous mapping having
the mixed monotone property on X.

There exists K € [0,1), such that T satisfies the following contraction condition
d(T(xryrz)rT(u,v,w)) <~M[d{x,u)+d(yfv)+d(z,w)}, (15)

foreach x,y,z,u,v,w € X, withx > u,y < vand z > w.
If there exists xo, yo, zg € X such that

Xo < T(xo0,yo/Zo0), YO0> T(yo,xo,yo) and z0< T(zO0,yOrx0)f

then there exist x*,y*,z* € X such that
xX* —T(x*,y*,z*), y*= T(y*,x*,y*) and z* = T(z*,y\x*).

Assume that for every (x,y,2), (xX\,y\,Z\) € X3, there exists (u,v,w) € X3 thatis compara-
ble to (x,y,z) and (*i,yi,zi). For (xo0,y0,z0) € X3, let {(x«,yn,z,)} C X3be the tripled fixed
point iterative procedure defined by (10). Then, the tripled fixed point iterative procedure is
stable with respect to T.

Proof. We apply Theorem 1, for k —uy —p O

Remark 2. Corollary 1 completes the existence theorem of tripled fixed points of Berinde and
Borcut [11] with the stability resultfor the tripled fixed pointiterative procedures, usingmixed-
monotone operators.

Theorem 2. Let (X, <) be apartially ordered set. Suppose that there exits ametric d on X such
that (X, d) is a complete metric space. Let T : X3 —aX be a continuous mapping having the
mixed monotone property on X and satisfying (2), (3) and (4).

If there exist xq, Y0, zo € X such that

Xo < T(xo,y0,z0), Yyo>T{yo,xo0,yo) and z0< T(z0,y0,x0),

then there exist x*,y*,z* € X such that

X* —T(x*,y*,z*), y*= T(y*,x*y*) and z*¥= T(z*y* x*).



Assume that for every (Xx,y,z)r (xi,yi,zi) € X3 there exists (u,v,w) € X3 thatis compara-
ble to (x,y,z) and (x\,y\,Z2\). For (xo/yo/™0) € X3¥/fef {(xny,,z,)} C X3be the tripled fixed
point iterative procedure defined by (10). Then, the tripled fixed point iterative procedure is
stable with respect to T.

Proof. Let {(xn,yn,zn)} C X3, &, = d(u,+i, T (un,vn,wn)), dn = d(vn+i,T (vn/un,vn)) and
7n = d(wn+t, T (wn,vn,un)). Assume also that nl%s = nll_%&] = ftI|_r>n00yn = 0in order to
1 1 — * 1 — * 1 — *
establish that l/ll%un = Xx*, nll_r;tﬂo vn = y* and nIl_%)wn = z*
Therefore, using the contraction condition (2), we obtain
d(un+z1, x*) < d(un+:, T (un,vn,wn)) + d(T (un, v,, wn) , X*)
d(T (un,vn,ivn) ,T(x*,y*,z*)) +£n
< a\d (T(x*,y*,z*),x*) + b\d(T(un,vn,wn),un) + ¢,
< axa(x*,x*) + bid (T{un,vn,wn),un+1) +bid(un+i,x*) + bxd(x*,un) +£n

= aid(x*,x*) + bid(un+i,x*) + bid(x*,un) + (bi + 1)g,,.

Hence, (1 —bi)d(un+i,x*) < bid(x*,un) +&',,, where €n (bi + 1)g, +RNi™N(x*,x*). Passing
it to the limit and applying Lemma 1 for € [0,1), we obtain that lim u,, = x*.

Now, using the contraction condition (3), we obtain
d(vn+i,y*) < d(vn+i,T (vh,un/Vn)) + d(T (vn/un,vn) ,y*)
d(T (vn,Univn) , T(y*,x*,y*)) + dn
< a2d(T(y*,x*,y*),y*) + b2d(T(vn,un,vn),vn) +3n

< azd(y*,y*) + b2d(T{vn,un,vn)fvn+i) + b2d{vn+i,y*) + b2d(y*,vn) + dn
azd(y*,y*) + b2d(vn+1y*) + b2d(y*rvn) + (b2+ 1)dn.

So, (1 - b2)d(vn+i,y*) < b2d(y*,vn) + 8n, where 8n := (b2+ 1)dn + a2d(y*,y*). Passing it
to the limit and applying Lemma 1 for € [0,1), we obtain that lim vn —y*.

Similarly, using the contraction condition (4), we obtain

d(wn+i,z*) < d(wn+i,T(zn,vn/un))+d (T (z,,v,,,un) ,z*)

= d(T (wn,vn,un), T(z*y*, x*)) + 7,

< a3d{T(z*,y*, x*),z*) + b3d(T(wn,vn,un),wn) + 7n

< a3d(z*,z*) + b3d (T(wn,Vn,un),wn+i) + b3d(wn+i,z*) + b3d(z*,wn) + In
asd(z*,z*)+ bad(wn+i,z*)+ b3d(z*,wn) + (b3+ |)7«.

Therefore, (1 - b3)d(wn+i,z*) < b3d(z*,wn) + Yn, where ¥n := (b3 + 1)7« + a3d(z*,z*).
Passing it to the limit and applying Lemma 1 for € [0,1), we obtain that lim wn = z* and

then we get the conclusion. O

Theorem 3. Let (X, <) be apartially ordered set. Suppose that there exists a metric d on X
such that (X, d) is acomplete metric space. Let T : X3 — X be a continuous mapping having
the mixed monotone property on X and satisfying (5), (6) and (7).

If there exist xq, Yo, zg € X such that

xo < T(x0/y0,Z20), yO> I(yo,xo0,yo) and z0< T(z0,y0,x0),

then there exist x*,y*,z* € X such that
X* —T(x*,y*,z*), y*= T(y*,x*,y*) and z* = T(z*y* x*).
Assume that for every (x,vy, z), (xi,yi,zi) € X3, there exists (u,v,w) € X3 thatis compara-
ble to (x,y,z) and (xi,yi,zi). For (xo0,y0,z0) € X3 let {(xnyn,z,)} C X3be the tripled fixed

point iterative procedure defined by (10). Then, the tripled fixed point iterative procedure is
stable with respectto T.

Proof. Let{(xny,,z,)}~-=0 C X3,&, = d(un+i,T (un,vn,wn)), én= d(vn+i, T (vh,un,vn)) and
7n= d(zvn+i, T (wn,vn, un)).

Assume also that lim”~oo¢g, = lim”~oodn = limfoo7n = 0 in order to establish that
lim,~oo un = x*, lim,~.oovn = y* and lim”~oo w,, = z*

Therefore, using the contraction condition (5), we obtain

d(un+i,x*) < d(un+i,T(u,,,0On,w,,))+d (T (un,Vn,wn) ,x*)

d(T (un,vn,wn),T(x*,y*,z*)) +¢,

N

aid(T(x*,y*,z*),Un) + bid(T(un,vnrwn),x*) + en
aid(un,x*) + bid(T(un,v,,,Wn),Un) + bid(u,,,x*) +¢,,
—(fli + bi)d(un,x*) + £n + bifn-i.

N

Hence, passing it to the limit and applying Lemma 1 for h := ai + bi € [0,1) and for
€, = en+ bifEni 0, we obtain that lim, >.00 u,, — x*.
Now, using the contraction condition (6), we obtain
d(vnti,y*) < d(vn+i, T(vn,unfO,,))+d(T
d{T (vn,un,vn) ,T(y*,x*,y*)
< azd (T(y*, x*,y*), On) + b2d (T(v,,, urkvn), y*) + on
< azd(vn,y*) + b2d(T(vn,un>vn),vn) + b2d(vn,y*) +d&n
(«2 + h)d(v,,,y*) +d+ Mu-1

vn,un,vn) ,y*)

(
)

+dn

So, passing it to the limit and applying Lemma 1 for h := a2+ b2 € [0,1) and for 8n :=
n + Mn-1-> o,we getlimn”oovn =y*.
Similarly, using the contraction condition (7), we obtain
d(wn+i,z*) < d(wn+i,T(zn,vn,un))+d (T (z,,V,,Un) ,z*)
d(T (wnv,,,un) ,T(z*,y*,x*)) + 7,
a3d (T(z*,y*,x*),wn) + b3d (T(wn,vn,un),z*) + 7,

N

< add(wn,z*) + b3d(T(wn/Vn/un)/wn) + b3d(wn,z*) + yn
add(wn,z*) + bad(w,,,z*) + b3d(T(wn,vn,un),wn) + 4n
(a3 + b3)d(wn,z*) + 7, + b37,,_i.

Hence, passing it to the limit and applying Lemma 1 for h := a3+ b3 € [0,1) and for

Yn:= 7n + b37n-i — 0, we obtain that lim wn = z* and then we get the conclusion. O
3 Illustrative example
Let (X,d) be a complete metric space, where X = IR, d(x,y) — [x—y]. Consider a continu-

ous and mixed monotone mapping T : R3—R, with T(X,y,z) = 22" 2z+l.



Berinde and Borcut [11] proved the existence and the uniqueness of the tripled fixed point
of T, respectively (x*,y*,z*) = (ro/iB'lb)"' using (*0,0/0,z0) = (35,5, 20)-

For k = \,T satisfies the contraction condition (15), i.e.,
K
d(T(x,yrz), T(u/v,w)) < ] [d(x, u) + d(y,v) + d(z,w)],

for each x,y,z,u,v,w € X, with x > u,y < vand z>w.

We apply Corollary 1 in order to prove the stability of thetripled fixed point iteration
procedure.

Let {(xn,yn,zn)} C IR3 be the sequence generated by the iterative procedure defined by

(10), where (xo0, ¥0,z0) = (sj'5 3) € IR3is the initial value, which converges to a tripled fixed
point (x*,y*,z*) = (i, jjj, to) of T.
Let {(un,vn,w,)} C R3be an arbitrary sequence. Foralln= 0,1,2,... set

£n= d(un+i, T (u,,vn,wn)), &n= d(vn+\,T (Vn,un,vn)), 7,= d(wn+l,T (ivn,v,,un)).

Assume that nli_rggo(sr],ér],’\n) = Ok3. Then

2U,, - 2vn+ 2wn+ 1
fn= d(un+l/T (Un,vn,Wwn)) = un+1

12
. 2vn—2un+ 2vnmml
on —d (v, T (vn,un,vn)) — v+l - 12
2w,, - 2vhn+ 2un+ 1
7n=d(wn+L T (IOn,Vn,un)) = w,+1- 12

and passing to the limit for n —+ 00, we obtain that

(T o> ) = (T TR )

which is the unique tripled fixed point of T.
Hence, the tripled fixed point iterative procedure defined by (10) is T-stable.
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Timiw |. CTilKicTb iTepayinHnx npouesyp AN HEPYXOMOT TOUYKM TPeTbhOro nopsgKy MillaHUX MOHO-
TOHHMX BigobpaxeHb // KapnaTcbki matem. ny6n. — 2014. — T.6, Ne2. — C. 377-388.

HewoaasHo BepiHge | BopkyT [11] BBeNM MOHATTA HEPYXOMOT TOUKWM TPeTbOro NopsaaKy i 3apas
BXe e feKiNbKa J0CNig>KeHb LibOro 06'eKTy B YaCTKOBO BMOPAAKOBaHMX METPUUYHUX NpPOCTopax i B
KOHYCOMoAibHMX MeTPUUYHUX MPocTopax.

Y Uil cTaTTi BU3HAYEHO MOHATTSA CTIMKOCTI iTepauiiHOi Npouefypy HEPYXOMOT TOYKM TPeTbOro
nopsaaKy i oTpUMaHi YMOBM CTIMKOCTI A8 MilLaHMX MOHOTOHHUX BifobparkeHb, SKi 3a40BONbHAIOTH
Pi3Hi yMOBUW CTUCKY. Li pe3ynbTaTy po3LLUnPIOIOTh i AOMOBHIOOTL AesAKi BifoMi pe3ynbTatu. TaKox
nogaHo iNtoCcTpaTuBHUN NpUKnaga,.

Knto4osi cnosa i hpasn: Hepyxoma TOUYKa TPeTbOro NopsfKy, CTilKiCTb, MilLAHWIA MOHOTOHHWIA
oneparop, YyMOBU CTUCKY.

Tumnit N. CTONKOCTb MTEPaLMOHHbLIX NpoLeayp 419 HEMOABUXHON TOUYKM TpPeTbero nopsjka cMeT aH-
HUX MOHOTOHHUX 0T ob6paxeHnii // Kapnatckmue marem. ny6n. — 2014. — T.6, Ne2. — C. 377-388.

HenaBHo BepuHae n BopkyT [11] BBeNU NOHATME HEMOABUXKHOW TOUKM TPETLEr0 NopsaaKa U ceii-
yac y>Ke ECTb HECKO/bKO UCC/efoBaHnii 3TOro 06beKTa B HaCTUYHO YNOPSAA0HEHHbLIX METPUUECKNX
NMPOCTPaHCTBAxX U KOHYCOMAA/IbHbLIX METPUYECKNX NPOCTPAHCTBaX.

B 3Toli cTaTbe onpefeneHo NOHSATUE CTOMKOCTU UTEPaLIMOHHOM NMpoLLeAyPU HEMOABUXKHOM Tou-
KW TPeTbero nopsigka v NofyyeHm ycnoBusa CTOMKOCTU AN CMeTaHHUX MOHOTOHHUX oTo6Gparke-
HWiA, KOTopUe YA0BNETBOPSAIOT pasHue yCNoBuUs cXXaTus. 3TU pe3ynbTaTu paclunpsiioT W 0MO0NHS-
IOT HEKOTOPME U3BECTHbIe pe3ynbTaTu. TakxKe NpUBeAEH UNNIOCTPATUBHUI Npumep.
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We recall that agroup G has finite (Prufer) rank if there is an integer r such that each finitely
generated subgroup of G can be generated by r elements; its rank r(G) is then the least integer
r with this property. A group G is said to have finite torsion-free rank if it has a finite series
in which each factor is either infinite cyclic or locally finite; its torsion-free rank fo(G) is then
defined to be the number of infinite cyclic factors in such a series. The set SpG of all prime
numbers p such that a soluble group G of finite rank has a p-quasicyclic factor is said to be the
spectrum of the group G.

A group G is said to be minimax if it has a finite series each of whose factor is either cyclic
or quasicyclic. It follows from results of [3] that any finitely generated metabelian group of
finite rank is minimax.

Let Rbea ring and let G be a group. Let H be a subgroup of the group G and let U be
aright RH-module. Since the group ring RG can be considered as a left RH-module, we can
define the tensor product U (§rh RG which is a right RG-module named as the RG-module
induced from the RH-module U.

If M is an RG-module and

M = USrhRG (1)

for some subgroup H < G and some RH-submodule U of M, then the module M is said to be
induced from the RH-submodule U.

An RG-module M is said to be primitive if for any subgroup H < G and any RH-submodule
U < M the identity (1) does not hold. If the group G has finite torsion-free rank and for any
subgroup H < G such that ro(H) < ro(G) and any RH-submodule the identity (1) does not
hold, then the module M is said to be semi-primitive. A representation of the group G is
said to be primitive (semi-primitive) if the module of the representation is primitive (semi-
primitive). Certainly, primitive irreducible modules are a basic subject for investigations when
we are dealing with induced modules and, naturally, the following question appears: what can
be said on the construction of a group if it has a faithful primitive irreducible representation
over afield?
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In [4] Harper proved that any not abelian-by-finite finitely generated nilpotent group has
an irreducible primitive representation over a not locally finite field. In [11] we proved that if
a minimax nilpotent group of class 2 has a faithful irreducible primitive representation over a
finitely generated field of characteristic zero then the group is finitely generated. In [5] Harper
studied polycyclic groups which have faithful irreducible representations. It is well known
(see [14]) that any polycyclic group is finitely generated soluble of finite rank and meets the
maximal condition for subgroups (in particular, for normal subgroups). In [10] we showed that
in the class of soluble groups of finite rank with the maximal condition for normal subgroups
only polycyclic groups may have faithful irreducible primitive representations over a field of
characteristic zero. In [7-9] we studied irreducible primitive representations of metabelian
groups of finite rank over a field of characteristic zero. In the presented paper we consider the
case of afield of positive characteristic.

Let A be a torsion-free abelian group of finite rank acted by a group I'. Elements of the
group A, which have finite orbits under action of the group I, form a I-invariant subgroup
Ar(A) of the group A.

Let kbe a field and | be an ideal of the group algebra kA. We put li = (/+ 1) N s4 The
ideal | is said to be locally prime if kB p] /is a prime ideal of kB for some finitely generated
dense subgroup B < A. Elements 7 of the group ' such that P NMkB = 1 M kB for some

finitely generated dense subgroup B < A form a subgroup Sf(l) < I (see [1]). We also put
Sepr(l) = (7 € Sr()\Sp(l) M Sp(P) ® 0), where Sp(l) is the prime specter of the ideal I.
The subgroup Sepr(l) is said to be the separator of the ideal | in the group I (see [8]).

An R-module is said to be Chernikov if its additive group is Chernikov.

Proposition 1. Let A = 0"=1A, be a Chernikov Z[g]-module such that Soc(Ai) is a cyclic
Z[g] -module for each i. Let k be a field such that chark £ n{A) and let M be a kA-module.
Then there is an elementa € M\{0} such that kCi M AnnkA(x) = P, is amaximal ideal of kCt
for any x € akA and for each 1 < i < n, where Cj/Hi = Soc(Aj/Hj) and H; is a maximal
g-invariant subgroup of Ann~"x) MATt.

Proof. We can repeat the argument of the proof of proposition 2.6 of [8] noting out that lemma
2.5 of [8] remains true because the condition chark £ m(A) allows us to apply Maschke's
theorem. O

Theorem 1. Let A be an abelian torsion-free group of finite rank acted by a group of ope-
rators I of finite torsion-free rank. Let k be a field such that chark ~ Sp(A), let M be a
kA-module and let x @ O be an element of M such that Annj.A(x) is a dense subgroup of
A. Then there is an elementy € M\ {0} such that Ann\A(y) has a non- trivial subgroup W
such that Sp(AnnkA(y)) N Sp(AnnkA(yy) = 0 forany 7 € r\Nr(W), where Nr(W) is the
normalizer of the subgroup W inT.

Proof If chark = O, then the assertion is proved in theorem 3.5 of [8]. Suppose that chark =
p> 0 then p Sp(A) and hence the Sylow p-subgroup B/Ann\A(x) of the quotient group
A/Nnn~p(x) is finite. Then xkB is a finite A:-dimensional and hence Artenian kB- module.
Therefore, there is an element z € xkB such that AnnkB(z) is a maximal ideal of kB and,
evidently, Annks(x) < AnnkB(z). As B/AnnlA(x) is a p-group and chark = p, it is well
known that AnnkB(z) is the augmentation ideal of kB and hence, as AnnkB(z) < AnnkA(z),
we can conclude that B < Ann\A{z). Since AnnkA(x) < AnnkA(z), B < AnnkA(z) and

B/AnnlA(x) is the Sylow p-subgroup of the quotient group A/ Ann\A[Xx), it is easy to show
thatp I m{A/Ann\A{z)). Thus, changing x by z we can assume that chark £ m(A/AnnlA(x)).
Now, we can repeat the argument of the proof of theorem 3.5 of [8] applying proposition 1in-
stead of proposition 2.6 of [8]. O

Theorem 2. Let A be an abelian torsion-free group of finite rank acted by a soluble group I
of finite torsion-free rank such that Ap(A) = 1 Letk be afield such thatchark I Sp(A) and
let M be a kA-module. Suppose that there is an elementx € M\ {0} such that AnnkA(x) is a
non-zero locallyprime ideal ofkA and ro(SepY(AnnkA(x))) = ro(l). Then there is an element
y € M\ {0} such that AnnkA(y) contains anon-trivial Sepr(AnnkA(y))-invariant subgroup.

Proof We can repeat the arguments of the proof of theorem 3.8 of [8] applying theorem 1
instead of theorem 3.5 of [8]. O

Theorem 3. Let G be asoluble group offinite torsion-free rank and let A be an abelian normal
torsion-free subgroup of G such that A*(A) = 1. Let k be afield such thatchark | Sp(A)
and let M be a kG-module. If the module M is not kA-torsion-free then there is an element
a € M\ {0} such that

akG = akH<S>kHKkG and ro(H/Cuf{akH)) < ro(G),
where H = SepG{AnnkA(a)).

Proof We can repeat the arguments of the proof of theorem 4.2 of [8] applying theorem 2
instead of theorem 3.8 of [8]. O

Lemma 1. Let A be a torsion-free abelian minimax group acted by a soluble group I, let k be
afield such thatchark SpA and letO ¢p a« € kA. Then there is a maximal ideal L ofkA such
that\A : L+]<00 and X £ L forany 7 €.

Proof. Evidently, there is afinitely generated subring R < ksuch that @ € RA then, by theorem
2.1 of [6], there is a maximal ideal | < RA such that |[RA: I\ < 00and a7 ~ /forany 7 € T.
Then RA/1 is a finite field and hence A/1i = (g) is a finite cyclic group such that chark £
((g)). Let/ be the field of fractions of the domain R then, by Maschke's theorem , /7 (g) =
fA/(1—If)fA is a semi-prime ring. Then there are elements /3,7 € f A, where 1 < i < n,

it n
such that j6jf (g) is a maximal ideal of /7 (g), m = Oand ZBili = 1 Evidently, there is a
i=1 i=1
finitely generated subring S < f suchthatR < Sand 7, € SA. Let Jbe a maximal ideal of
SA such that JIMRA = 1. Since a7 € RA\I forany 7 € ' and JITRA = 1|, we can conclude
n
that dx forany 7 €T. As B, — 0 and the ideal Jis maximal, we see that /3 € Jfor some
(=1

i. Therefore,
ft/ («<>nS(g)=ftS(g) <J/(1-1<)SA.

Put Bif (g) = X/ —T)fA then X is a maximal ideal of fA such that X TSA < J. As
a7 € SA\J forany 7 €I, we can conclude that a7 £ X forany 7 €T. Let L be a maximal ideal
of KA such that X < Lthen LMfA = X and asa7 € fA\X forany 7 € I', we can conclude
thata7 | Lforany7 €T. O



Lemma 2. Let G be afinitely generated metabelian group of finite Prufer rank, let k be afield
such that chark £ SpG and let M be a simple kG-module. Let A be an abelian torsion-free
normal subgroup ofG such that A is contained in the derived subgroup ofG and the quotient
group G/A ispolycyclic. Then the module M is not kA-torsion-free.

Proof. By corollary 2.1 of [2], there are a free /c/tsubmodule F of M and a non-zero element
a € kA such that each element of M/F is annihilated by some product a#1... a3nof conjugates
of a by elements of G. By lemma 1, there is a maximal ideal L of kC such \A: L+] < oo and
L contains no conjugates of a by elements of G. Since \A : L+] < 0o, it is not difficult to show
that L contains a non-zero G-invariant ideal I. As the ideal | is G-invariant, it is not difficult to
show that M i is a submodule of M and hence, as the module M is simple, either M1 = 0O or
MI = M. If Ml = 0O, then the lemma holds. Thus we may assume that M1 = M and hence
ML = M. Then, by lemma 5.2 of [8], each element of F/FL is annihilated by some product
g ... Of conjugates of a by elements of G. As F is a free fcA-module O ,(fcAZ/A:AL),- ~ F/FL
and hence some such a product a#l... a&™ is contained in L. But it is a contradiction, because
the maximal ideal L contains no conjugates of a by elements of G. O

Theorem 4. Let G be afinitely generated metabelian group offinite Prufer rank, letkbe afield
such that chark I Sp(A) and let M be an irreducible kG-module such that Cg(M) = 1. If
the group G is not nilpotent-by-finite, then there are a subgroup H < G and an irreducible
kH-submodule U < M such thatM = U~"kG and ro(H/CH(n)) < "o(G).

Proof. We can repeat the arguments of the proof of theorem 5.5 of [8] applying lemma 2 instead
of lemma 5.4 of [8] and theorem 3 instead of theorem 4.2 of [8]. O

Corollary 1. Let G be finitely generated group of finite Prufer rank which is an extension of
an abelian group A by acyclicgroup < g > and such that G is not nilpotent-by-finite. Let k
be afield such thatchark i Sp(A), then every faithful irreducible representation ofG over ks
induced from an irreducible representation of the group A.

Proof. It is not difficult to note that the subgroup H in the proof of theorem 3 contains A. As
Fro(H/CH(n)) < ro(G), itimplies that A = H. O

The corollary generalizes some results of [8] to the case of fields of nonzero characteristic.
As itwas proved in [12], an example constructed by Wehrfritz in [13] shows that the restriction
on characteristic p > 0 of the field k(p £ SpG) is essential.
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TyweB A.B. Mpo npuMiTUBHI 306paXKeHHS CKIHYEHHO NOPOAXKeHNX MeT abeneBux rpyn CKiH4eHHOr0 paHry
Haf NofieM HeHYNbOBOT XapakTepucTukn // Kapnatcbki matem. ny6n. — 2014. — T.6, Ne2. — C. 389-
393.

PosrnsagatoTbca geski ymMoBU iMAOPUMITUBHOCTI He3BIAHUX 306pakeHb MeTabeneBoi rpynu G
CKiHYeHHOro paHry Hag nonem k. lNMokasaHo, wo y Bunagky chark = p > O uyi ymoBu cyTTEBO
3asieXkaTb Bif iCHyBaHHS HECKiIHUYeHHUX p-CeKuii y rpyni G.

Knwouosi cnosa i hpasn: npuMIiTMBHI 306pa>keHHs1, meTabenesi rpynu, padr rpyn.

Tywe A.B. O NnpMMNTUBHbIX NpeacTaBNeHNAX KOHEYHO-NMOPOXKAEHHbIX MeT abeneBbix rpynn KOHEYHOro
paHra Haj nosieM HeHyneBoi xapakTepucTuku // Kapnatckue matem. ny6n. — 2014. — T.6, Ne2. — C.
389-393.

PaccmaTpuBaroTca HEKOTOPbie YCN0BUS UMAPUMUTUBHOCTU HEMPUBOAMMbIX NpeAcTaBfeHUA Me-
TabeneBoii rpynnbi G KOHEYHOro paHra Hag nonem k. NokasaHo, 4To B cnyyae chark = p > 03Tun
YCNOBUSA CYLLECTBEHHO 3aBUCAT OT CyLLLeCTBOBaHUA 6eCKOHEYHbIX p-ceKumii B rpynne G.

Kntouesbie cnosa 1 hpasbi: NPUMUTUBHbBIE NpeAcTaBieHHS, MeTabeneBbi rpynnbi, paHr rpynmn.
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HOMOMORPHISMS OF THE ALGEBRA OF SYMMETRIC ANALYTIC FUNCTIONS
ON iy

The algebra Hbs(A) of symmetric analytic functions of bounded type is investigated. In par-
ticular, we study continuity of some homomorphisms of the algebra of symmetric polynomials on
£p and composition operators of the algebra of symmetric analytic functions. The paper contains
several open questions.

Key words and phrases: polynomials and analytic functions on Banach spaces, symmetric polyno-
mials, spectra of algebras.
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Introduction

Let X be a complex Banach space. By a symmetricfunction on X we mean a function which
is invariant with respect to a semigroup of isometric operators on X. In the case X — £p by
a symmetric function on £pwe mean a function which is invariant under any reordering of a
sequence inip.

Let us denote by V(£p) the algebra of all polynomials on £p, 1 < p < 00, and by Vs(£p)
the algebra of all symmetric polynomials on ip. The completion of V(£p) in the metric of uni-
form convergence on bounded sets coincides with the algebra of entire analytic functions of
bounded type He{£p) on | p. We use the notations 7ibs(£p) for the subalgebra of all symmetric
analytic functions in Jib(£p)- Also we use the notation M\,s(£p) for the spectrum (the set of all
non-null continuous complex-valued homomorphisms) of the algebra Tibs("p)-

Symmetric polynomials on rearrangement-invariant function spaces were studied in [7,8].
In [7] it is proved that the polynomials

[e]e]

h{x) = k=\p],\p]+,... (1)

form an algebraic basis in the algebra of all symmetric polynomials on £p, where [p] is the
smallest integer that is greater than or equal to p.
Spectra of algebras of analytic functions were studied in [2,3,9,10]. The spectrum of the
algebra Hbs(£p) was investigated in [4-6].
Recall that for any @,0 € Mbs(£p) and / € 'Hbs”p), the symmetric convolution ¢ *6 was
defined in [4] as follows
(@ *B)(/) = o(O[T; (/)]),

Homomorphisms of the algebra Hbs{h) 395

where Ty(f)(x) = Z(x*y) (xi,yi,x2/y2, mm) X, Y € £p, X = (X\,X2,...),y = (yvy2/...).

Let X,y € £pox = (X\, X2, mmm),[)— (yi,y2/ - ) [6] the multiplicative intertwining of x and
y, Xoy, was defined as the resulting sequence of ordering the set {x,y; : i,j € N} with one
single index in some fixed order. It enabled us to define the multiplicative convolution operator
as amapping /7 h* My(f), where My(/)(x) = /(x oy). And for arbitrary ¢@,0 € A4dbs(£p) in [6]
it was defined their multiplicative convolution @86 according to

(<pO0)(/) = (p(O[Mx(f)]) for every / € U bg£p).

Using the symmetric convolution operation and the multiplicative convolution operator in

the spectrum of the algebra Hbs(£i)/ a representation of Adbs(£i) in terms of entire functions
of exponential type was obtained.

In this paper we continue to investigate the algebra Hbs(£l) of all symmetric analytic func-
tions on £\ that are bounded on bounded sets. In particular, we study continuity of some
homomorphisms (linear multiplicative operators) of the algebra of symmetric polynomials on
£p and composition operators of the algebra of symmetric analytic functions.

1 Continuous and discontinuous homomorphisms

Let us recall that in [5] it was constructed a family {¢x : A € C} of elements of the set
Mbs(£p) such that Y\(Fp) = Aand i/>n£*) = Ofork > p.

Propositioni. The homomorphism I : VS{E\) —'Ps(”i), such thatT : Fni-» F ,, _ (in particu-
lar, I : Fi t> 0J is discontinuous.

Proof. Since Yxo Ff = A and Yy oFk = Owhen k ¢ 1, we have that yx o T(F2) = A and
WA ° r(Ffc) = O, k ¢ 2. It follows that Yy o I' is discontinuous and we obtain that I' is discontin-
uous too. O

Note that I' acts in the natural way from Vs(£2) into Vs(E\):
Questioni. Does the homomorphism I : VS(£2) — >V s(£E\) is discontinuous?
Proposition 2. The homomorphism A : Vs(E\) — >Vs(£i), A : Fn\ i— >F,,, is discontinuous.

Proof. Let us define
m(P(x)) := P(—x) = (—)degPP(x),

where P is a homogeneous polynomial. It is easy to see that m is continuous and m{Fk) =

(-1)%
We have To4ow o A(F,) = —Fn+2.Let x € £\, x b O. Let us define

Ox :=0XomoA omoA.

Then O X(F,) = FH2(x).
LetxO0O= (-1,0,0,...). It iseasy to see that &0(F,,) = j " n n

We have O0*o(Fn) : (Fi, F2l...) +~ >(0,0,1, —1,1,—1,...). According to [5, Theorem 1.6] we

have that .
=< N9 +®ad\Q =-1 +0=~-l.
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Similarly,
(5,*© ,,,)Ne ) = 1
and
(Sx0*®x0)(FK)= 0 if k> 2.
Hence we obtain that A is discontinuous. O

Remark 1. Propositions 1 and 2 are also true for homomorphisms I' : Vs(£p) — >V s(£p) and
A:VSEprVs(tp).

2 Composition operators

In this section we consider some homomorphisms which are composition operators, and
study their continuity.

1 Let R : Cm — > Cm be an analytic mapping, R = (R\,...,Rm). Let us define
Tr m(Fi/ -, Fm > (Ri(Fi/ ---,Fm),..., Rm(Fi,... ,Fm)), that is

TR(FK) = RK(F1.......Fm).

Let P be a symmetric polynomial of degree 1 on 4 Then, as it was mentioned above, there
exists a polynomial g on Cmsuch that P(x) = q(F\(x),..., Fm(x)). Applying TR we obtain that

Tr{P) = q(R\(Fi,... .,Fm),... ,Rm(Fi,... ,Fm)).

Propositions. IfR :tn»— >antn+ cn, wherean = @{Pn) forsome @ € Mbs and c, = tp(F,,) for
some tp € Mbs, then Tr is continuous.
In this case TR(f) = (dx0¢@) * tp(f) for everyf € 'Hbsih)

Question 2. For which more R the mapping Tr is continuous?

2. Let us consider now an analytic function of one variable h(t) and define

[e]e]

71(BA):= X>(*»))*:
n=|

Proposition 4. The operator T/, is continuous.

Proof. The continuity of T/, can be proved directly. O

3. Let {P,}**=1 be a sequence of symmetric polynomials such that for every x € £\ the
sequence (Pi(x),...,Pn(x),...) € £\

Let us denote by P a mapping x = > (Pi(x'),..., Pn(x), mmm Also for every / € 'H;«(™1) we
define

Cp(f)(x) :=foP(x).
Proposition 5. The composition operator Cp(f) is continuous.
Theorem 1. Let G : i\ — > I\ be an analytic operator of bounded type. G commutes with
permutation operators (in the sense that G(cr\x) — ~G (x), where o\, 02 are permutations on

the set of positive integers) if and only if the operator Cc(f)(x) := / o G(x), where x € t\,
f € FLbsih), is homomorphism.

Homomorphismsof the algebra Hbsi?i) 397

Proof. If G commutes with permutation operators, then
/(G(tTx)) =/ ((2(G(x))) =/(G(x)) €~s(™])-

On the contrary: suppose that G does not commute with o\, i.e. thereexists x such that
G(crix) ¢ a2G(x) for any o2. Then there exists Gn such that G, (G ("ix))®Gn(G(x)), since
G(a\x) L G(x). Hence G,oG" 1)/ and we have a contradiction. O

4. Let Fc € Vs(E\) and (Pi(x), P2(x), mm, Pn(x),...) € &efor any x € £\ Let us define

and let U be an arbitrary ultrafilter on N.
Define

Cv{f) = limf(Vn(x)),

where / is an arbitrary symmetric analytic function of bounded type on £\ By constructions
of Cy and [1, Example 3.1] it is easy to see that Cv(Fk) = Oif k > 1and Cy(Pr) & O in the
generale case.

Proposition 6. Cy is a continuous operator.

Theorem 2. Let F : TLbs(E\) — > be a homomorphism. Then there exists a mapping
A :Mbs{£i) — >Mbs(£l) such that

F(f)(x) = f(A(SXx)), @)
wheref € Hbs(£\) ar,d f is the Gelfand transform off.
Proof. Let @ € Mbs(£i), then = @oF € Mbs("i): Letus put A(¢) —tp Then we have
P°F(f) = ip(f) = A(e)(/).
Let ¢ —dx and we obtain

SX0F (f)=F(f)(x)=A(SX)(f) =7 (A(dX)).

[]
It is easy to see that not every mapping A : Mbs(£i) — Mbs(£i) generates a continuous
homomorphism on Hbs”i) by the formula (2). We denote by the class of all mappings

which generate continuous homomorphisms.
Question 3. How can we describe the class WI(£i)?
From the properties of the operations * and 0 immediately follows the next theorem.

Theorem 3. Let @ € Mbs(”i) and mappings A\, A2 : Mbs(h) — >MbsW:i) belong to WI(£i).
Define

A*(<p) := A(@)* A 2(9),
Ao(e)  A\(9)<)A2(q).

Then A* and Aq belong to9JI(£\) as well. In other words, the class dJI(E\) is closed with respect
to symmetric operations and 0.
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YepHera |. FTomomopdismun anrebpu cumeT pUUYHMX aHani TUYHUX PYHKUIA Ha npocTopi I\ // KapnaT-
CbKi maTeM. nybn. — 2014. — T.6, Ne2. — C. 394-398.

JAocnipkyetbesa anrebpa Hbo${i\) Linnx cumeTpnyHmMX aHaniTUYHUX PyHKUin 31\ BC, W0 € obme-
XKEHUMU Ha 06MeXXeHUX MHOXXMHax. 30Kpema, BUBYAETLCA HeMepepBHICTb AeAKUX roMomMopdismis
anrebpy cMMeTPUYHKX NONIHOMIB Ha NPOCTOpPI (p Ta onepaTopiB KOMMNO3ULiT Ha anrebpi cumeTpu-
YHUX aHaNITUYHUX DYHKLIV. B cTaTTi nocTaBneHo feKinbkKa BiAKPUTUX NUTaHb.

Kntoyosi cnoBa i hpasu: MoniHOMM Ta aHaniTUYHI PYHKL,iT HA 6aHaXoBUX NpocTopax, CAMETPUYHI
noniHOMM, CNeEKTPU anre6p.

YepHera V. Tomomopdn3mbi anrebpy CMMMeT pUYeCKMX aHanM T UYeCKNX PYHKLUNIA Ha NpocT paHcTBe i\
// Kapnartckue marem. ny6n. — 2014. — T.6, Ne2. — C. 394—398.

B pa6oTte mnccnegyetca anrebpa Hbsi™Ni) uenbix cCMMMeTpUYecKMX aHanMTUYeCKUX OYHKLUIA
orpaHuyeHHoro Tuna c i\ B C. B yacTHOCTU, U3y4vaeTcs HenpepbiBHOCTb HEKOTOPbIX FOMOMOP(U3-
MOB anrebpu cMMMeTpPUYECKNX NOIMHOMOB Ha MPOCTPAHCTBE W OMepaTopoB KOMMO3ULMWN Ha an-
re6bpe CUMMeETPUYECKUX aHaIMTUYECKNX PYHKLUUIA. B cTatbe cOpMynnpoBaHO HECKONbKO OTKPbi-
TbiX BOMNPOCOB.

Kntoyesbie cnosa 1 dpasbi: MOAMHOMbI M aHANMTUYECKME PYHKLUN Ha HaHaX0BbiX MPOCTpaHCcTBax,
CUMMETPMYECKME NONNHOMbI, CNEKTPbI anreop.

Carpathian Math. Publ. 2014,6 (2), 399 KapnaTtcbki matem. ny6n. 2014, T.6, Ne2, C.399

POCTWCNAB IBAHOBWY NIPUTOPYYK — NTAYPEAT MPEMII 1. CTIJIA 2015 POKY

BugatHuii yKpaiHCbKWIA MaTeMaTuK, AOKTOp
isnkKo-maTeMaTUUYHNX HayK, npodecop Texachb-
Koro yHiBepcutety A&M Poctucnae IBaHoBUY
Fpuropyyk HaropomkeHuin npemieto A. CrTina
(Leroy P. Steele Prize) 2015 poky.
LlieT npemii, fAka Bpy4YaeTbcad AMepUKaH-
CbKUM MaTeMaTUYHUM TOBapuUCTBOM 3a BUAATHI
OOCATHEHHA Ta po60oTM B ranysi maremMaTuku,
P.l. Tpuropyyk ygocToeHunii 3a ctarTio "CTeneHn
pocTa KOHEYHO-MOPOXKAEHHbIX rpynn m Teopus
MHBapunaHTHbLIX cpegHux" (N3eectna AH CCCP,
Cepua maTtemaTtunyeckas, 1984, 48 (5), c. 939-985).
Y uin ctarTi PoctucnaB IBaHOBUY mnobyay-
BaB MepLinini Npuknag HeCcKiHY4eHHOT CKiHYeHHO-
rnopoa>keHoi nepioguyHOI rpynu, picT AKOT € Npo-
MIDKHUM Mi>K NONIHOMIaNbHUM | eKCMOHEHLiIIHUM. Lle BiAKpNTTSA cTano cnpaB>XHiM NMpopnBOM
y Teopii rpyn, 60 gano BignoBigb Ha NMMTaHHA BUOATHONO aMepuKaHCbLKOro maremMaTtumka, na-
ypeata ®ingciscbkoi npemii )koHa MifnHopa npo icHyBaHHA Takux rpyn. 3 Toro yacy 6yno
rnobyaoBaHo 6araTto iHWNX NPUKAagis rpyn 3 pisHUMM TUNamMmu pocTy, ane BCi BOHU 6a3yoTbCA
Ha npuknagi P.l. F'puropyyka.

Bes3 cymHiBy, rpyna Npuropyyka € nepamHo B KONEKLiT AUBOBMXKHUX | KOPUCHUX anre6-
paiuHnx 06'eKTiB. BoHa 3Halilna 3acTtocyBaHHA y 6araTboX IHLIMX rany3sax MaTeMaTuKu: Teo-
pii (hpakTanis, ronomopgHiI AUHaMILi, eproguyHiv Teopil, cneKTpanbHi Teopii rpyn, Teopii
BMNaaKoBUX 61yKaHb, Teopil CKIHUEHHNX aBTOMaTIB.

Po6oTu P.I. Tpuropyyka Br/JIMHYN Ha KifbKa MOKONiHb AOCNIAHUKIB Yy ranysi Teopii rpynmn.
CbOrogHi He MO>XHa ysBUTU cobi cyyacHy Teopito rpyn 6e3 pesynbTaTiB YKpalHCLKOro mate-
MaTumka PocTtucnasa IBaHoBMYa puropyyka.

Big wupoi aywi BiTaemo naypearta!

PepakuiiiHa Koneris
IBaHO-®paHKiBCbKE MaTeMaTUyYHe TOBaApUCTBO
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Bonognmup BacunboBuny Lapko

25.09.1949 - 07.10.2014

7 >x0BTHA 2014 p. y Biyi 65 poKiB NILIOB i3 XXUTTA BUAATHUA MaTeMaTuK i TanaHOBUTUM
BUMUTENb Bonognmup BacunboBud LLlapko.

BiH HapoauBca 25 BepecHs 1949 p. y cMT. OTuHA, Tenep OTuHIA KOnoMuincbKoro paio-
HY IBaHO-®paHKIBCLKOI 06/1. B CiM'T cny>k60BLiB. ¥ 1959 p. 6aTbku nepeixanm go M. CtaHu-
cnaBiB (HUHI IBaHO-®paHKiBCbK). i 1X BNIMBOM 3axXO0rM/ieHHA MaTeMaTuKo popMyBanocs y
Bonognmupa BacunboBmnya 3 paHHLOro gUTMHCTBA. Bennky ponb y UboMy 3irpano Te, Wwo ho-
ro 6artbko, WWapko Bacunb IBaHOBMY, [0 APYroi CBITOBOI BiliHM 6yB BUMTEeNeM MaTeMaTuKu B
cTapLumx Kracax cepefHbOl LLKOAWU B M. I13toM (XapKiBcbka 0611.).

Micna 3aKiHYeHHA cepeHbOT LWKONM Ne5 B M.IBaHO-®paHKiIBCbKY BiH BCTYNuB A0 KNIBCbKO-
ro Aep>kaBHOro yHisepcuTeTy iM. Tapaca LLleBueHka. Y 1973 poui nicns 3aBepLIeHHA HaBYaHHS
Ha MexaHiKo-maTeMaTU4yHOMY paKynbTeTi 6yB NPUAHATUI A0 acnipaHTypu IHCTUTYTY maTe-
mMaTukn Akagemii Hayk YPCP. Moro HaykoBuM KepiBHMKOM 6yB npodecop KO piii KOpiliosuy
Tpoxmmuyk. Y 1976 poui B IHCTUTYTiI MmaTemaTtukn AH YPCP 3axucTmB KaHOUAATCbKY Aucep-
Tauito, a B 1987 p. y MatematuyHomMy iHCTUTYTI iM. B.A. CTeknoBa AH CPCP — [OKTOpPCbKY
JucepTaLito 3a crewianbHICTIO reoMeTpia | Tononorisa.

3 1976 p. >knTTA Bonogummnpa BacunboBuya 6yn10 HEPO3PUBHO 3B'A3aHe 3 IHCTUTYTOM MaTe-

MaTukm HAH YkpaiHn. ¥ 2001 pouy,i B IHCTUTYTiI MaTemMaTnku 6yB CTBOPEHUA Bigain Tononorii
i B.B. LLlapko 6yB 06paHuii 3aBigyBayemM LbOro Bigginy, a B 2007 p. BiH 6yB npu3HayeHU Ha
nocapjy 3acTynHuKa gMmpekKropa 3 HayKoBOT po60TU IHCTUTYTY MateMaTUKWU.

B.B. LLlapko 6yB NpoBiAHUM cheLianicToM B o6nacTi Tononorii Ta ii 3acTtocysBaHb. Moro nepy
HanexkaTb 6ina 100 HayKoBMX pPO6IT cepes AKUX ABI MoHorpadii 3 Tononorii. ABagusaTb oro
YUHIB 3aXUCTUIN KaHANOATCbKI gucepTalil, TPOE 3 HUX TaKOXX CTanu OKTopamMu HaykK.

Y cBoi nepwmnx poboTtax B.B. LUapko cyTTeBO po3BUHYB Teopito Mopca, nobyayBaBLIN HOBI
iHBapiaHTV NaHLIOroBUX KOMIMIEKCIB i 3aCTOCyBaBLUM iX A0 BUBYEHHA anrebpaiyHol npupoam
HEO4HO03B'A3HNX MHOroBmAis. 30Kpema BiH OTpMMaB HeobOXigHI Ta gocTaTHI YMOBW iCHYBaHHS
MiHIManbHUX aHLIOTOBUX KOMIMJIEKCIB B TOMOTOMIYHOMY TUMIi, a TAKOXX ONnMcaB KOMMOHEHTHN
3B'A3HOCTI MPOCTOPIB TOUHUX PYHKLiII Mopca Ha HEO4HO3B'A3HMX MHOroBugax.

Mopanbwi iHTepecu Bonogummpa BacunboBuya BigHOCUINCL [0 Teopil ANHaMIYHUX CU-
cteM. B cninbHUX npaysax 3 akagemikom PAH A.T. ®oOMeHKOM HMM 6yno 3HaWAEHO OLiHKU
LN 4yucna 3aMKHEHUX Op6iT ramMinbTOHOBUX CUCTEM Ha MHoroBugax. Kpim Ttoro, B.B. LLapko
JeTanbHO A0CNIAVB CTPYKTYPY rnagkux yHKLi Ta BEKTOPHUX MNONiB 3 i30/1lbOBAHMMU 0CO-
6IMBOCTAMM Ha MOBEPXHAX | OTPMMAB YMOBM iX TOMOJIOTIYHOT eKBIBANIEHTHOCTI, & TaKOXX OTpU-
MaB He3asieXKHe A0BeAeHHSA Knacudikalii KOMNOHEHT 3B'A3HOCTI NMpocTopiB hyHKL i Mopca
Ha KOMMNAaKTHUX MOBEPXHAX.

B ocTaHHi pOKM OCHOBHY yBary BiH MPUAiNsaB 3acCTOCyBaHHIO MeTO/iB HEKOMYTaTUBHOI reo-
MeTpii o anrebpaidyHol Tononorii Ta AKiCHOT Teopii BEKTOPHUX NONiB HA MHOrosmugax. 3okpe-
Ma, B.B. Llapko nobyaysas HOBi iJ/liHBapiaHTU rifib6epToOBMUX KOMMEKCIB i 3 IX A4OMOMOroro
OTPMUMaB TOYHI 3HAYEHHSA MiHIManbHO MOXX/IMBOIr0 YMcna 3aMKHeHUX opb6iT BigMoOBIAHOIO iH-
LEeKCYy Yy LbOro Kfacy BeKTOPHMX MONiB, a TaKoXX A0BIB, WO Li YMcna € roMmoToniYyHUMM iHBapi-
aHTamMuy MHOroBuay.

3a cBOi BUAaTHi HayKoBi gocsarHeHHs B.B. LLlapko 6yB Haropog>keHuii npemieto iMm. Mumnko-
nn OcTporpaacbkoro (1980 p.), npemiamu Kpunnosa (2005 p.) i laBpeHTbeBa (2010 p.) Hauio-
HanbHOT AKagemil Hayk YkpaiHu, [lep>kaBHOK0 NMpemMieto YKpaiHu y ranysi HayKu i TexXHonoril
(2006 p.). Y TpaBHi 2006 poky Ha 3arasbHuUX 360pax HauioHanbHOT AKkagemii Hayk YKpaiHu
B.B. Llapko 6yB 06paHuii 4neHoOM-KopecnoHAeHToM HAH YkpaiHu.

Bonognmup BacmnboBu4Y 6yB Ay>Ke eHepriiHow NHAVHOK | 3p06bmuB 6arato Ansi po3BUTKY
MaTeMaTMKN B YKpaiHi Ta 3a 1T mexxamu. 3 1987 poky BiH npautoBaB npodecopomMm KUIBCbKOro
HauioHanbHOro YHiBepcuteTty iM. Tapaca LLleBueHKka. BiH Tako>k 6yB 3aCTYNMHUKOM aKajemika-
cekpeTaps cekuii matemaTukn HauyioHanbHOT AKagemii Hayk YkKpaiHu, uneHoMm KniBCbKoro
Ta AMEPUKAHCLKOro MaTeMaTUYHNX TOBAPUCTB, 3aCTYNMHMKOM FONI0BHOM0 pegakrTopa YKpaiH-
CbKOro MaTeMaTU4YHOro >XypHany, 4YleHOM pefakuiiHMX KONeriii HayKOBUX >XypHaniB
"Methods of Functional Analysis and Topology" Ta "KapnaTtcbKi MmatemMaTuyiHi nyo6nikayii",
npaub MiDKHapo4HOro reoMeTpMYHOro LUEeHTpPy, a TaKo>XK MaTtemaTtuyHoro 6reteHa Hayko-
BOro toBapuctsa LLieBUeHKa.

HaBiTb B OCTaHHIl AeHb >XUTTHA BiH KepyBaB 3acijaHHAM chneLliani3oBaHOoi BYEHOT paau, Ha
AKOMY BiOyBCS 3axXMCT ABOX KaHANAATCbKUX AncepTauiil.

Mam'aTb Npo Bonognmmpa BacunboBruya byae 3aBXAM XXUTU B CEPLAX BCiX, XTO M0ro 3HaB
i nobus.

PepakuiiiHa Koneris
KuniBcbke maTemMaTuyHe TOBapUCTBO
IBaHO-®PpaHKiBCbKe MaTeMaTU4YHEe TOBapUCTBO
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